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X  H  E  Recreations»  Mathematical  and  Philos 
Phical»  of  M.  Ozanam,  have  always  been  just 
esteemed  the  most  rational  and  complete  of  all  th 
have  ever  been  composed  in  any  country;  havii 
gone  through  numerous  editions.,  and  been  trai 
lated  into  various  languages,  even  in  their  rud< 
state  and  form. 

Many  things,  however,  in  the  original  work  i 
quired  much  alteration  and  improvement,  in  c< 
rections,  alterations,  and  additions,  to  adapt  it  to  t 
present  improved  state  of  the  liberal  sciences.  A 
cordingly  this  task  has  been  very  ably  perform 
by  M.  Mohtucla,  the  very  learned  author  of  the  < 
lebrated  History  of  the  Mathematics,  who  hasji 
published  a  new  edition  of  those  Recreations j  in  fo 
large  volumes,  embellished  with  a  great  number 
elegant  copper  plates.  Under  his  hand  the  wo 
assumes  a  quite  different  form  and  appearance,  h< 
ing  been  wholly  new  cast  and  composed,  the  pue 
lities  and  improprieties  expunged,  the  materials  pi 
perly  arranged,  and  the  whole  greatly  enlarg 
with  the  new  sciences  and  the  numerous  impro^ 
ments  that  have  been  made  for  nearly  the  last  2 
years,  since  02anam  first  compiled  his  origii 
work.  So  that  the  whole  appears  now  rather  a 
new  work,  of  the  present  times,  than  a  new  editi 
of  the  old  one.  The  circumstances  of  which  ; 
particularly  described  in  M.Montucla's  own  prefai 

The  excellence  of  Montuda's  work,  then,  I 
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L*  induced  me  to  render  it  still  more  useful  to  th< 

English  reader,  by  the  present  translation  ;  whicl 
is  also  further  augmented  by  the  addition  of  man) 
notes,  remarks,  and  dissertations,  relating  to  several 
particulars  which  have  been  omitted  even  by  Mon- 
tucla  himself  ;  which  the  reader  will  find  dispersed 
through  all  the  volumes  and  all  the  parts  of  this 
work;  a  Vrbtkin  whicti  will  be  found  an  easy  and 
ËimiUaf  account  of  every  thing  the  most  amusing 
and  curk>u3  in  all  the  branches  of  the  mathematical 
and  plhilôsojf^hi^al  sciences  :  Thus,  in  Arithmetic  ; 
we  hâve  the  different  systems  and  kinds  of  arith- 
metic; short  and  curious  ways  of  computing; 
atithmetical  machines  and  Napier^s  rods  ;  palpable 

I  arithtiiedc  ;  curious  properties  of  numbers,  perfect, 

|.  amicable,  prime,  squares,  cubes,  &c,  figurate,  tri- 

angular, &c,    pyramidal,   progressions,    musical; 

',  combinations,    probabilities,    chances,  sports   an4 

pastimes,  xiivinations  or  guesses,  cards,  dice,  magic 

i       r  squares  and  circles  ;  Political  arithmetic,  proportion 

of  the  males  to  the  females,  the  numbers  of  persons 

jt  of  all  ages,  proportion  of  births  to  the  number  of 

\  persons  and  families,  Scc,  &c,  &c. — In  Geometry, 

Îthe  various 'properdes,  constructions,  transforma- 
tions, and  measures  of  geometrical  figures  ;  as  tri- 
:\  aiigle.^,  squares,  parallelograms,  trapeziums,  poly- 

■  gons,  circles,  lunes,  ellipses,  spheres,  &c.;  quadra- 

[  ture  and   lectification  of  the   circle  ;    geometrical 

\  problems,  both  on  paper  and  on  the  ground  ;  select 

and  new  geometrical  theorems,  more  extensive  and 
i  general  than  formerly  ;  the  most  advantageous  form 

iand  position  of  the  cells  in  honey  comb,  &c. — In 
Mechanics,  curious  and  interesting  problems,  pro- 
\  perties  and  machines;  history  of  the  attempts  at  the 

perpetual  motion,  and  of  celebrated  machines,  both 
ancient  and  modern  ;  water-wheels,  steam- engines. 
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&c. — In  Optics,  the  new  and  in^  portant  discoveries 
both    microscopical    and   otiiiis.  —  in    Acoustics 
1  ,     PjQeumatics,  and  Music^  the  foi  i  nation  and  propage* 

tion  of  sounds,  echoes,  pneumatic  engines,  ancien 
and  modern  music,  effects  of  harmony,  descriptioi 
of  musical  instruments,  &c.— In  Astronomy  am 
Geography,  finding  meridian  lines,  latitude,  longi 
tude,  time,  climates,  measui'es  ci  degrees,  figure  ani 
magnitude  of  the  earth,  maps,  the  stars,  planets 
sun,  moon,  comets,  eclipses,  constellations,  sysrer 
of  the  universe,  chronology,  calendars  epochs,  &< 
— On  Gnomonics  or  Dialh'ng,  all  sots  of  curiou 
i  dials,  both  on  plane  and  curved  surfaces. —  In  Na 

;  vigation,  the  governing   and  manoeuvring  of  shipj 

'  finding  the  latitude  and  longitude  at  sea,  history  c 
j  finding  the  longitude,   &c. — ^In  Architecture,   th 

I  construction  of  walls,  vaults,  arches,  bridges,  dome 

&c.— In  Pyrotechny,  the  mixture  '^f  powder  an 

compositions,  for  muskets,  cannon,  all  torts  of  fir 

works,    stars,    rockets,    serpents,    marroons,   jet 

!  wheels,  suns,  fire  that  burns  under  water,  &c.- 

À  In  Chemistry,  Philosophy,  &c.  of  fire,  air,  wate 

j  earth,  thunder,  winds,  hydraulics,  hydrostatics,  b\ 

'  rometers,  thermometers,  hygrometers,  air  pump 

:  water-pumps,  syphons,  fountains,    odours,    ligh 

heat,  cold,  ice,  magnets  natural  and  artificial,  de 
^  '  trie  fire,  lightening,  metals,  earths,  salts,  phosphoru 

sympathetic  inks,  metallic  vegetations,  perpetu 
lamps,  palingehesy,  &c,  '&c.  1  he  particulars  of  s 
which  are  stated  at  length  in  the  table  of  contents 
the  beginning  of  each  volume  ;  besides  the  mo: 
ample  account  of  the  whole  work,  in  the  prefece  i] 
serted  in  the  first  part,  by  Montucla,  the  learn( 
editor  of  the  new  French  edition. 
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JOHN  STEPHEN  MONTUCLA,  member  of  the  Na 
cional  Institute,  and  of  the  academy  of  Berlin,  censor  roy« 
for  mathematical  books,  and  author  of  this  new-modelie« 
and  enlarged  edition  of  t^e  Mathematical  Recreations  o 
Ozanam,  was  bom  at  Lyons,  tne  5th  of  September  17:15 
His  father  was  a  banker,  bv  whom  he  was  intended  fo 
the  same  profession  ;  but  tne  science  of  calculations,  t< 
which  he  was  early  introduced,  soon  produced  a  discover 
«f  the  natural  bent  of  his  mind.  In  the  Jesuits  college  a 
Lyons  he  laid  a  good  foundation  in  the  antient  languages 
as  well  as  in  the  mathematical  sciences,  which  enablec 
bim  afterwards  easily  to  acquire  a  competent  acquaintanct 
with  the  Italian,  the  German,  tlie  Dutch,  and  the  English 
which  he  not  only  read,  but  also  spoke  very  well. 

At  1 6  years  of  age  Montucla  lost  his  father  ;  and  hi 

Sandmother,  who  had  been  left  guardian  of  his  education 
ed  4  years  after.  Having  finished  his  studies  at  Lyons 
he  went  to  Toulouse  to  siuJy  the  law,  a  branch  of  stud] 
deemed  necessary  in  the  liberal  education  of  every  persoi 
not  destined  for  the  profession  of  arms. 

From  hence  he  repaired  to  Paris,  to  enjoy  in  that  capita 
all  the  benefits  it  afforded  to  the  studious,  in  t^e  lesson: 
of  the  b^st  masters,,  in  the  rich  collections  of  th«  produc 
tions  of  nature  and  art,  in  the  best  libraries  of  books,  and 
in  the  united  societies  of  the  literari,  such  as  Diderot, 
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Dalcmbcrt,  Degua,  Lalande,  Blondel,  Cochin,  Courtou, 
le  Blond,  &c,  among  whom  he  found  friends  for  the  rest 
of  his  life,  and  which  fixed  and  determined  his  choice  and 
•  pursuit  of  the  mathematical  and  philosophical  sciences,  in 
which  he  afterwards  distinguished  himself  in  so  eminent  a 
degree.  It  was  only  in  relaxing  and  unbending  his  mind, 
from  such  severe  exercises,  that  he  could  sometimes 
occupy  himself  privately  on  subjects  of  less  magnitude  : 
such  as  when  he  in  a  manner  made  an  entire  new  book  of 
Ozanam*s  Mathematical  Recreations^  by  the  multitude  of 
articles  added,  abridged,  or  substituted  :  on  which  occasion 
he  had  so  closely  concealed  from  every  person  the  secret 
of  his  concern  in  that  neat  and  improved  edition,  that  the 
work  was  actually  sent  to  him  to  examine  and  authorize 
in  his  capacitv  of  public  ceivsor  for  mathematical  books,  an 
honorary  oifice  to  which  he  had  some  time  before  been 
appointed.  To  the  last  edition  of  these  Recreations  how- 
ever, from  whence  these  four  volumes  have  been  trans- 
lated, he  set  the  initials  of  his  name. 

Many  other  pieces  were  in  the  like  anonymous  mannei 
composed  by  Montucla  ;  among  which  may  be  here  noticed 
an  ingenious  and  learned  History  of  Researches  relating  ti 
the  ^iadrature  of  the  Circle^  published  m  1754*,  a  worli 
very  interesting,  on  account  of  the  number  of  speculator 
who  have  gone  astray  after  that  seducing  phantom,  and 
of  the  curious  properties  which  the  researches  have  giver 
rise  to. 

On  occasion  of  introducing  into  France,  in  1756,  the 
■  practice  of  inoculation,  which  had  been  brought  to  Eng. 
land  in  1 721,  by  lady  Montague,  on  her  return  from  Con- 
stantinople,  Montucla  made  a  translation  from  the  Eng- 
lish, of  the  principal  writini^s  on  that  subject,  which  hi 
added  to  the  Mémoire  of  la  Condamine. 

In  the  year  1758,  came  out  Montucla's  grand  work,  th( 
History  of  Mathematics^  in  2  large  volumes  in  quarto  :  i 
work  of  profound  reading  and  learning,  and  upon  which 
young  as  he  was,  he  had  spent  a  great  many  years  cf  hi; 
life.  This  performance,  of  immense  labour  and  erudition 
publisiied  at  33  years  of  hh  age,  justly  procured  to  iVa 
author  a  most  distinguished  pl?.cr  in  the  learned  world 
This  history,  so  truly  admirable,  whether  we  consider  ûv 
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extreme  clearness  and  precision  with  which  the  stibj< 
are  treated,  or  the  profound  learning  it  exliibits,  hav 
been  long  out  of  print,  the  author's  employment  un 
the  government,  as  first  commissary  of  th;;  king's  bu 
îngs,  for  many  years  prevented  him  from  fully  yielding 
the  solicitations  of  his  learned  friends,   to  continue 
work  through  the  i8th  century,  in  a  new  and  enlar] 
edition.     But  the  unfortunate  loss  of  his  fortune  and  ( 
ployment,  by  the  late  revolution  in  France,  left  him 
too  much  leisure  for  that  purpose.     The  consequei 
happy  in  this  instance  for  the  sciences,  has  been  a  i 
edition  in  4  large  volumes  ;  in  which  the  history  is  c 
tinned  down  to   the  end  of  the  i8th  century,   and 
former  parts  also  very  much  enlarged  and  corrected. 

In  1755,  Montucla  was  elected  an  associated  membe 
the  academy  at  Berlin.  And  in  1761  he  was  pbcec 
Grenoble  as  secretary  to  the  office  of  intendance,  wl 
he  united  in  a  happy  marriage  with  Maria  Françoise  ] 
mand,  who  was  still  living  at  his  death. 

The  duke  de  Choiseul  having  ordered,  in  1764,  a  col 
to  be  formed  at  Cayenne,  Montucla  went  out  there  as  ; 
secretary  to  the  commission,  to  which  appointment 
joined  also  that  of  astronomer  royal.  The  affairs  of 
colony  not  proving  successful,  after  1 5  months  Mont 
returned  again  to  Grenoble,  bringing  with  him  nr 
useful  observations  and  specimens  in  botany  and  nat 
history,  which  proved  beneficial  both  to  the  sciences 
to  the  public  at  large.  This  voyage  also  furnished  '. 
with  those  curious  observations  on  the  shining  of  the 
in  many  places,  and  of  various  luminous  insects,  wl 
are  inserted  near  the  end  of  the  4th  volume  of  these 
creations. 

Soon  after  his  return,  Montucla  was  appointed  at  "^ 
sallies  to  the  honourable  and  profitable  office  of  first  c 
znissioner  of  the  royal  and  public  buildings  ;  an  emp 
ment  which  he  executed  with  great  ability  and  useful 
during  more  than  25  years,  till  the  overthrow  of 
monarchy  put  an  end  at  once  to  his  office,  and  the 
fortune  his  regularity  and  occonomy  had  '  enabled  hij 
save,  throwing  him  again  on  the  world,  in  his  old 
naked  and  stript  of  every  thing  except  his  integrity, 
the  love  and  respect  of  his  friends  ! 
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The  modesty  and  integrity  of  Montucla  were  not  less 
fcmaxkable  than  his  erudition.  He  was  oftcred  a  place  iu 
the  Academy  of  Sciences  of  Paris  ;  which  through  deli- 
cacy he  refused,  as  he  felt  he  should  not  have  leisure  suf- 
ficient properly  to  attend  to  the  duties  of  it.  The  por- 
tions of  time  which  otixers  would  give  to  their  pleasures, 
i  or  a^iusements  in  their  families,  he  always  devoted  to  the 

L  details  of  the  duties  of  his  oiUce,  or  to  his  studies.     The 

*  translation  from  the  English,  of  Carver's  Travels  in  North 

:  AnuricOy  was  the  sole  monument  of  his  pen  during  that 

\  long  interval.     And  even  this  was  produced  properly  in 

'  the  faithful  discharge  of  the  public  duties  witli  which  he 

was  charged.  Being  particularly  charged  by  the  govern- 
ment with  the  correspondence  relating  to  the  voyages 
which  it  ordered,  he  made  it  his  duty  and  care  to  collect 
all  the  accounts  he  could  find  relating  to  such  enteiprizes 
by  other  countries.  W  ith  this  view,  at  first  only  amusing 
his  family  with  the  reading  of  Carver's  travels,  finding  it 
entertaining  and  instructive,  he  completed  and  published 
the  whole  translation. 

Montucla  was  named  a  member  of  the  National  Institute 
from  the  time  of  its  commencement.  And  the  govern- 
ment of  1795  employed  him  in  examining  and  analyzing 
the  treatises  deposited  in  the  national  archives.  He  was 
named  professor  of  mathematics  of  the  central  school  at 
Paris  \  but  the  bad  state  of  his  health  would  not  permit 
him  to  accept  it  ;  and  the  Department  honoured  him  with 
I  a  place  in  the  jury  of  central  instruction.     But  a  place  in 

the  office  for  the  national  lottery  was  the  only  rCsSource  for 
his  family  during  two  years  ;  a  pension  of  2400  francs 
(iool.)>  given  him  by  the  minister  Ncufchntoau  on  the 
death  of  Saussure,  and  which  he  enjoyed  only  four  months 
before  his  decease,  which  happened  the  i8th  of  December 
1799  ;  and  was  chiefly  occasioned,  as  it  often  happens  to  a 
literary  and  sedentary  men,  by  a  retention  of  uriiic  \  leaving 
a  widow,  as  also  a  daughter,  married  in  1783,  and  a  con 
employed  in  the  office  of  the  minister  for  the  interior. 

Montucla  was  one  of  the  most  considerable  mathe- 
maticians of  the  iSth  century;  being  well  acnuùir.tcd  with 
all  the  branches  and  improvements  in  tliosc  :;u;tiuse  sci- 
ences.    His  taste  however,  always  chaste  and  clear,  kd 
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him  to  prefer  the  pure  and  luminous  methods  of 
ancient  mathematicians,  and  to  blame,  in  the  French 
the  Germans,  the  great  neglect  of  the  same  princif 
whiclt  they  shewed  on  all  occasions  by  their  preferenc 
the  mere  modem  analysis. 

In  the  qualities  of  his  heart  too  Montucla  was  t 
estimable  :  remarkably  modest  in  his  manner  and  dep 
mcnt  ;  benevolent  far  beyond  the  means  of  his  sr 
fortune:  of  a  very  respectable  personal  appearance; 
spoke  with  case  and  precision,  but  unassuming  and  ^ 
simplicity  ;  related  anecdotes  and  stories  in  a  pleasant 
playful  manner;  and  breathing,  in  all  his  conduct 
deportment  the  sweetness  of  virtue,  and  the  delicacy  < 
fine  taste. 
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OZANAM, 

THE  FIRST  AUTHOR  OF  TH£^ 

MATHEMATICAL  RECREATIONS. 


J  AMES  OZANAM,  whose  fame  is  established  as  an 
eminent  Mathematician,  was  born  at  Boligneux  in  Bressia, 
m  the  year  1640:  he  was  descended  from  a  family  of 
Jewish  extraction,  but  which  had  long  been  converts  to 
the  Romish  faith,  and  some  of  whom  had  held  consi- 
derable places  in  the  parliaments  of  Provence.  Being  a 
younger  son,  though  of  an  opulent  family,  it  was  thought 
proper  to  educate  him  for  the  church,  that  he  might  be 

Qualified  for  some  small  benefices  belonging  to  the  family  : 
le  accordingly  studied  divinity  four  years,  but  this  was 
Surely  in  obedience  to  the  will  of  his  father,  upon  whose 
eath  he  relinquished  his  theological  pursuits,  and,  follow- 
ing his  natural  inclinations,  devoted  himself  to  the  study 
of  the  mathematics.  Having  considerable  genius,  as  well 
as  great  industry,  he  made  very  great  progress,  though  un- 
assisted by  a  master,  and  at  the  juvenile  age  of  15  years,  he 
wfote  a  mathematical  treatise. 

While  very  young  he  removed  to  Lyons,  and,  for  a 
maintenance,  taught  the  mathematics,  with  tolerable  suc- 
cess :  but  his  generosity  soon  procured  him  a  better  re- 
sidence. Among  his  pupils  were  two  foreigners,  who, 
being  disappointed  of  some  bills  of  exchange  ror  a  journey 
to  Parb,  mentioned  the  circumstance  to  mm  :  finding  that 
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50  pistoles  were  necessary  to  enable  them  to  accompl 
their  p\irpose,  he  immediately  supplied  them  with 
money,  even  without  their  note  tor  it.  Upon  their  arriva 
Paris,  they  çientioncd  this  generous  action  to  M.  Dugn 
seau,  father  of  the  chancellor  ;  who  being  struck  w 
this  trait  in  his  character,  engaged  these  young  gcnl 
men  to  invite  Ozanam  to  Paris,  with  a  promise  of 
favour.  He  embraced  this  opportunity  with  eagcmc 
and,  at  Paris,  the  employment  of  giving  instructions 
mathematics  soon  brougîit  him  in  a  considorable  incoir 
though  his  business,  however,  procured  him  plenty 
money,  he  saved  none  ;  for  being  addicted  both  to  gam' 
and  gallantry,  they  continually  drained  his  purse.  Af 
a  few  years  of  dissipation  and  cxpencc  he  began  to  w 
for  domestic  enjoyments,  and  soon  entered  into  the  c< 
nubial  state  with  a  young  woman,  who,  tliough  she  1: 
no  fortune,  was  formed  to  give  him  happiness,  being  c 
erect,  modest,  virtuous,  and  of  a  sweet  di.iposition.  Fn 
the  period  of  his  marriage,  he  long  enjoyed  much  comfc 
and,  besides  attending  to  his  business  as  a  mathemati 
master,  he  wrote  a  great  number  of  useful  works .  Amc 
these  we  cannot  help  mentioning  his  Treatise  of  Lines 
the  first  Order,  and  of  the  Construction  of  Equatio 
published  in  16^7  :  tlic  Mathematical  Diction^iry,  pi 
lishcd  in  1690:  û\2  Cciirsc  of  Matlicmatics,  5  volun 
octavo,  pubHbhtd  in  1603  :  the  Mathcmaiical  and  Phi 
sophical  Rccrc.il'ûT.s,  fiist  published  in  1094,  in  2  v( 
Rvo:  and  the  Eknionrs  of  Algebra,  in  2 Sols.  8vo,  pi 
lishcd  in  ivc2. 

Our  aiithor  had  12  children,  bur  had  the  pain  of  losi 
most  of  \\xi\\  while  young  :  and,  to  complete  his  berea' 
ments,  his  wife  died,  in  1701,  which  last  stroke  ma 
him  very  unhappy  indeed.  About  this  period  too  the  v 
breakin*»^  out,  c^n  account  of  the  Spanish  succession,  it  < 
privcd  him  of  most  of  hii.  pupils,  who,  being  forcignc 
were  obligea  to  leave  Paris.  This  concurrence  of  pain 
circunisuinccs  reduced  liim  to  a  very  melancholy  stav, 
from  vr.ich  he  had  merely  a  temporary  reiief,  in  con^ 

3uence  of  his  being  admitted  an  elove  of  the  Royal  Ac 
cmy  of  iSciencfS  :  but  he   never  recovered  his  wont< 
health  and  spirits  \  so  that,  although  he  lingered  through 
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few  dull  years»  with  a  strong  presendment  c 
ing  dissolution,  he  might  ratner  be  said  to 
live,  until  the  year   17 17,  when  he  was 
apoplexy  which  terminated  his  existence. 
April,  at  77  years  of  age. 

Ozanam  possessed  a  mild  and  calm  disp< 
ful  and  pleasant  temper,  an  inventive  genii 
rosity  almost  unparalleled.  After  marriag 
was  irreproachable  ',  and,  at  the  same  tinv 
sincerdy  pious,  he  had  a  great  aversion  to 
theologyé  On  this  subject  he  used  to  say, 
business  of  die  Sorbonne  doctors  to  discw 
to  decide,  and  of  a  At^bematician  to  go  si 
in  a  perpcndicuhr  Km* 
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ERRATA  AND  ADDENDA. 

jNVor.  I.  Pa.  1 08  iinc   16,   after  die   B,  adii^  or  by  4  ^ 
the  die  A  and  2  with  the  die  B.— i'tf.  1 13  /w  23,  <7«^  23, 
o  tbo  chances  of  fosing,  read  of  the  chances  for  losing. — 
J 15  last  line  J  and  pa.  1 16  line  I,  yôr  than  19  to  ^<r,  rw^/,  1 
171  to  1 125,  or  about    i    to  (%\  ought   &c.     Lw  12^  for - 

^'^J  TT^6    ^^  IT — ^^-   *^9  ''^^  *4'  /*''  ^'^^'  '^'*  ^^^^^"'^'  i* 

In  vol.  ir.  Pa,  ij^i  line  19,  /^r  plate  19,  rffl<^  plate  i. 
Pa,  145  &:c,/w  plate  20,  rr^i//  plate  15. — Pa.  212,  //«r  4,^ 
lAr  bottom^  J  or  nearer^  read  farther  from. 

In'  vol.  III.  Pa.  i?%,  êf  Bristol^  the  Î at.  çi^  27',  and  its  < 
a^  35';  Pa.  28,  of  fVells,  th:  lat.  51**  10'  and  its    ong.  2** 
Ptf.  281,  //«ff  17,   18.    19,  20,  for  13®  45'  l^e.   read  13^ 
I4«^  6'5   H*'  38  i   is^  17';   I5*>  54'j  i6»  17'. 


3^  hinder  to  place   the  table  of  content i  at   the   beginnu 

each  voluvie^  to  ivhich  they  appertain,     j^isoy  the  plate 

er.cb  vol,  itnmediateh  after  the  parts  to  nvhich  they  belt 

aSf  all  the  plates  relatitig  to  arithmetic^  immediately  ajtet 

first  party  cr  arithmetic  ;  those   relating  to  geometry ^ 

after  that  branch  ;  and  so  of  the  re:f. 
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A  HOUGH  the  mathematics  ate  Coihmc 
not  without  reason,  accounted  the*  most 
of  all  the  branchés  of  hunian  knowledj 
who  are  only  initiated  in  them  must  allow 
present  a  variety  of  questions  respecting 
and  magnitude,  (independently  of  the  n: 
thematics,  such  as  optics,  mechanics, 
my,  &c.)  which,  without  being  so  diffic 
afford  much  occupation  to  a  cultivated  r 
well  adapted  to  excite  curiosity,  either  b 
lution  of  them,  or  by  the  means  employee 
it.  We  do  not  indeed  pretend^  that  minds  a 
ed  only  to  frivolous  or  trifling  pursuits,  a 
are  not  even  acquainted  with  the  elemen 
science,  can  find  in  these  questions  any  tl 
resting  or  amusing.  But  as  it  forms  a  par 
education  at  present,  to  give  to  young  per 
elementary  and  superficial  ideas  of  the  i 
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tics  and  natural  philosophy,  we  have  no  doubt 
there  are  a  great  many  capable  of  being  inten 
in  a  work  which  presetits  them  with  a  well  ch 
selection  of  whatever  is  nipst  turious  in  i 
sciences,  either  on  account  of  their  singularit 
usefulness.  Besides,  there  are  minds  of  all 
%  Î  positions,  as  Well  as  there  are  different  charat 

and  faces.     What  one  class  of  men  treat  with 
i  ^  utmost  indifference,  is  often  highly  esteeme< 

i^  another.     A  circumstance  in  which  consists 

harmony  of  the  universe. 

It  may  here  be  added,  that  the  mathem; 
and  philosophy  were  never  more  cultivated 
at  present.  But  they  are  cultivated  by  two  di 
ent  classes  of  men  :  some  make  them  an  o1 
of  pursuit,  either  in  consequence  of  their  situai 
^''  or  through  a  desire  to  render  themselves  illustri 

by  extending  their  limits  ;    while  others  pi 
them  for  mere  amusement,   or  by  a  natural 
^  which  inclines  them  to  that  branch  of  knowlc 

It  is  for  the  latter  class  of  mathematicians 
philosophers  that  this  work  is  chiefly  intenti 
and  yet,  at  the  same  time,  we  entertain  a  li 
that  some  parts  of  it.  will  prove  interesting  to 
former.  In  a  word,  it  may  serve  to  stimulate 
ardour  of  those  who  begin  to  study  these  scienc 
and  it  is  for  this  reason  that  in  most  element 
books  the  authors  endeavour  to  simplify  the  qi 
tions  designed  for  exercising  beginners,  by.j 
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posing  them  in  a  less  abstract  manner  than  is  ei 
ployed  in  the  pure  mathematics,  and  so  as  to  i 

\  terest  and  excite  the  reader's  curiosity.    Thus,  f 

example,  if  it  were  proposed  simply  to  divide 
,  triangle  into  three,  four,  or  five  equal  parts,  1 
lines  drawn  from  a  determinate  point  within 
in  this  form  the  problem  could  be  interesting 
none  but  those  really  possessed  of  a  taste  for  ge 
metry.     But  if,  instead  of  proposing  it  in  tl 

!  abstract  manner,  we  should  say  :  "  A  father  on  1 

death  bed  bequeathed  to  his  three  sons  a  tria 
gular  field,  to  be  equally  divided  among  then 
and  as  there  is  a  well  in  the  field,  which  must  1 
common  to  the  three  co-heirs,  and  fromwhii 
the  lines  of  division  must  necessarily  proceed^  he 
is  the  field  to  be  divided  $o  as  to  fulfil  the  inte 
tion  of  the  testator?"  This  way  of  stating  it  wi 
no  doubt,  ' create  a  desire  in  most  minds  to  di 
cover  the  method  of  solving  the  problem;  ai 
however  little  taste  people  may  possess  for  re 
science,  they  will  be  tempted  to  try  their  ing 
nuity  in  finding  the  answer  to  such  a  question 
this. 

We  do  not  think  it  necessaiy  to  prove  by  e: 
amples,  as  Ozanam  does,  that  a  geometricia 
without  degrading  his  character,  may  sometim 
descend  from  his  abstract  study  and  calculation 
to  questions  in  his  .art,  rather  curious  and  ea« 
than  useful  and  diflScult.     Such  indeed  are  tl 
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greater  part  of  those  in  this  work  ;  bat  th 
amples  selected  by  Ozanam  are,  it  must  b< 
fessed,  not  well  chosen.  For  what  connect 
there  between  this  subject  and  the  enigma: 
posed,  as  we  are  told,  by  the  kings  of  Syri 
£gypt,  or  the  calculations  of  eclipses  and 
■  celestial  phenomena,  which  the  Babylonian 
Egyptians  sent  to  each  other  as  friends  ?  Be 
I  know  not  where  Ozanam  could  find  such 
dotes.  It  was  more  natural  to  ha%T  said,  thi 
mind  cannot  always  be  bent  ;  and  that  after  : 
ject  has  been  thoroughly  studied,  there  is  ; 
times  a  pleasure  in  afterwards  skimming  li 
over  its  surface  :  in  short,  if  in  this  work 
are  some  questions  rather  fri^'olous,  we  may 
in  excuse,  that  Wisdom  finds  it  sometime 
cêssary  to  throw  herself  for  relief  into  the 
of  Tolly. 

Tlie  first  exayiple  of  these  mathematical  an 
ments  has  been  given  us  by  the  CJ  reeks.  Fc 
find  in  the  Greek  Anthology  a  great  numbi 
epigrams,  which  are  nothing  but  arithme 
questions  :  such  is  the  celebrated  problem  ol 
Ass  and  the  Mule  ;  or  that  respecting  a  iigu 
Cupid  which  fills  a  reservoir  with  water,  thn 
various  apertures  in  different  times  ;  &c.  v, 
we  find  proposed  there  in  verse.  The  raos 
markable  of  these  will  be  found  in  the  fiist  \o. 
«f  this  work. 
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It  was  from  similar  considerations,  as  it  appea: 
that  Bachet  de  Méziriac,  a  celebrated  algebraii 
who  wrote  a  learned  Commentary  on  Diophanti 
was  induced  to  collect  a  great  variety  of  questio 
on  numbers^  which  he  published  in  162*6,  und 
the  title  of  Problèmes  plaisam  et  délectables  sur 
Nombres.  This  book,  next  to  the  problems  of  t 
Greek  Anthology,  laid  the  foundation  for  all  t 
Mathematical  Reéreations  that  afterwards  appei 
ed,  more  or  less  extensive,  and  in  different  la 
guages.  But  we  shall  here  speak  only  of  t 
French  works  on  this  subject. 

The  first  Mathematical  Recreations  appeared 
1627,  in  8vo.  under  the  title  oi  Recreation  A: 
thématique^  composée  de  plusieurs  Problèmes  plaise 
et  facet  ieuxj  par  H.  Tan  Et  ten.  Tliis,  it  must 
allowed,  was  a  mere  wretched  rhapsody,  and  the 
fore  justly  excited  the  indignation  of  Mydorge^ 
celebrated  geometrician  of  that  period,  who  c 
rected  with  some  asperity  the  ridiculous  things 
contained.  ,  And  yet,  notwithstanding,  the  si 
sequent  editions  of  the  book,  are  of  as  little  vai 
as  the  first.  This  work  exhibits  a  Confused  c 
lection  of  questions,  the  greater  part  of  wh; 
are  silly  and  childish,  and  expressed  in  barban 
language,  sufficient  to  disgust  any  person  of  oi 
common  taste. 

This  no  doubt  induced  Ozanam,  about  the  € 
(pf  the  17th  century,  to  form  a  more  select  c 
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lection  of  mathematical  and  philosophical  < 
tions,  M'hich  he  published  in'  1632,  under  the 
of  Récréations  Mathématiques  et  Phyiiques^  in 
vols.  8vo.  ;  which,  by  various  additions,  wei 
length  increased  to  four  volumes.  As  the  chan 
additions  and  retrenchments  we  have  made 
very  considerable,  it  is  our  duty  to  give  the  re 
an  account  of  the  motives  which,  induced  u 
the  undertaking*  It  is  proper  also  that;  we  sh 
here  say  something  concerning  the  manne 
which  the  work  is  presented  to  the  literary  w 
in  this  new  edition. 

If  the  great  number  of  editions  which  a  I 
has  gone  through  be  an  incontestible  proof  0I 
excellence  and  usefulness,  the  Mathematical 
Philosophical  Recreations  of  Ozanam  ought  t 
considered  as  one  of  the  best  and  most  tu 
works  ever  published.  But  this  is  so  far  from  b 
the  case,  that  the  book  was  both  very  faulty, 
incomplete.     There  is  reason  however  to  tl 
that  the  author  would  have  rendered  it  much  n 
interesting,  and  have  carried  it  to  a  higher  dcj 
of  perfection,  had  he  lived  in  an  age  more 
lightened,  and  better  informed  in  regard  to 
mathematics  and  experimental  philosophy.     S 
the  death  of  that  mathematician^  indeed,  the 
and  sciences  have  been  so  much  improved, 
what  in  his  time  might  have  been  entitled  to 
character  of  mediocrity,  would  not  at  presen 
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supportable.  How  many  new  discoveries  in  eve 
part  of  Philosophy?.  How  many  new  phenonjie 
observed,  some  of  which  have  even  given  birth 
the  most  fertile  branche3  of  the  sciences  ?  We  sh 
mention  only  electricity,  an  inexhaustible  sour 
of  profound  reflection,  and  of  experiments  higV 
amusing.  Chemistry  also  i3  a  science,  the  nu 
common  and  slightest  principles  of  which  we 
quite  unknown  to  Ozanam.  In  shorty  we  ne 
not  hesitate  to  prônouncç  th^t  Ozanam's  wo 
contains  a  multitude  of  subjects  treated  of  w: 
an  air  of  credulity,  and  so^much  prolixity,  that 
appears  as  if  the  author,  or  rather  bis  continuato 
had  no  other  object  in  view  than  that  of  multip 
ing  the  volumes.  ' 

To  render  this  work  then  more  worthy  of  t 
enlightened  age  in  which  we  live,  it  was  nee 
sary  to  make  numerous  corrections  and  consid 
able  additions.  A  task  which  we  have  endeavoi 
ed  to  discharge  with  all  diligence  ;  the  particul 
of  which  we  shall  now  proceed  to  give  some  ; 
count  of. 

The  first  volume  comprehends  arithmetic  a 
geometry  ;  those  two  branche?  of  the  mathemati 
which  Plato  so  justly  called  the  two  wings  of  the  IV 
thematician.  In  theformer,  the  nature  of  the  diflf 
ent  kinds  of  arithmetic  is  explained;  a  great  ma 
singular  properties  of  numbers,  with  several 
which  Ozanam  it  is  probable  was  not  at  all  acquai 
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ed  ;  also  those  of  right-angled  triangles  in  nui 
bers,  and  of  polygonal  numbers  ;  but  confined 
such  as  are  most  interesting  and  easiest  to  be  u 
derstood.     The  principles  of  the  doctrine  of  coi 
binations  are  then  given  in  a  clear  and  compi 
hensive  manner,  with  a  great  variety  of  curioi 
problen^s  relating  to  games  and  chances,  sevei 
of  which  are  quite  new,     Thç  next  article  coi 
prebends  the  different  kinds  of  progressions,  Avi 
the  solution  of  various  problems,  prising  out 
them  :  also  several  tricks  and  games,  founded  < 
arithmetical  combinations,  are  proposed  and  e: 
plained  ;    wliich   are  followed   by  q,  selection 
curious  problems,  very  proper  fpr  exercising  your 
mathematicians.     This  part  then  concludes  wil 
whatever  is  most  curious  in  political  arithmetit 
in  regard  to  population,  and  tlie  duration  of  huma 
life,   &c. 

The  secopd  p^rt  of  this  volume  is  occupied  b 
geometry.     This  part  contains  about  seventy-fiv 

problems,  which  it  is  hoped  will  be 'found,  in  g( 

• 

neral,  well  chosen  ;  and  which  we  have  endeavoui 
ed  to  render  more  interesting,  both  by  the  fori 
of  the  enunciation,  and  by  the  elegance  and  sin 
plicity  of  the  solution.  Among  these,  are  som 
elegant  ^nd  singular  theorems,  from  which  is  d( 
duced  a  generalization  of  certain  celé^brated  pre 
perties,  such  as  the  47th  proposition  of  the  fin 
book  of  Euclid,  which  is  demonstrated  alsio  b 
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various  transpositions  of  parts,  exceedingly  inge 
nious.  We  have  likewise  given  some  transmuta 
tions  of  rectilineal  spaces  into  other  forms  ;  as,  o 
the  square  into  rectangles,  merely  by  decompa 
sition  and  the  transposition  of  parts,  which,  thougl 
elementary  and  not  difficult,  are  yet  quite  new 
This  part  contains  also  a  curious  historical  disser 
lation  Oïl  the  quadrature  of  the  circle,  with  a  grea 
Bumber  of  remarkable  problems  respecting  th< 
lunules  of  Hippocrates,  and  others  formed  in  imi 
tation  of  them.  Lastly,  this  volume  is  terminatec 
by  a  collection  of  very  curious  problems,  of  whicl 
only  the  enunciation  is  given,  being  here  proposée 
by  way  of  exercise  to  young  arithmeticians  am 
geometricians.  In  general,  they  are  rather  sim- 
pie  and  elegant,  than  difficult  Some  of  then 
however  are  not  unworthy  the  attention  of  the  ex 
perienced  geometrician  or  analyst. 

The  3econd  volume  begins  with  mechanics.  It 
this  part  the  reader  is  presented  with  a  great  num- 
ber of  interesting  problems^  much  better  selectee 
in  general  than  those  in  the  former  editions,.  An 
examination  of  several  attempts  to  discover  the 
perpetual  motion,  and  various  curious  facts  re- 
lating to  that  subject, \Yill  also  be  found  in  it.  Tlic 
whole  is  terminated  by  a  brief  historical  account 
of  the  most  remarkable  machines^  both  ancienl 
^nd  modem  ;  among  the  latter  of  which  are  the 
ççlçbriited  clocks  of  Strasburgh  and  I-yons  \  the 
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machines  invented  by  Truchet,  Camus  and  V 
canson  ;  the  machine  of  Marly,  and  the  steam 
grne.     On  all  these  objects  several  new  and  in 
resting  observations  are  offered. 

The  next  part  of  the  same  volume  contains  C 
tics.     This  part  we  can  assert  has  been  much  i 
proved,  as  well  in  regard  to  arrangement,  as 
the  accuracy  and  novelty  of  the  matters.     T 
subject  is  concluded  with  a  short  account  of  ev 
thing  new  or  worthy  of  being  known  in  regard 
microscopical  observations. 
,  This  volume  then  terminates  with  the  subjc 
Acoustics  and  Music.     The  principles  of  the  f 
xnation  and  propagation  of  sound,  the  phenomt 
depending  on  them,  an  explanation  of  ancient  a 
modern  music,  several  curious  facts  relating  to  i 
effects  of  both,  with  questions  respecting  the  nr 
chanism  of  harmony,  the  properties  of  diffère 
instruments,  and  certain  musical  paradoxes,  a 
the  principal  articles  which  compose  this  part,  ai 
which  terminate  the  second  volume. 

The  following,  or  third  volume,  comprehen 
Astronomy,  and  Geography  as  far  as  it  relates 
the  former  science;  also  Chronology,  Gnomonic 
Navigation,  Architecture,  and  Pyrotechny,  ort 
art  of  making  artificial  fire  works.  To  enter  ir 
a  minute  detail,  of  the  corrections  and  consid( 
able  additions  made  to  these  different  treatises 
Ozanam's  book^  would  be  too  tedious.     In  g 
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ncral,  they  have  been  abridged  and  simplified 
and  the  errors  he  comrtiitted  have  been  corrected 
for  it  must  be  owned  that  Ozanam^  having  bg 
very  little  studied  astronomy,  possessed  scarce! 
any  knowledge  of  the  physico-astronomical  truth 
that  were  demonstrated  even  in  his  own  time 
nothing  therefore  can  be  niore  superficial  tha 
what  he  says  in  regard  to  the  system  of  the  un 
vetse. .  A  view  of  that  system,  and  of  the  bodi( 
which  compose  it,  has  been  substituted  in  its  stead 
and  which  it  is  hoped  will  afford  satisfaction  t 
the  reader,  both  on  account  of  the  explanatio 
given  of  the  different  phenomena,  and  of  the  sit 
gular  comparisons  employed  to  convey,  an  idea  ( 
its  immensity. 

In  regard  to  Chronology,  we  shall  only  remarl 
that  this  part,  a  few  introductory  observations  e^ 
cepted,  is  entirely  the  work  of  Ozanam,  and  h 
quired  very  few  changes.  The  article  on  Gn( 
monies  is  almost  all  of  it  priginal,  and  coi 
tains  several  new  problems,  better  chosen  tha 
those  given  in  the  work  of  that  author.  The  sm 
ceeding  part  is  also  entirely  new,  and  contaii 
many  curious  problems  concerning  the  art  of  n 
vigating  and  manoeuvring  vessels.  A  pretty  ft 
account  is  here  given  of  the  celebrated  proble 
respecting  the  longitude.  The  case  is  the  san 
with  the  article  Architecture,  which  has  fumish< 
matter  for  several  curious  questions,  either  in  r 
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■^  gard  to  building,  or  to  measuring,  or  tlie  art 

J  sidered  merely  as  an  object  of  taste. 

I  The  volume  concludes  with  Pyrotechny.    ^ 

'^  Ozanam  gave  on  this  subject  is  abridged  in  : 

places,  and  improved  in  others'. 

The  fourth  volume  is  entirely  devoted  to  Pb 
or  Natural  Philosophy.     Tlie  first  division  of 
volume,  which  forms  the  eleventh  of  the  wor 
a  kind  of  Philosophical  JNIiscellany,  in  whic! 
collected  the  most  curious  questions  of  eveiy  1 
It  commences  with  anecessarv  introduction,  ^ 
contain^  an  accurate  account  of  every  thing  ki 
and  beet  approved  in  regard  to  the  properti^ 
fire,  of  air,  of  water,  and  of  earth.     A  vie 
then  taken  of  the  different  branches  of  Nat 
Philosophy  in  general  :  experiments  on  air, 
draulic  and  hydrostatic  recreations  ;  the  histoi 
thermometers,  barometers  and  hygrometers,  ^ 
the  method  of  constructing   them  ;   remark 
problems  in  physical  astronomy  solved  accorc 
to  their  real  principles  ;  curious  observation: 
the  divisibility  of  matter,  the  tenuity  of  odo 
ftud    that    of   light,    &c;    questions    respect 
comets,  an  account  and  examination  of  some 
gular  and  ingenious  opinions  on  that  subject; 
planation  and  history  of  intermittent  springs,  ] 
nomena  of  ice,  the  method  of  producing  it, 
«inalysis  of  paper  kites,  &c,  are  the  principal 
ticl^  which  copipose  this  eleventh  part  :  a  pn 
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idea  of  which  can  only  be  formed  by  coiisulti 
the  table  of  contents. 

^VTiat  regards  experimental  philosophy  coi 
not  be  tenninated  better  than  by  a  particular  tr 
tise  on  the  magnet.  Every  thing  new  and  m 
curious  respecting  the  phenomena  of  this  singu 
production  of  nature,  its  different  properties, 
advantages  derived  from  it,  the  amusements  2 
principal  tricks  performed  by  their  combinati» 
with  artificial  magnets,  &c,  form  the  subject 
this  treatise. 

Electricity  holds  too  distinguished  a  rank  amc 
the  phenomena  of  nature  ilot  to  find  a  place  ii 
work  of  this  kind.  This  subject  will  be  foi 
treated  at  full  length,  if  the  number  of  facts  a 
experiments  made  known  be  considered;  and  w 
great  precision,  if  attention  be  paid  to  the  mam 
in  which  they  are  explained.  An  interesting  p 
of  this  short  treatise  is  contained  in  what  is  s 
on  the  analogy  between  thunder  and  electrici 
Thfe  different  amusements  performed  by  means 
this  singular  property  of  bodies  lias  not  b( 
neglected  ;  and  something  is  said  also  on  the  cu 
effected  by  electricity.  v 

Electricity,  the  source  of  so  many  curious  p 
nomena,   is'  followed  by  Chemistry.     The  pi 
ciples  of  this  science  are  first  explained  in  a  s 
cinct  manner,  and  an  accurate  idea  is  given  of 
different  substances,  the  mutual  play  and  act 
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of  which  produce  its  principal  phenomena.  Afl 
this  introduction,  the  simplest  and  most  curio 
experiments  in  Chemistry  are  described  and  e 
plained^  according  to  the  principles  before  la 
down.  Sympathetic  inks,  and  the  amusemer 
which  can  be  performed  by  their  means,  are  n 
forgotten  ;  nor  are  metallic  vegetations.  This  pa 
concludes  with  a  dissertation  on  the  philosophe: 
stone,  on  potable  gold,  and  on  palingenesy  ;  al 
chemical  problems,  of  which  a  curious,  instru 
tive  and  philosophical  kind  of  history  is  given. 

This  volume  is  terminated  by  two  supplement 
one  of  which  treats  on  the  different  kinds  of  pho 
phorus^  both  natural  and  artificial;  and  the  oth< 
on  the  pretended  perpetual  lamps.  But  we  hai 
not  been  so  prolix  as  Ozanam^  or  rather  the  auth< 
of  the  pitiful  compilation  contained  in  the  fourl 
volume  of  his  work.  We  hope,  or  rather  ca 
with  confidence  assert,  that  we  have  related,  i 
much  less  room^  a  great  many  more  things,  an 
in  a  much  more  correct  manner,  respecting  tl 
different  kinds  of  phosphorus,  than  has  been  dor 
by  the  author  of  that  treatise,  inserted  in  the  ed 
tion  of  the  Mathematical  Recreations,  publishc 
after  Ozaiiam's  death.  In  regard  to  the  perpetu; 
lamps,  after  giving  an  historical  account  of  then 
we  shew  in  a  very  few  pages,  and  according  1 
the  principles  of  sound  philosophy,  that  they  ai 
to  be  considered  as  a  chimera,  only  worthy  of  bein 
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.placed  in  the  same  class  as  Palingenesy  and  \ 
divining  rod. 

We  must  not  here  omit  to  mention  a  peCul 
adv^antage  which  mathematicians  and  philosoph 
will  derive  from  this  work  :  we  allude  to  the 
rious  and  extensive  tables,  which  they  have  of 
occasioi^  to  make  use  of;  and  for  want  of  whi 
calculators  are  often  at  no  small  loss.  These  an 
follow  : 

Vol.  I.  A  table  of  the  feèt  of  different  coi 
tries,  as  compared  with  the  Parisian  foot. 

A  table  of  the  ancient  measures  of  capacity 
compared  Avith  those  of  Paris. 

Vol.  II.  A  table  of  the  specific  gravities  of 
most  usual  substances.     In  various  respects  it 
more  extensive  than  that  of  Muschenbroek,  î 
certainly  more  correct 

A  table  of  the  different  weights,  both  anci 
and  modem,  as  well  as  foreign,  compared  \\ 
the  French  pound. 

Vol.  III.  A  table  of  the  longitudes  and  latitu 
of  the  principal  places  of  the  earth,  more  ext 
sive  than  any  ever  yet  given. 

A  table  of  the  itinerary  measures,  both  anci 
and  modem*. 


*  In  this  English  edition  these  tables  have  been  entirely  chan] 
the  weights,  measures,  &c,  being  given  as  compared  with  a 
tish  standard*    Tb  a  n  s . 
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A  Cable  of  the  eclipses  Visible  on  (he  horizon 
Paris,  till  the  year  1800*. 

VoL  IV.  A  table  of  the  degrees  of  heat,  or  col 
at  which  différent  substances  melt  or  congeaL 

A  table  of  the  different  degrees  of  heat  or  cold  o 
served  in  different  places  of  the  earth,  or  necessa: 
for  certain  operations. 

A  table  of  the  dilatation  of  metals. 

A  table  of  the  lieights  of  different  places,  and 
several  mountains  above  the  level  of  the  sea,  both 
the  old  continent^  and  in  America. 

Such  then  is  the  plan  of  this  new  edition  of  tl 
Mathematical  Recreations  ;  and  mt  may  venture 
'assert  that,  in  its  present  state,  it  is  not  unwortl 
the  attention  of  the  best  informed  mathematicia: 
and  philosophers.  Persons  of  every  class,  by  p 
rusing  it,  ma}*  find  amusement  and  instruction  ;  ar 
the  questions  proposed  or  solved  will  afford  them  \ 
agreeable  opportunity  of  exercising  their  genii 
and  talents  in  the  various  sciences. 

-  ♦  In  the  translation  this  taWe  has  been  omitted  and  a  new  one 
the  eclipses  visible  at  London^  for  many  years  to  come^  has  be 
l^yen  in  its  stead.    T&ans. 
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what  probability  there  is  of  throwing   an  ajjigned 
number  of  points     -------- 

Table  of  the  different  ways  in  which  any  point  can 
he  thrown  with  one-,  two^  three  or  more  dice 

PROB.  III.  Two  perfunsfit  dawn  to  play  for  a  certain  fum 
êfmoneyy  and.agreetbal  he  who  firjt  gets  three  games 
Jhall  be  the  winner.  One  of  them  has  got  two  games 
and  the  other  one  y  but  being  unwilling  to  continue 
their  play^  they  refolve  to  divide  the  flake  :  how.  much 
of  it  ought  each  perfon  to  receive  ?        -      -       -       - 

PROB.  IV.  Of  the  Genoefe  lottery      ^       -       -       -       - 

FROB.  V.  À  certain  perfon^  whom  we  Jhall  call  A^  playing 
àt  the  game  of  thirteeny  bets  that  in  turning  up  the 
cards  fucceffivelyy  according  to  their  order^  accy  duccy 
trêy  iècy  to  the  kingy  which  is  the  lofty  he  will  turn 
up  one  cardy  at  leafty  which  he  has  named:  what 
probability  has  A  in  his  favour  f         -       -       -       - 

HlOB.  VI.  A  and  B  playing  at  piquety  A  isfirjl  in  handy 
and  has  no  ace  :  what  probabihty  is  there  that  he  wiU 
get  one,  or  twoy  or  threcy  or  four  ?      -     .  -      - 

PROB.  VII.  At  the  game  of  whifly  what  probability  is 
there  that  the  four  honours  will  not  be  in  the  hands  of 
any  two  partners  ?        «►-.----i 

PROB.  Viii.  (^  the  game  of  the  American  favages         -  i 

pjtOB.  IX.  Of  the  game  of  backgammon  -      -       -  ib 

Various  que/lions  on  thisfubjeff    -       -     '  -       -       -  I 

PROB.  X.  A  mountebank  at  a  country  fair  amufed  tbo 
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populace  %vUh  the  following  game  :  he  ha  J  6  ^/V/?, 
each  of  which  %vas  marked  only  on  one  face  y  the  fir /i 
with  I  y  the  fécond  with  2,  and  fo  on  to  the  ftxihy 
which  was  marked  6  ;  the  perfon  whQ  played  gave 
him  a  certain  fum  of  money^  ana  he  engaged  to  return 
it  a  hundred-fold  if  in  throwing  thefe  fix  dice  the  fu^ 
marked  faces  Jhould  come  up  only  once  in  20  throws. 
If  the  adventurer  lojly  the  mountebank  offered  a  '  new 
chance  on  the  following  conditions  :  to  depofit  a  fum 
equal  to  the  former ^  and  to  receive  both  the  ^akcs  in 
cafe  he  Jhould  bring  all  the  blank  faces  in  three  JuC" 
cefftve  throws         -------- 

PROB.  XI.  In  how  many  throws  with  fix  dice^  marked  on 
all  their  faces^  may  a  perfon  engage^  for  an  even  bet^ 
Jo  throw  I,  2,  g,  4,  5,  6  î' 

PROB.  XIT.  À  certain  perfon  propofed  to  play  with  7  dice<^ 
marked  on  all  their  faces^  on  the  following  conditions  : 
he  who  held  the  dice  was  to  gain  as  many  crowns  as 
he  brought  fixes  ;  hut  if  he  brought  itone  he  was  to 
pay  to  his  adverfary  as  many  crowns  as  there  wero 
dice  y  that  is  7.  What  was  the  ratio  of  their 
chances?         -*.--•••. 

CHAP.  X. 
Arithmetical    amufements    in    divination 
and  combinatiohs         -      -    - 

PROB.  I.  To  tell  the  number  thought  ofby^  perfon — 
different  methods  offolving  this  problem       -       -       - 

PROB.  II.  To  tell  two  or  more  numbers  which  a  perfon 
has  thought  ^-       ------       - 

PROB.  III.  yf  perfon  having  in  one  hand  an  even  number 
of  /hillings^  and  in  the  other  an  odd^  to  tell  in  which 
hand  he  has  the  even  number         -       -       -       - 

PROB.  IV.  ^  perfon  having  in  one  hand  a  piece  of  gold^ 
and  in  the  other  a  piece  of  fttuer^  to  tell  in  which 
hand  he  has  the  gold^  and  in  which  the  ftlver     - 

PROB.  V.  The  game  of  the  ring  .  ^  -  -  - 
Demon/lration  of  the  rule      ------ 

PROB.  VI.  To  ffuefs  the  number  of  fpots  on  any  card 
which  a  perfon  has  drawn  from  the  pack  -  -  - 
Demonjlration  of  the  rule      ------ 

PROB.  vxi*  A  perjen  having  an  equal  number  of  counters 
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ûT  pieces  of  monef  in  each  bandj  to  find  bow  man 
has  altogether        -----       ^      . 

PROB.  VIII.  Several  cards  being  Jhewn  to  a  perfoi 
tell  that  which  he  has  thought  of        -      -  •    - 

PROB.  IX.  Several  cards  being  prefented  in  fuccejfio 
fevèral, perfons^  that  they  may  each  choofi  ^i 
pleafurCf  to  guefs  that  which  each  has  thought  of 

PROB.  X.  .Three  cards  being  prefented  to  three  perfon 
guefs  that  which  each  has  chofen 

PROB»  XI.  A  perfon  having  drawn  from  a  complete  ^ 
ofj^y  two  cards ^  one^  two^  three^  four  or  more  cc 
to  guefs  the  whole  number  of  the  fpots  which 
contain  •       -       .>       «V- 

PROB.  XII.   Three  things  being  privately  diftribute 

'     three  perfons^  to  guefs  -that  which  each  has  got 

PROB.  XIII.  Several  numbers  being  difpofed  in  £(  circ 
forntj  according  to  their  natural  feriesy  to  tell 
which  any  one  has  thought  of       -       -       -       - 

PROB.  XIV.  Two  perfons  agr^e  to  take  alternately  num 

lefs  than  a  given  number\  for  example  11,  and  to 

them  together  till  one  of  them  has  reached  a  cet 

funtyfuch  as  lob;  by  what  means  can  one  of  i 

infallibly  attain  to  that  number  before  the  other  ? 

PROB.  XV.  Sixteen  counters  being  difpofed  in  two  r 
to  find  that  which  a  perfon  has  thought  of 

PROB.  XVI.  jf  certain  number  ùf  cards  being  fhewn 
perfony  to  guefs  that  which  he  has  thought  of     • 

PROB.  xvii.  Fifteen  Chriftians  and  fifteen  Turks  I 

at  fea  in  the  fame  veffeL^  a  dreadful  Jiorm  tame 

which  obliged  them  to  throw  all  their  merchan 

overboard  ;  this  however  not  being  fufficient  to  lig 

the  fhip^  the  captain  informed  them  that  there  wa 

poffibility  of  its  being  faved^  unlefs  half  the  paffin 

were  thfown  overboard  alfo.   Having  therefore  ca 

them  all  to  arrange  themfelves  in  a  row,  by  coun 

'^rom  9  to  9,  and  throwing  every  ninth  perfon  inti 

pa-i  beginning  again  at  the  firfl  of  the  row  wh 

had  been- counted  to  the  endy  it  was  found  that^  'i 

fifteen  perfons  had  been  thrown-  over  boards  the  fij 

Chr^ians  remained.     How  did  the  captain  arrt 

thefe  thirty  perfons  fo  as  tofave  the  Chrifiians  ? 

PROB.  xvill.  A  man  has  a  wolf  a  goaty  and  a  cabba^ 
£arry  ovir  a  rivtry  but  bfing  obliged  to  tranfport  \ 
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f  §ne  bj  unit  ^  account  of  tbifmallnefs  of  the  boatj  in 

what  manner  is  ibis  to  Ic  done  that  the  wolf  may  not 
he  Ufï  with  the  goat^  nor  the  goat  with  the  cabbage  ^     I 
I  ^ROB»  XIX.  Three  jealous  hujbanis  with  their  wives 

\  having  to  crofs  a  river  at  aferry^  find  a  boat  without 

a  boatman  I  but  the  boat  is  fo  JmaU  that  it  can  con* 

tain  no  more  than  two  of  them  at  once.    How  can  thefe 

fix  perfons  crofs  the  river ^  two  and  twojfo  that  none  of 

the  women  fiait  be  lefi  in  company  with  any  of  the 

meuj  unlefs  when  her  hujband  is  prefent  ?  -       -  ib 

1PR0B.  XX.  In  what  manner  can  counters  he  difpofed  in 

the  eight  internal  cells  of  afquarcj  fo  that  there  may 

he  always  9  in  each  row^  and  yet  the  whole  number 

/hall  vary  from  20  /•  32  ^     -      -       -       -       -       -  I 

IPROB.  XXI.  À  gentleman  has  a  bottle  containing  8  pints 

Îf  choice  winey  and  wtjhes  to  make  a  prefent  of  one 
alfofit  to  a  friend  \  hut  as  he  has  nothing  to  meafure 
it  except  two  other  bottles^  one  capable  of  containing  5, 
and  the  other  3,  pints^  how  muft  he  manage  fo  as  to 
^  put  exaâlly  4  pints  into  the  bottle  capable  of  contain* 

-  ^""^  S^        ^ I 

I  PROB.  XXII.  A  gentleman  has  a  bottle  containing  12  pints 

^  :  of  wincy  fix  of  which  he  is  defirous  of  giving  to  a 

friend  \  but  as  he  has  nothing  to  meafure  it  except  two 

other  bottlesy  one  of  'j  pints  and  the  other  of  5,  how 

muft  hi  manage  to  have  the  b  pints  in  the  bottle  capable 

of  containing  T  pints  ?    -------i 

3PR0B.  XXIII.  To  make  the  knight  move   into  all  the 

fquares  of  the  chefs  boardy  in  fuccejfiony  without  pafjing 

twice  over  the  fame       -      -      -      -      -      -       -i' 

VROB.  XXIV.  To  difiribute  among  3  perfonsy  2 1  caft^s  of 

wincy  7  of  them  fully  7  of  them  empty  y  and  7  of  them 

halffully  fo  that  each  Jhall  have  the  fame  quantity  of 

wtne  aful  the  fame  number  ofcaftis       .      .,      .      .  i 

CHAP.  XI. 

Confaining  fome  curious  arithmetical  pro- 
blems          »  i[ 

nOB.  I.  A  gentleman  in  his  will  gave  orders  that  bis 

property  JhouU  be  divided  among  his  children  in  the 

following  manner:  the  eldefi  to  take  from  the  whole 

looo^.  and  the  ^th  part  of  what  remained;   the 

fécond  2000^.  and  the  itb  part  of  the  rtmainder  j  tbfi 
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third  ^ooô£.  ûttd  the  ^tb  part  of  what  mas  hft^  and 
Jo  on  to  the  laft^  always  increajing  by  looo£.  The 
children  having  followed  the  difpojition  of  the  tejlàtor^ 
it  was  found  that  they  had  etkco  got  an  equal  portion  : 
how  many  children  were  there^  what  was  the  father* i 
property^  and  to  bow  much  did  the  Jhare  of  each  child 
amount?        ...      .•.••.! 

PROB.  II.  Â  gentleman  meeting  a  certain  number  of 
beggars^  and  being  dejirous  to  diflribute  among  them 
all  the  money  hé  had  about  him^  finds  that  if  he  gave 
fixpence  to  each  he  would  have  ijh  too  little;  but  that 
by  giving  each  a  groaty  he  would  have  ojh  Sd  over  : 
how  many  beggars  were  there^  and  what  fum  had  the 
gentleman  in  his  pocket  ^------i 

I^UOB.  Ill;  A  gentleman  purcbafed  for  itof  a  lot  of 
winij  confifling  of  loo  bottles  of  Burgundy^  and  80 
of  Champagne  ;  and  another  purcbafed^  at  the  fame 
priccy  for  the  fum  of  9  5^^',  85  bottles  of  the  former 
and  70  of  the  latter  :  what  was  the  price  of  each 
kind  of  wine?        .--.----1 

PROB.  IV.  À  gentlemartj  on  his  death  bed^  gave  orders  in 
his  will  that  if  his  ladyy  who  was  then  pregnant^ 
brought  forth  afon^  he  Jbould  inherit  two  thirds  of  his 
property  y  and  the  widow  the  other  third -j  but  if  Jhe 
brought  forth  a  daughter^  the  mother  Jhould  inherit  two 
thirds  and  the  daughter  one  third  \  the  lady  however 
was  delivered  of  two  children^  a  boy  and  a  girl, 
what  was  the  portion  of  each  ?     -'     -       -       -       -il 

TROB.  V.  jt  brazen  lion  placed  in  the  middle  ofarefcrvoir 
throws  out  water  from  its  mouth,  its  eyes  and  its 
right  foot.  When  the  water»  flows  from  its  mouth 
ahne  it  fills  the  refervoir  in  6  hours  ;  from  the  right 
eye  it  fills  it  in  2  days  ;  from  the  left  eye  in  3,  and 
from  the  foot  in  4.  In  what  time  will  the  bafon  be 
filled  by  the  water  flowing  from  all  thefe  apertures  at 

t   once?         ----------] 

]|^)tOB.  VI.  A  mule  and  an  ajs  travelling  together^  the 
afs  began  to  complain  that  her  burthen  was  too  heavy, 
^  Lazy  animal^'*  faid  the  mulcy  ^^  you  have  little 
reafon  to  complain  ;  for  if  J  take  one  of  your  bags  I 
fhall  have  twice  as  many  as  you^  and  if  1  give  you  one 
ofmincy  we  Jhall  then  have  only  an  equal  number**-^ 
iVitb  how  m0ny  bags  was  each  loaded?      -      -      -  1 
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j  Vûirious  otbif  probltms    9f   tbi  fame  Und  from  the 

L  Greek  Anthology    -       -       --       -       •       -       -I 

*  TROB.  VII.  Thefum  ^f^oof  having  been  divided  among 

f  Jour  perfons^  it  was  found  that  the  Jhares  of  the  fir/i 

\  two  amounted  to  ^85^^;  thofe  of  the  fécond  and  third 

to  27of  ;  thofe  of  the  third  and  fourth  to  21  ^£  ;  and 

that  the  Jhare  of  the  firjl  was  to  that  of  the  ia/l  as  4 

t9  2'     fFhat  was  the  Jhare  of  each  F  -       -       -  i 

TKOB.  VIII.  A  labourer  hired  nimfelf  to  a  gentletnan  on 
the  following  conditions  :  fbr  every  day  he  worked  he 
was  to  receive  2jh  6di  but  for  every  day  he  remained 
idle  hê  was  to  forfeit  xjh  yl  :  after  40  dayi^  fervice 
be  bad  to  receive  2£  15^.  Iiow  many  days  did  hi 
worky  and  how  many  remain  idle  /*----! 

?1L0B.  IX.  A  bill  of  ^exchange  of  ^ooojT  was  paid  with 
half  guineas  and  crowns^  and  the  number  of  the  pieces 
êf  vsoney  amounted  to  4700;  how  many  of  eathfmrt 
were  employed?      ----•.---ib 

?ROB.  -x.  A  gentleman  having  Infï  his  purfcy  could  not 

.    tell  the  exaâi  fum  it  contained^  but  recoUeâfed  that 
v^hen  he  counted  the  pieces  two  by  tUfOy  or  three  by 
1  ibreey  or  five  by  fivcj  there  always  remained  one  ;  and 

W  *  that  when  he  counted  them  feven  by  feven  there  re^ 

mained  nothing,     ff^bat  was  the  number  of  pieces  in 
bis  purfe  ?---------! 

nOB.  XI;  A  fum  of  money  ^  placed  out  at  inter efty  increafed 
iw'8  months  to  3616/  i^  i^d.  And  in  two  years 
and  a  half  it  amounted  to  3937;^  lojh,  What  was 
the  original  capital^  and  at  what  rate  if  interefl  was 
it  placed  mt    •----.---! 

YROB.  Xii.  ^kree  women  went  to  market  to  fell  eggs  ; 
the  fir Ji  of  whom  fold  10,  the  fécond  25,  and  the  third 
30,  &//  at  the  fame  price.  As  they  were  returning  they 
began  to  reckon  bow  much  money  they  carried  backy 
and  it  was  found  that  each  had  the  fame  fum  :  how 
many  eggs  did  they  felly  and  at  what  price  ?        -       -   1 

noB.  Xiii.  To  find  the  number  and  the  ratio  of  the 
weights  "with  which  any  number  of  pounds  y  from  unity 
to  a  given  number^  can  be  weighidy  in  the  fimpleji 
manner   -       -       -      -       •       -       ---       -2 

yjnoB.  XIV.  A  country  woman  carrying  eggs  to  a  garri^ 
Jony  where  Jbe  bad  three  guards  to  pafsy  foU  at  the 
jirfi  half  the  numbirjbi  bad  and  half  an  fgg  tiiorci 
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,  Ci  ihipcfini  the  half  of  what  remained  and  half  an  egg 
ittsrei  and  at  the  third  the  half  of  the  remainder  and 
half  an  egg  more  :  when  Jhe  arrived  at  the  market 
place  Jhe  had  three  dozen  fiill  to  fell:  how  was  this 
pojfible  without  breaking  any  of  the  eggs  /*     -      • 

PROB.  XV.  A,  gentle^nan  w^t  out  with  a  certain  number 
of  guineas  f  in  order  to  purchafe  necejfaries  at -different 
fiops.  At  the  firjî  he  expended  half  his  guineas  and 
half  a  guinea  more  ;  at  the  fécond  half  the  remainder 
and  half  a  guinea  more*,  and  fo  at  the  third:  when 
hi  returned  he  fmnd  that  he  had  laid  out  all  his 
money  y  without  having  received  any  change*  'How 
was  this  pojjible  ?  ---.--.il 

PROB.  XVI.  Thr^e  perfons  have  each  fuch  a  number  of 
crownsy  that  if  the  firfi  gives  to  the  other  two  as  many 

'    as  they  each  havcy  and  if  the  fécond  and  third  alfo  do  the 
fame,  they  will  then  all  have  an  equal  number^  namely 
8.     HolJu  many  has  each  ?     ^      --      -      *      "-5 

PROB.  Ttvii.  jf  wine  merchant  who  has  only  two  forts  of 
wine,  one  of  which  he  fells  at  iq/h,  and  the  other  at 
5/&,  per  bottle  y  being  ajked  for  fome  at  Zfhy  per  bottle, 
wijhes  to  know  how  many  bottles  of  each  kind  he  muft 
mix  together  to  form  wine  worth  %Jh  per  bottk?         -^  il 

PROB.  XVIII.  A  gentleman  is  dejirous  of  finking  looooo^, 
whichy  together  with  the  interefly  is  to  become  extinS  ^ 
'  the  end  of  20  yearsy  on  condition  of  receiving  a  certain 
annuity  during  that  time.  f^Vhat  jum  mufl  the  gentler 
man  receive  annually ,  fuppoftng  intcrefi  to  be  at  the 
rate  of  five  per  cent  ?     ^       -       -       -   *  -       -      ^  \ 

PROB.  XIX.  What  is  the  interefi  with, which  any  capital 
whatever  would  be  increafed  at  the  end  of  a  year,  if 
the  interefi  due  at  every  infant  of  the  year  were  itfeff 
to  become  capital^  and  to  bear  interefi  -       -       -  î 

PROP.  XX.  A  dijhonefl  butler  every  time  he  went  into  his 
majier^s  cellar  fiole  a  pint  from  a  particular  cafiiy  which 
contained  100  pint  s  y  anafupplied  its  place  by  an  equal 
quantity  of  water.  At  the  end  of  30  daySy  the  thejï 
being  difcovered,  the  butler  was  dtfchargea^  Of  what 
quantity  if  wine  did  he  rob  his  mafiery  and  how  muck 
retnained  in  the  cafk  .^--       -       -       -       -       •: 

PROB.  XXI.  A  and  B  can  perform  a  certain  piece  cf 
work  in  8  days^  A  and  C  can  do  it  in  û  days,  and  B 
and  C  in  10  days  i  how  many  days  wiu  each  cf  them 
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ri  juin  to  pirform  the  fanu  work^  wbin  they  labour 
feparately?       ----•---•  209 

PROB.  Xiçii.  -^  Englijbman  owes  a  Frenchman  i£  lijh; 
tut  has  no  other  money  to  pay  his  debt  than  fiven^ 
JbiUing  pieces^  and  the  Frenchman  has  only  French 
crowns  valued  at  five  fl>illings.  How  many  feven^ 
JbiUing  pieces  muft  the  Englijbman  give  to  the  French» 
many  and  how  mam  crowns  mujl  the  latter  give  to 
the  former^. that  the  difference  Jhall  be  equal  to  ^1 
Jbilltngs  in  favour  of  the  Frincbiçany  Jo  that  the  debt 
may  be  paid  i         •.«•-•.-       *ibid^ 

CHAP.  xn. 

Of  magic  fquares       -     -     -     -     -     -211 

9^1.  Of  odd  magic  Jquares         •      «      -  -  •  -213 
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'  thefquare  of  the  diameter^  or  equal  to  thefquare  of  the 

fide  of  the  infcribed  triangle     ----.--  38a 

PROB.  LVlli.  If  the  diameter  'A  B^ofafemidrcle  ACS, 
.  '  be  divided  into  any  two  part/  whatever^   A  D  and 

D  B  i  and  if  on  thefe  parts   as  diameters  there  be 
defçribed  twojemicircles,  A  E  D  and  D  F  By  a  circle 
I  is  required  equal  to  the  remainder  of  the  firft  femicircle    383 

PROB.  LIX.  Afquare  being  given  ;  to  cut  cff  its  angles  in 
fuch  a   manner^  that  it  /ball  be  transformed  into  a 
regular  o^agm        --------  384 

TROB.  LX.  A  triangle  ABC  being  given  ;  to  infcribe  in 
it  a  reBanglCi  in  fuch  a  manner  that  F  H  or  G  Ifball 
be  equal  to  a  given  fquare       -----.  385 

*  «»ROB.  LXI.  Through  a  given  point  D,  within  an  angle 

B  A  d  to  draw  a  line  HI,  in  fuch  a  manner,  that 

the  triangle  I H  A  fhall  be  equal  to  a  given  fquare      -  J  86 
>ROB.  LXZI.  Of  the  lunule  of  Hippocrates  of  Chios   •       -ibid. 

Curious  obfervations  of  modern  geometricians  on  this 

fubjea 388 

PROB.  LXIIX.  To  amfbruB  other  lunules  befides  that  qf 

Hippocratei^  whicb  art  abfitlutely  fpuirabk         •      *  3^9 


*. 


• 


t 
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dmJlruBim  <f  the  farjt  tumA       -      *      *       -      -j 
CoNftrtiBion  of  the  fécond^  nvbere  the  circlee  art  as 
,  1  to  $         -       -       -       -       -       -       -       -       ^ih 

FROB*  LXiv.  j1  luntJe  being  given  ;    to  find  in  it  por^ 
tiens  ahfolutely  fquaraUe^  provided  the  circles  hj  nuhicb 
it  is  formed  are  to  each  ether  in  a  certain  numerical  ratio  31 
A  lunule  not  fquarahlcy  but  formed  by  two  circles  in 
the  ratio  of  i  to  2j  being  given  \  to  interfeB  it  by  a 
Une  parallel  to  its  bafe^  ivhichjhall  cut  off  from  it  a 
portion  abfolutely  fquarable  *>       •*>       -       -       -  3< 

3V  divide  gcornetrically  circles  and  ellipfes  into  any 
number  of  parts  at  pleafure^  and  in  cnypropofed 
ratioSf  by  JJr,  Hutton        -^      -       -       -      -       -  ib; 

Mob.  lx¥.  Of  various  other  circular  /paces  abfolutely 
fqueiraUe  ^-----^--^ 

FROB.  Lxvi.  Of  th  meafure  of  the  eUip/e^  or  geometrical 
ovalj  and  tjits  parts       -       -       -*-       -       -       -4< 

FROB.  LXvii.  To  divide  the  fe^or  of  an  elliffts  into  two 
equal  parts       -       -       -       -       --       -       -       -4< 

Mob.  lxtiii.  A  carpenter  has  a  triangular  piece  of 
tinker  /  and  wijhing  to  make  the  moji  of  itj  is  dejirous 
to  kmnv  by  what  means  he  can  cut  from  it  the  greatejl 
tightangled  quadrangular  table  poffiblc.  In  nvhat 
manner  muft  he  proceed  /^----»-4( 
Required  alfo  how  to  cut  from  it  the  greatejl  oval  pojihle  ibi 

PRob.  lxix.  The  points  B  and  C,  are  the  odjutors  of 
two  bafons  in  a  garden^  and  A  is  the  point  where  a 
conduit  is  introduced  and  to  be  divided  into  two  parts^ 
in  order  to  fupply  B  and  C  with  water*  Where  mtift 
the  point  of  Jepmration  be^  that  the  fum  of  the  three 
conduits  A  D^  D  B  and  D  C,  and  ccnjequently  the 
txpence  in  phes^  jball  be  the  leafl  poffible  /*     -       -       -  4' 

FROB.  LXX.  Geometrical  paradox  of  lines  which  always 
approach  each  other  y  without  ever  being  able  to  fueet  or 
to  coincide        -------•.-4 

FROB.  LXXI.  In  the  ijland  of  Delos^  a  temple  confecrated 
to  geometry  \uas'ereSledy  on  a  circular  bafts  y  and  covered 
by  a  hemifpherical  donicy  having  four  windo^vs  in  its 
circunferencey  with  a  circular  aperture  at  the  tcpy  fo 
combined  thai  the  remainder  of  the  hemifpherical  Jurf  ace 
cf  the  dotne  was  equal  to  a  reHilineal  figure  ;  ana  in 
the  cylindric  part  ef  the  temple  was  a  door  abfolutely 
fquarable  or  e^ual  to  a  rctilineal  Jpace.     IVhat  gee* 


NcrtE-  Ici  Wnding  tii«  volumes,  it  U  to  be  observed 
that  the  plates  relating  to  each  of 'ilie  parts  or^  sciences, 
are  tG  be  p)9ce4  all  together  at  the  end  of  that  part,  Thu^ 
^  the  plateg  relating  to  the  fiist  part,  or  Aritfaaeticy  tQ  be 
placed  in  the  middle  of  the  firstivohime,  at  the  end  of  the 
^rithxnetic  $  then  all  the  plates  relating  to  Geometry  to  be 
l>laced  after  that  science  at  the  end  of  the  volume.  And 
spof  theNOthrrs. 
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PART  FIRST. 

Containing  the  most  curious  Problems  and  most  in» 
teresting  TrutJis  in  regard  to  Arithmetic* 

Arithmetic  and  geometry,  according  to 
Plato,  are  the  two  wings  of  the  mathematician. 
The  object  indeed  of  all  mathematical  questions,  is 
to  détermine  the  ratios  of  numbers,  or  of  magni- 
tudes ;  and  it  may  even  be  said,  to  continue  the  com- 
parison of  the  ancient  philosopher,  that  arithmetic 
19  the  mathematician's  right  wing  ;  for  it  is  an  in- 
contestible  truth,  that  geometrical  determinations 
would,  for  the  most  part,  present  nothing  satisfac- 
tory to  the  mind,  if  the  ratios  thus  determined  could^ 
not  be  reduced  to  numerical  ratios.  This  justifies 
the  common  practice,  which  we  fhall  here  follow,  of 
beginning  with  arithmetic. 

VOJL.  I.  M 


eirrERBNT  KINDS 


t. 

b   1 


This  science  aflfords  a  wîde  field  for  speculati 
and  curious  research  ;  but  in  the  collection  wh 
we  here  present  to  the  mathematical  reader, 
have  confined  ourselves  to  what  is  best  calculated 
excite  the  curiosity  of  those  who  have  a  taste  for  t 
thematical  pursuits. 


CHAPTER  I. 

Of  our  Numerical  5y^/c;;/,  aiid  the  different  Ki 

of  Arithmetic* 

IT  has  been  generally  remarked,  that  all  or  m 
of  the  nations  with  which  we  are  acquainted,  red 
by  periods  of  ten  ;  that  is  to  say,  after  having  coii 
ed  the  units  fi'om  i  to  lo,  they  begin  and  add  ui 
to  thç  ten  ;  having  attained  to  two  tens  or  20,  tl 
continue  to  add  units  as  far  as  30,  or  three  tc 
and  so  on,  in  succession,  till  they  come  to  ten  t( 
or  a  hundred  ;  of  ten  times  a  hundred  they  fon 
thousand,  and  so  on.  Did  this  arise  from  necessi 
was  it  occasioned  by  any  physical  cause  ;  or  wa 
merely  the  effect  of  chance  ? 

No  person,  after  the  least  reflection  on,  this  u 
nimous  agreement,  will  entertain  any,  idea  of  its 
ing  the  effect  of  chance.  It  is  not  only  probable, 
might  almost  be  proved,  that  this  system  derives 
origin  from  our  physical  conformation.  All  r 
have  ten  fingers;  a  very  few  excepted,  who,  by  s 
i,  lusus  naturae,  have  twelve.     The  first  men  beg 

k-  reckon  on  their  fingers.     When  they  had  exha 

r  thcm^by  reckoning  the  units,  it  was  necessar} 
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ihev  ahould  form  a  first  total,  and  agam  be^  to 
tecKon  the  same  fingers,  till  they  had  exhausted 
them  a  second  time;  and  so  on  in  succession. 
Hence  the  origin  of  tens,  which  being  confined,  like 
the  units,  to  the  number  of  the  fingers,  could  not 
be  carried  beyond  it,  without  forming  a  new  total, 
called^a  hundred  ;  the^  another  called  a  thousand, 
and  so  on. 

From  the^  observations,  a  curious  consequence 
mav  be  drawn.  If  nature,  instead  of  ten  fingers^ 
had  given  us  twelve,  our  system  of  numeration 
would  have  been  different.  After  lo,  instead  of 
saying  ten  ,plus  one  or  eleven,  ten  plus  two  or 
twelve,  we  should  have  ascended  by  simple  denomi« 
nadons  to  twelve,  and  should^  then  have  counted 
twelve  plus  one,  twelve  plus  two,  &c,  as  far  as  two 
dozens  ;  our  hundred  would  have  been  twelve  do- 
zens,  &c.  A  six-fingered  people  would  certainly 
have  had  an  arithmetic  of  this  kind,  which  indeed 
would  have  sufficiently  answered  every  arithmetical 
purpose,  or  rather  would  have  been  attended  with 
various  advantages,  which  our  numerical  system  does 
not  possess. 

In  consequence  of  an  idea  of  this  kind,  philoso- 
phers have  been  Induced  to  examine  the  properties 
of  other  numerical  systems.  The  celebrated  Leib- 
nitz proposed  one,  in  which  only  two  characters,  i 
and  o,  were  to  be  employed.  In  this  system  of  arith« 
metic,  the  addition  of  an  o  multiplied  every  thing 
by  two,  as  it  does  by  ten  in  common  arithmetic,  and 
the  nutkibers  were  expressed  as  follows  : 

One     •        «        .        •        .        •         •) 
Two     «        •        .        •  •        9       lo 

Three  .         .        .        ,  •        .       ix 

Four •        • 


DIFFERENT  KINDS 


IC 
II 
II 

IOC 
IOC 

loi 

lOl 

lie 
lie 

I  Tl 
III 

lOOC 

lOOOC 

lOOOOC 


I 


Fhre 

Six 

Seven 

Eight 

Nine 

Ten 

Eleven  * 

Twelve 

Thirteen 

Fourteen 

Fifteen 

Sixteen 

Thirty-two 

Sixty-four 

Two  thousand  three  hundred  and 

seventy-nine         .         .         looioiooioi 

As  Leibnitz  found  in  the  above  mode  of  exprès 
ing  numbers  some  peculiar  advantages,  he  pul 
Kshed,  in  the  Memoirs  of  the  Academy  of  Sciena 
at  Berlin,  rules  for  performing,  in  this  kind  of  aritl 
metic,  the  usual  operations  of  common  arithmeti 
But  it  may  be  readily  perceived,  that  this  new  systen 
if  introduced  into  practice,  would  be  attended  wit 
the  inconvenience  of  requiring  too  many  figures 
twenty  would  be  necessary  to  express  a  numbt 
equal  to  about  a  million. 

One  èurious  circumstance  in  regard  to  this  binar 
arithmetic  must  not  be  here  omitted.  It  serves  t 
explain,  as  some  pretend,  a  Chinese  symbol,  whic 
has  occasioned  great  embarrassment  to  the  learnc 
who  have  applied  to  the  study  of  the  Chinese  ant 
quities.  This  symbol,  which  is  highly  revered  b 
the  Chinese,  who  ascribe  it  to  their  ancient  emperc 
Fohi,  consists  of  certain  characters  formed  by  th 
different  combinations  of  a  small  whole  line-  an 
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j^  broken  ohe.  *  Father  Bouset^  a  celebrated  Jesuit^ 
who  resided  some  time  in  China  as  a  missionary^ 
hfiving  heard  of  Leibnitz's  ideas,  observed,  that  if 
the  whole  line  were  supposed  to  represent  our  i, 
and  the  broken  line  our  o,  these  characters  would 
be  nothing  else  than  a  series  o£  numbers  expressed 
by  binary  arithmetic.  It  is  very  singular,  that  a 
Chinese  enigma  should  find  its  Œdipus  only  in  Eu- 
rope ;  but  perhaps  in  this  explanation  there  is  more 
of  ingenuity  than  truth. 

If  the  binary  arithmetic  of  Leibnitz  is  entitled  to 
no  farther  notice,  than  to  be  classed  among  the 
curious  arithmetical  speculations,  the  case  however 
is  not  the  same  with  duodenary  arithmetic,  or  that 
kind  which,  as  already  observed,  would  have  been 
brought  into  use  had  men  been  bom  with  twelve  fin- 
gers. This  arithmetic  would  indeed  have  been  a:s 
expeditious  as  the  arithmetic  now  employed,  and 
even  somewhat  more  so  ;  the  number  of  the  charac-- 
ters,  which  would  have  received  an  increase  only  of 
two,  to  express  ten  and  eleven,  would  have  been  as 
little  burthenspme  to  the  memory  as  the  present  cha- 
racters, and  would  have  been  attended  with  advan- 
tages which  ought  to  make  us  regret  that  this  sys- 
tem was  not  originally  adopted. 

It  IS  not  improbable,  however,  that  the  duode- 
nary system  would  have  been  preferred  had  philoso- 
phy  presided  at  the  invention;  for  it  would  have 
been  readily  seen  that  txcelve,  of  all  the  numbers 
from  I  to  20,  is  that  which  possesses  the  advantage 
of  being  small,  and  of  having  the  greatest  number 
of  divisors  ;  for  there  are  no  less  than  four  divisors 
byv which  it  can  be  divided  without  a  fraction,  viz. 
a,  3,  4  and  6.  The  number  i8  indeed  has  four 
divisors  also  \  but  being  larger  than  1 2,  the  latter 


deserves  to  be  preferred  fer  measuring  the  peii 
of  numération.    The  first  of  these  periods,  fi 
one  to  twelve,  would  have  had  the  advantage 
being  divisible  by  2,  3,  4,   6;   and  the  sea 
from  one  to  144,  by  2,  3,  4,  6,  8,  9,  12, 
18,  24,  36,  48,  7a;  whereas,  in  our  system 
first  period,  from  one  to  10,  has  only  two  c 
sors,  2  and  5  ;  and  the  second,  from  one  to  a  h 
dred»  has  only  2,   4,   5,  10,   20,  25,  50.    I 
evident  therefore,  that  fractions  would  less 
quently  bave  occurred  in  the  designation  of  n 
bers  in  that  way,  namely  by  twelves. 

But  what  would  have  been  most  convenieo 

this  mode  of  numeration,  is  that,  in  the  divisions 

sub-divisions  of  measures,  it  would  have  introdi 

a  duodecimal  progression.     Thus,  as  the  foot 

by  chance  been  divided  into  1 2  inches,  the  inch 

12  lines,  and  the  line  into  12  points;  the  pc 

would  have  been  divided  into  s  2  ounces,  the  01 

into  12  drams,  and  the  dram  into  12  erains^ 

parts  of  any  other  dénominations  ;  the  day  w 

have  been  divided  into  12  equal  portions  c 

hours,  the  hour  into  i  2  other  parts,  each  equ 

10  minutes,  each  of  these  parts  into  1 2  others  ; 

so  on  successively.     The  case  would  have  beei 

same  in  regard  to  measures  of  capacity. 

Should  it  be  asked,  what  would  be  the  ac 
tages  of  such  a  division  ?  we  might  reply  as  fol 
It  is  well  known  by  daily  experience,  that  wl 
f  is  necessary  to  divide  any  measure  into  3,  4, 

4  parts,  an  integer  number  in  the  measures  of  a  1 

denomination  cannot  be  found,  or  at  least  on 
chance.  Thus,  the  third  or  the  6th  of  a  p 
averdupois  does  not  give  an  exact  numbex  of  ou 
and  the.  third  of  a  pound  sterling,  does  not  gi 
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ftiteger  number  of  shillings.    The  case  is  the  same 
\  .    in  regard  to  the  bushel,  and  the  greater  part  of  the 

other  measures  of  capacity.  These  inconveniences, 
which  render  calculations  exceedingly  complex, 
would  not  take  place  if  the  duodecimal  progression 
were  every-where  followed. 

There  ^s  still  another  advantage  which  would  rè« 
9ult  from  a  combination  of  duodenary  arithmetic, 
with  this  duodecimal  progression.  Any  number  of 
pounds,  shillings,  and  pence  ;  of  feet,  inches,  and 
fines,  or  of  pounds,  ounces,  &c,  being  given,  they 
would  be  expressed  as  whole  numbers  of  the  3ame 
kind  usually  are  hi  common  arithmetic.  Thus,  for 
example,  supposing  the  fathom  to  consist  of  1 2  feet, 
as  must  necessarily  be  the  case  in  this  system  of 
numeration,  if  we  had*  to  express  9  fathoms  5  feet 
3  inches  and  8  lines,  we  should  have  no  occasion  to 
write  9^  5^  3'  8^,  but  merely  9538  ;  and  when- 
ever we  had  a  similar  number  expressing  any  di- 
mension in  fathoms,  feet,  inches,  &c,  the  fir^  fi- 
gure on  the  right  would  express  lines,  the  second 
,  inches,  the  third  feet,  the  fourth  fathoms,  and  the 
iifth  dozens  of  fathoms,  which  might  be  expressed 
by  a  simple  denomination,  for  example  a  perch,  &c. 
1^  In  the  last  place,  when  it  might  be  necessary  to  add, 

or  subtract,  or  multiply,  or  divide  similar  quanti- 
ties, we  might  operate  as  with  whole, numbers,  and 
the  result  would  in  like  manner  express,  according 
to  the  order  of  the  figures,  h'nes,  inches,  feet,  &c. 
It  may  easily  be  conceived  how  convenient  tl^s 
would  be  in  practice.  On  this  account  Steyin,  a 
Dutch  mathematician,  proposed  to  adapt  the  subdi- 
visions of  weights  and  measur^ts  to  our  present  sys- 
tem of  numeration,  by  making  them  décrète  in 
decimal  progression.    According  to  this  plan,  the 


> 
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fathom  would  have  contamed  lo  feet,  the  foot  lo 
inches^  the  inch  i  o  lines,  &c«  But  he  did  not  re- 
flect on  the  inconvenience  of  depriving  himself  of 
the  advantage  of  being  able  to  divide  his  measures 
&<^»  by  3»  4  ^^d  ^9  wimout  a  fraction,  which  b  in» 
de«i  of  some  importance. 

It  is  evident  that  in  the  duodenary  arithmetic,  the 
nine  first  numbers,  might  be  expressed  as  usual,  by 
the  nine  known  characters  i,  2,  39  &c  ;  but  as  the 
period  ought  to  terminate  only  at  twelve,  it  would 
be  necessary  to  express  ten  and  eleven  by  simple 
characters*  In  this  case  we  might  choose  <p  to  de« 
note  ten,  and  â  to  denote  eleven,  and  then  it  is  evi- 
dent that, 

10  would  express  twelve 

11  •    .     •    •     thirteen 

12  ...    .     fourteen 

13  •    •    •    •     fifteen 

14  •    •    •     •     sixteen 

15  •    •    •     •     seventeen 

16  .     •    •     •      eighteen 

17  •     •     .     .      nineteen 

18  •     •     •     .     twenty 

19  .  .  •  .  twenty-one 
i^  ♦  •  .  .  twenty-two 
i^    .     .    .     .     twenty-three 

20  ...    •     twenty-four 
30    »     .    .    .     thirty-six 
40    .     .     .    ,     forty-eight 
50    ,     .     ,    .     seventy-two 

I  oo    •    .    .    .     a  hundred  and  forty-four 
200    .    .    •    .     two  hundred  and  eighty-eight 
30.0    ...    *     four  hundred  and  thirty-two 

K  one  thousand  seven  hundlfed 
1000    •    .    .    •  Jandtwenty^ight 
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I 


•  i 


•  ■ 


200(? 


lOOOO 
I OOQOO 

&c. 


r  three  thousand  four  hundred 
'    *     *       I  and  fifty-six 

r  twenty-thousand  seven  hun- 
*  I  dred  and  thirty-six 
rtwo  hundred  and  foity-eight 
'***<}  thousand  eight  hundred  and 
(  thirty-two 

Thus  the  number  denoted  by  the  figures  ^943 
would  be  eighteen  thousand  six  hundred  and  twenty- 
(even  ;  for  ^000  is  eighteen  thousand  two  hundred 
and  eighty,  900  is  one  thousand  two  hundred  and 
ninety-six,  40  is  forty-eight,  and  3  is  three  num- 
bers which  iif  added  will  form  the  above  sum. 

It  would  be  easy  to  form  ia  set  of  rules  for  this 
new  arithmetic,  similar  to  those  of  common  aritb- 
xnetic  ;  but  as  it  does  not  seem  likely  that  this  mode 
of  calculation  will  ever  be  brought  into  general  use» 
we  shall  confine  ourselves  to  what  has  been  already 
said  on  the  subject,  and  only  add,  that  we  have  seen 
a  book,  printed  in  Germany,  in  which  the  common 
rules  of  arithmetic  were  explained  in  all  the  sys- 
tems, the  binary,  ternay,  quaternay,  and  so  on,  to 
the  duodenary  inclusively. 
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CHAPTER  II. 

Of  some  Short  Methods  of  performing  Arithmet 

Operations^ 


•  I  S  I- 


Method  of  Subtracthtg  several  Numbers  /) 
several  other  give?i  Nunibersy  xcithoui  mak 
paiHial  Additiofis. 


I  TO  give  the  reader  an  idea  of  this  opera^ 

one  example  will  be  sufficient.     Let  it  be  propc 
\  to  subtract  all  the  sums  below  the  line  at'  B,  fî 

all  those  above  it  at  A.     Add,  in  the  usual  n 
ner,  all  the  lower  figures  of  the  first  column 
.  the  right,  which  will  make  14,  and         ç624'^' 

i  subtract  theîr  sum  from  the  next         84Ç64 

highest  number  of  tens,  or  20.  Add  ^252 

'•  the  remainder  6  to  the  corresponding         26848 

column  above  at  A ,  and  the  sum  total 

■will  be  23      Write  down  3  at  the  2^ 

bottom,  and  because  there  were  here  q 

two  tens,  as  before,  there  is  nothing       ^ — 

to  be  reserved  or  carried.     Add,  in        102003 
j^  like  manner,  the  figures  of  the  second  lower  colu 

which  will  amount  to  9,  and  this  sum  taken  f 
10  will  leave  i  ;  add  i  therefore  to  the  sec 
column  of  the  upper  numbers,  the  sum  of  w 
will  be  20  ;  write  down  o  at  the  bottom,  anc 
cause  there  were  here  two  tens,  while  in  the  k 
column  there  was  only  one,  reserve  the  diffère 
and  subtract  it  from  the  next  column  of  the  num 
marked  B  before  you  begin  to  add.     In  the' 
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trary  case,  that  is  to  say  when  there  are  more  ten: 
in  any  one  of  the  columns  marked  B  than  m  th( 
corresponding  column  above  it,  the  diflference  mus 
be  added.  In  the  last  place,  when  it  happens  tha 
this  difference  cannot  be  taken  from  the  nex 
column  below,  for  want  of  more  significant  figures 
as  is  the  case  here  in  the  fifth  column,  we  miis 
add  it  to  the  upper  one,  and  write  down  the  whol 
sum  below  the  line.  By  proceeding  in  this  mannei 
we  shall  have,  in  the  present  instance,  162003  fc 
the  remainder  of  the  subtraction  required. 

S  n- 

Multiplication  by  the  Fingers. 

To  multiply  any  two  numbers,  for  example, 
by  8  ;  first  take  the  difference  between  9  and  1  < 
'which  is  I,  and  having  raised  up  the  ten  finge 
of  both  hands,  bend  dovm  i  finger  of  one  han 
for  example  the  left.  Then  take  the  differen 
between  8  and  10  also,  which  is  2,  and  bend  dov 
2  fingers  of  the  right  hand. 

Count  the  fingers  still  raised  up,  whîch  in  tl 
case  are  7,  and  the  sum  will  be  the  number  of  te 
in  the  product.  Multiply  the  number  of  the  finge 
bent  down  of  one  hand,  by  that  of  the  fing< 
bent  down  of  the  other,  and  the  result  will  be  t 
number  of  units  in  the  product.  By  this  operati 
it  will  be  found,  in  the  present  instance,  that 
multiplied  by  8  makes  72. 

It  may  hence  be  seen,  that  in  general,  we  mi 
take  the  difference  between  10  and  each  of  1 
given  numbers  ;  that  the  product  of  these  difi 
cnces,  denoted  by  the  fingers  bent  down  of  éî 
hand,  will  give  the  units  of  the  product,  and  tl 
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the  number  of  the  fingers  wliich  remain  raised  up, 
VÎ11  give  that  of  the  tens  of  the  same  product.     . 

It  is  evident  however,  that  this  operation  is 
rather  curious  than  useful  ;  for  no  numbers  but 
such  as  are  less  than  ten  can  be  multiplied  in  this 
manner,  and  every  person  almost  can  tell  these  first 
products  from  memory  alone,  otherwise  they  could 
not  perform  any  complex  multiplication  at  all. 

S  DL 

Some  Short  Methods  of  performing  Multiplication 

and  Division. 

I.  Every  one,  in  the  least  acquainted  with  arith- 
metic, knows,  that  to  multiply  any  number  by  lo, 
^     I  nothing  is  necessary  but  to  add  to  it  a  cipher  ;  that 

^    I  to  multiply  by  loo,  two  must  be  added,  and  so  on. 

Hence  it  follows,  that  to  multiply  by  5,  wc 
have  only  to  suppose  a  cipher  added  to  the  num* 
ber,  and  then  to  divide  it  by  a.  Thus,  if  it  were 
required  to  multiply  127  by  5  ;  suppose  a  cipher 
added  to  the  former,  which  will  give  1270,  and 
then  divide  by^  2  :  the  quotient  635  will  be  the 
^product  required. 

In  like  manner,  to  multiply  any  number  by  25, 

\  wc  must   suppose  it  multiplied   by    100,    or  in- 

1  creased  by   two   ciphers,  and   then   divide  by   4. 

I  Thus,  127  multiplied  by  25,  will  give  3175.     For 

\      \  127  when  increased  by  two  ciphers  makes  12700, 

which  being  divided  by  4,  produces  3175. 

According  to  the  same  principle,  to  multiply  by 
125,  it  will  be  sufficient  to  add  three  ciphers  to 
the  multiplicand,  or  to  suppose  them  added,  and 
then  to  divide  by  8.  The  reason  of  these  opera- 
tions  may  be  so  readily  conceived,  that  it  is  not  ne« 
cessary  to  explain  it. 
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n.  The  multîplîcatîon  of  any  number  by  1 1  may 
be  reduced  to  simple  addition.  For  it  is  evident 
that  to  multiply  a  number  by  ii,  is  nothing  else 
than  to  add  the  number  to  its  decuple^  that  is  to 
say,  to  itself  followed  by  a  cipher. 

Let  the  proposed  number,  for  ex.  be  ....  67583 
To  multiply  this  number  by  eleven,  jiilii 
say  3  and  ©  make  3  ;  write  down 
3  in  the  units  place  ;  then  add  8  and  3, 
which  make  1 1  ;  write  down  i  in  the  place  of 
tens,  and  carry  1  ;  then  5  and  8  and  i  carried  make 
1 4  i  write  down  4  in  the  third  place,  or  that  of 
hundreds,  and  carry  i.  Continue  in  this  n^anner, 
adding  every  figure  to  its  next  following  one,  till 
the  opeiation  is  finished,  and  the  product  will  be 

743413»  as  above. 

The  same  number  may  be  multiplied  in  like 
manner,  by  1 11,  if  we  first  write  down  the  3, 
then  the  sum  of  8  and  3,  then  that  of  5,  8,  and  3, 
then  that  of  7,  5,  and  8,  and  so  on,  adding  al- 
ways three  contiguous  figures  together. 

III.  We  shall  only  just  farther  observe,  that  to 

multiply  any  number  by  9,  simple  subtraction  may 

be  employed.     Let  us  take,  for  example,  the  same 

'number  as  before,     ....  67583 

608247 
To  multiply  this  number  by  9,  nothing  is  neces- 
sary but  to  suppose  a  cipher  added  to  the  end  of 
it,  and  then  to  subtract  each  figure  from,  that  which 
precedes  it,  beginning  at  the  right.  Thus  3  from 
o  or  lo,  leaves  7  ;  8  from  2  or  12,  leaves  4  ;  and 
if  we  continue  in  this  manner,  taking  care  to  bor- 
row 1 0  when  the  right-hand  figure  is  too  small  to 
admit  of  the  preceding  one  being  subtracted  from 
it,  we  shall  find  the  product  to  be  608247. 
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Vfu*  reason  of  these  operations  may  be  readilj^ 
IKU'civtiL  y^^  >^  ÎS  evident^  that  in  ther  first,  we 
only  «Ud  the  number  itself  to  its  decuple;  and  in 
the  lAt^i^f  ^c  subtract  it  from  its  decuple  ;  But  in 
Dfiler  to  form  a  clearer  idea  of  the  matter,  it  may 
ucrlu&pi  IH'  worth  while  to  perform  the  operation  at 
full  IcfigtL 

Oinnv;  operations  of  a  similar  kind  may  be  em- 
lil*yéui  III  certain  rases  of  division  ;  as  in  dividing, 
b*r  cxuinplc.  a  pnvcn  number  by  any  power  what- 
eyr.r  of  5.  'I  hu»,  if  it  were  required  to  divide  128 
by  5  i  wc  muHf  double  it,  which  will  give  256  ;  if 
wc  then  (  ui  oil  the  last  figure,  which  will  be  a 
d/.'nifial,  the  quotient  will  be  25*6  or  25/,,.  To 
dividi:  till.*  ftaiiic  number  by  25,  wc  must  quadruple. 
If,  whirli  will  givr  512  ;  and  if  wc  then  cut  off 
ihi;  two  iitfet  hgutcfi  «iH  decimals,  we  shall  have  for 
lUi'  qijotiinit  /;  and  iVn.  To  divide  by  125,  we 
fmidi  iiuilii|ily  lia*  dividend  by  8,  and  cut  off  three 
A(/iiU's,  hi  likr  nmnncr  we  may  divide  a  given 
riiioitH  r  liy  »tny  other  power  of  5  ;  but  it  must  be 
fofilM^nl  that  fiui  It  nhort  methods  of  calculation 
ir^t  mil  itdcil  with  no  ^\c\x\  advantage. 

S  IV. 
A/////7  A/if/n»(t   dl'  /h'rf'nrmif/i^    Mtiffip/iaifion  and 

Winn  liiM'/  iiiniilMi'i  an*  \o  he  multiplied,  it  is 
s-M'lMtf  ili.if  im  n|  Ml  .till  111  lui^'jit  be  performed  much 
^<idi/»,  I./  Ii.ivni/'.  .1  iiibli'  pu'vicuisly  formed  of  each 
htvnl'f  'J  iIm  iiiiilil|ilii(tiitl,  when  doubled,  tripled, 
HiHiUiUfUil,  .iihI  -h'  oil.  Stu-lt  it  table  indet-d  might 
|v^  (#f/rHM^»l  I'/  •iin|ilriultliiioii,  liince  nothing  would 
Ir*  H^fMM^y  bill  lo  ritid  uuy  number  to  itself,  and 
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we  should  have  the  double  ;  then  to  add  it  to  the 
double,  and  we  should  have  the  triple,  &c.  But 
unless  the  same  figure  should  frequently  recur  in  the 
multiplicand,  this  method  would  be  more  tedious 
than  that  which  we  wished  to  avoid. 

The  celebrated  Napier,  the  sole  object  of  whose 
researches  seems  to  have  been  to  shorten  the  opera- 
tions of  arithmetic  and  trigonometry,  and  to  whom 
we  are  indebted  for  the  ingenious  and  ever-memo- 
rable invention  of  logarithms,  devised  a  method  of 
forming  a  table  of  this  kind  in  a  {noment,  by  means 
of  certain  rods,  which  he  has  described  in  his  work 
entitled  Rabdologia^  printed  at  Edinburgh  in  1617. 
The  construction  of  them  is  as  follows  : 

Provide  several  slips  of  card  or  ivory  or  metal 
rods,  about  nine  times  as  long  as  they,  are  broad, 
and  divide  each  of  them  into  9  equal  squares.  (Plate 
l.  Jig.  1.)  Inscribe  at  the  top,  that  is  to  say  in  the 
first  square  of  each  slip  or  rod,  one  of  the  numbers 
of  the  natural  series  i,  2,  3,  4,  &c,  as  far  as  9 
inclusively.  Then  divide  each  of  the  lower  squares 
into  two  parts  by  a  diagonal,  drawn  from  the  upper 
angle  on  the  right  hand  to  the  lower  one  on  the  left, 
and  inscribe  in  each  of  these  triangular  divisions, 
proceeding  downwards,  the  double,  triple,  quadru- 
ple, &c,  of  the  number  inscribed  at  the  top  ;  tak- 
ing care,  when  the  multiple  consists  of  only  one 
figure,  to  place  it  in  the  lower  triangle,  and  when 
It  consists  of  two,  to  place  the  units  in  the  lower 
triangle,  and  the  tens  in  the  upper  one,-  as  seen  in 
the  figure.  It  will  be  necessary  to  have  one  of  these 
slips  or  rods  thé  squares  of  which  are  not  divided  by 
a  diagonal»  but  inscribed  with  the  natural  numbers 
from  I  to  9.  This  one  is  called  the  index  rod.  It 
will  be  proper  also  to  havb  several  of  these  slips  or 
rods  for  each  figure. 
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The  rods  being  prepared, as  above,  let  us  stt^ 
pose  that  it  is  required  to  multiply  the  numU^ 
6785399.    Arrange  the  seven  rods  inscribed  at  t^ 
top  with  the  figures  6785,  &c,  close  to  each  othesr 
and  apply  to  them  on  the  left  hand  the  index  rod] 
or  that  inscribed  wth  the  single  figures  (see  PL  Ljig^ 
2.)  ;  by  which  means  we  shall  have  a  table  of  all  the 
multiples  of  each  figure  in  the  multiplicand;  and 
scarcely  any  thing  more  will  be  necessary,  but  to 
transcribe  them*    Thus,  for  example,  to  multiply 
the  above  number  by  6  ;  looking  for  six  on  the  in- 
dex rod,  and  opposite  to  it  in  the  first  square,  on 
the  right  hand,  we  find  54  ;  writing  down  the  4 
found  in  the  lower  triangle,  and  adding  the  5  in  the 
upper  one  to  the  4  in  the  lower  triangle  of  the 
next  square  on  the  left,    which  makes  9;   write 
down  the  9,  and  then  add  the  5  in  the  upper  tri- 
angle in  the  same  square  to  the  8  in  the  lower  tri- 
angle of  the  next  one  \  and  proceed  in  this  manner, 
taking  care  to  carry  as  in  common  addition,  and  we 
shall  find  the  result  to  be  40712394,  or  the  product 
of  6785399  multiplied  by  6. 

Compound  multiplication,  or  by  several  figures, 
may  be  performed  in  tfie  same  manner,  and  with 
equal  facility.  Let  us  suppose,  for  example,  that  the 
same  number  is  to  be  multiplied  by  839938.  Write 
down  the  multiplicand,  and  the  6785399 

multiplier  below  it  in  the  usual  839938 

, manner;  and  as  the  first  figure  Ç428TÏ02 

of  the  multiplier  is  8,  look  for  it  207  ç6i  07 

in  the  index  rod,  and  by  adding  6 1068  eg i 

the  difierent  figures  in  the  tri-         6io68çqi 
angles  of  the  horizontal  column       201  c6 107 
opposite  to  it,  the  sum  will  be     r428'>iQ2 
found  to  be  54283 19^,   or  the     -p — ^       r- 
product  of  the  above  number  by     5^993^4405^62 
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S,  which  must  be  written  down*  Then -find  the 
sum  of  the  figures  in  the  horizontal  column  oppo- 
site to  3,  and  write  the  sum  down  as  before,  but 
carrying  it  one  place  farther  to  the  left.  Continue 
in  this  manner  till  you  have  gone  through  all  the 
figures  of  tlie  multiplier,  and  if  the  several  partial 
products  be  then  added  as  usual,  you  will  haye  the 
total  product,  as  above  expressed. 

A  similar  artifice  may  be  employed  to  shorten 
division,  especially  when  large  sums  are  to  be  often 
divided  by  the  same  diviser.  Thus,  for  ezamj)|e,  if 
the  number  1492992  is  to  be  divided  by  432,  aod  if 
the  same  divisor  must  frequently  occur,  construct, 
in  the  manner  above  described,  a  table  of)  the  mifl- 
tiples  of  432,  which  will  scarcely  require  any  far- 
ther trouble  than  that  of  transcribing  the  numbers, 
as  may  be  seen  here  on  the  left. 

1492992  (  3455 
1296 

'969 

1728 


I 

.•*• 

432 

2 

»••• 

864 

3 

•  ••• 

1296 

4 

•  .•* 

1728 

5 

*•«• 

2160 

6 

«•.. 

2592 

7 

•••• 

3024 

8 

•••• 

3456 

9 

.... 

3888 

2419 

2160 


2592 

0000 

When  this  is  done,  it  may  be  readily  perceived, 
that  since  432  it  not  contained  in  the  first  three 
figures  of  the  dividend,  some  multiple  of  it  must 
be  contained  in  the  first  four  figures,  viz.  1492. 
To  find  this  multiple,  you  need  only  cast  your  eye 
on  the  table,  to  observe  that  the  next  less  multiple 
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af .  431  is  t%^6j  which  stands  opposite  to  3  ; 
éàfwà  3  therefore  m  the  quotknt,  and  1296  tili.^^ 
tiify%i  then  subtract  the  f^mer  from  the  Utter,  a/xi 
ûio^  ^>^  remain  ^96,  to  which  if  you  bring  doir^ 
the  next  figure  d  the  dividend,  the  result  will  b^^ 
1969.    By  casting  your  eye  again  on  the  table,  yoir 
WUl  find  that  1728,  which  stands'opposite  to  4,  is  the 
greatest  multiple  of  432  contained  in  1969;  write 
down  4  therefore  in  the  quotient,  and  subtract  as  be- 
forew    By  continuing  the  operation  in  this  manner, 
it  will  ht  fouhd  that  the  following  figures  of  the 
tpiodaat  are  5  and  6  ;  and  as  the  last  multiple  leaves 
M  remainder,  the  division  is  perfect  and  complete. 
•..    ... 

Remark. 

Mathematicians  have  not  confined  themselves  to 
endeavouring .  to  simplify  the  operations  of  arith- 
metic by  such  means  :  they  have  attempted  some- 
thing more,  and  have  tried  to  reduce  them  to  mere 
mechanical  operations.  The  celebrated  Pascal  was 
the  first  who  invented  a  machine  for  this  purpose, 
a  description  of  which  may  be  seen  in  the  fourth 
volume  of  the  Recueil  des  Mach'mes  presentees  à 
P  Académie.  Sir  Samuel  Morland,  without  knowing 
perhaps  what  Pascal  had  done  in  thb  respect,  pub- 
lished, in  1673,  an  account  of  two  arithmetical  ma- 
chines, which  lie  invented,  one  of  them  for  addition 
and  subtraction,  and  the  other  for  multiplication, 
but  without  explaining  tfteit  internal  construction. 
The  same  object  engaged  the  attention  of  the  ce^ 
hdmited  Leibnitz,  about  the  same  time  ;  and  after- 
tffards  that  of  the  marquis  Polem.  A  description  cff 
theff  inachines  may  be  seen  in  the  Thtatritm  Arith^ 
fneticum  of  Leupold,  printed  in  1727,  together  widi 
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thSt  of  a  machine  invented  by  Leupold  himself,  and 
also  in  the  MiscelL  BeroL  for  1709.  We  have 
, likewise  the  Abaque  rabdologique  of  Perrault,  in  the 
collection  of  his  machines  published  in  1700.  It 
serves  for  addition,  subtraction  and  multiplication» 
The  Recueii  des  Machines  pj^sentées  à  I* Académie 
Royale  des  Sciences  contains  also  an  arithmetical 
machine;  by.  Lespine,  and  three  by  Boittisiandeau. 
Finally,  Mr.  Gersten,  professor  of  mathematics  at 
Giessen,  transmitted,  in  the  year  1735,  to  the  Royal 
Sotiety  of  London,  a  minute  description  of  a  ma- 
chine of  the  same  kind,  invented  by  himself.  We 
shall  not  enlarge  farther  on  this  subject,  but  pro- 
ceed to  give  an  account,  which  we  hope  will  be 
acceptable  to  the  curious  reader,  of  an  inçeniou^ 
method  of  performing  the  operations  of  aritnmetic, 
invented  by  Mr.  Saunderson,  a  celebrated  mathema* 
tician,  who  was  blind  from  his  infancy. 

§v. 

Palpable  Arithmetic  y  or  a  method  of  performing 
arithmetical  operations,  which  may  be  practi9e4 
by  the  blind^  or  in  the  dark. 

What  is  here  announced  may,  on  the  first  view, 
appear  to  be  a  paradox  ;  but  it  is  certain  that  this 
method  of  performing  arithmetical  c^>erations  was 
practised  by  the  celebrated  Dr.  Saunderson,  who, 
though  he  bad' lost  his  sight  when  a  child  of  a  year 
did,  Iliade  io^eat  progress  in  ^  the  mathematics,  as 
tb  be  aiHfe  to  iîH  a  ptofessor^s  chair  in  the  university 
of  Cârtîbtî9gc.  Thé  ^apparatus  he  employed  to  su]^ 
•  ply  the  deficiency  of  sight,  was  as  follows. 

Let  the  squire  AB  C  D  (PI.3 fig.  «Ohe 
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into  four  other  squares,  by  two  lines  parallel  to  the 
sides»  and  intersecting  each  other  in  the  centre. 
These  two  lines  form  with  the  sides  of  the  square 
four  points  of  intersection^  and  these  added  to  the 
four  angles  of  the  primitive  square,  give  all  together 
nine  points.  If  a  hole  '  be  made  in  each  of  these 
points»  into  which  a  pin  or  peg  can  be  fixed,  it  is  evi- 
dent that  th^e  will  be  nine  distinct  places  for  the 
nine  simple  and  significant  figures  of  our  arithmetical 
system»  and  nothing  further  will  be  necessary  but 
to  establish  some  order  in  which  these  points  or 
places»  destined  to  receive  a  moveable  peg»  oueht  to 
be  counted.  To  riiark  i ,  it  may  be  placed  m  the 
centre  ;  to  express  a»  it  may  be  placed  immediately 
above  the  centre  ;  to  express  3,  at  the  upper  angle 
on  the  right  ;  and  so  on  in  succession»  round  tne 
sides  of  the  square»  as  marked  by  the  numbers  op* 
posite  to  each  point.     PI.  3  fig.  i. 

But  there  is  still  another  character  to  be  express- 
ed, viz.  the  o»  which  in  our  arithmetic  is  of  very 
great  importance.  This  character  might  be  express- 
ed in  a  manner  exceedingly  simple,  by  leaving  the 
holes  empty  ;  but  Saunderson  preferred  placing  in 
the  middle  one  a  large -headed  pin,  imless  when  hav- 
ing unity  to  express,  he  was  obliged  to  substitute  in 
its  steaa  a  small-headed  pin.  By  these  means  he 
obtained  the  advantage  of  being  better  able  to  di- 
rect his  hands,  and  to  distinguish  with  more  ease» 
by  the  relative  position  of  the  small-headed  pins,  in 
regard  to  the  large  one  in  the  centre»  what  the 
former  expressed.  This  method  therefore  ought  to 
be  adopted  ;  for  Saunderson  no  doubt  made  choice 
of  those  means  which  were  most  significant  to  his 
fingers. 

As  the  reader  has  here  seen  with  what  ease  a 
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simple  number  may  be  expressed  in  this  manner, 
we  shall  now  shew  that  a  compound  number  may  be 
expressed  with  equal  facility*  If  we  suppose  several 
squares  to  be  constructed  like  the  preceding,  ranged 
in  a  line,  and  separated  from  each  other  by  small 
intervals,  that  they  may  be  better  distinguished  by 
the  touch,  any  person  acquainted  with  commoa 
arithmetic  may  perceive,  that  the  first  square  on  the 
right  will  serve  to  express  units  ;  the  next  towards 
the  left,  to  express  tens  ;  the  third  to  express  hun« 
dreds,  &c.  Thus  the  five  squares,  with  the  pegs 
arranged  as  represented  PI.  3  fig.  4,  will  express  the 
number  54023. 

If  you  therefore  provide  a  board,  or  table,  di- 
vided into  several*  horizontal  bands,  on  each  of 
which  are  placed  seven  or  eight  similar  squares,  ac- 
cording to  circumstances  ;  ii  these  bands  be  sepa* 
rated  by  proper  intervals,  that  they  may  be  better 
distinguished  ;  and  if  all  the  squares  of  the  same 
order,  in  each  of  the  bands,  be  so  arranged,  as  to 
correspond  to  each  other  in  a  perpendicular  direc- 
tion  ;  you  may  perform,  by  means  of  this  machine^ 
all  the  different  operations  of  arithmetic.  The  rea- 
der will  find,  Plate  3  fig.  4,  a  representation  of  the 
method  of  adding  four  numbers,  and  expressing 
their  sum  by  a  machine  of  this  kind. 

Saunderson  employed  this  ingenious  machine,  not 
only  for  arithmetical  operations,  but  also  for  repre- 
senting geometrical  figures,  by  arranging  his  pins  in 
a  certain  order,  and  extending  threads  from  the  one 
to  the  other.  But  what  has  been  said  is  sufficient 
on  this  subject  ;  those  persons  who  are  desirous 
of  farther  information  respecting  it,  may  consult 
Saunderson's  Algebra,  or  the  French  translation  of 
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|<  Wolfs  Elements  Abridged,  where  this  palpable 

)  ^  arithmetic  is  explained  at  full  length. 


1 


Problem. 


L  T^  multiply  11;^.  11^.  ajid  iid.  by  iijC*  us. 

I  mui  lid* 

^  Tfiis  problem  was  once  proposed  by  a  sworn 

accountant  to  a  young  man  who  had  been  recom** 

mended  to  him  as  perfectly  well  acquainted  with 

arithmetic.    And  indeed,  besides  the  difficulty  which 

j  results  from  the  multiplication  of  quantities  of  dif- 

ij^  ferent  kinds,  and  from  their  reduction,  it  is  well 

ealculatoi  to  try  the  ingenuity  of  an  arithmetician. 
But  it  is  not  improbable  that  the  proposer  would 
have  been  embarrassed  by  the  following  simple 
question  :  what  is  the  nature  of  the  product  of 
pounds  shillings  and  pence  multiplied  by  pounds 
èhillinçs  and  pence  ?  'We  know  that  the  product  of 
a  yard  by  a  yard  represents  a  square  yard,  because 
H 1  geometricians  have  agreed  to  give  that  appellation  to 

'  a  square  surface  one  yard  in  length  and  one  in 

breadth  ;  and  6  yards  multiplied  by  4  yards  makf 
f4  square  yards;    for  a  rectangular   superficies 
I       ^  yards  in   length  and  4  in  breadth,  contains  i 

I       -  square  yards,  in  the  same  manner  as  the  product 

\      '  4  by  6  contains  24  units*     But  who  can  tell  wh 

the  product  of  a  penny  by  a  penny  is,  or  of  a  pen: 
;      •  by  a  pound  ? 

'  The  question  considered  in  this  point  of  view 

thefefore  absurd,    though  ordinary  arithmetic 
sometimes  are  not  sensible  of  it. 
It  may  however  be  considered  under  diff 
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poîntfi  Qf  view,  which  will  render  il' suseêptible  of 
a  solution.  The  first  is  to  observe  that  a  pound 
contains  20  shillings,  or  240  pence  ;  so  that  the 
problem  may  be  reduced  to  the  following,  in  ab- 
stract numbers  :  to  multiply  1 1  plus  ^i  plus  ~  by 
1 1  plus  — H.plus  7^  }  and  in  this  case,  the  product 
will  be  134  plus  ^  plus  ^  plus  7^. 

1  he  second  way  of  considering  this  question,  is 
to  observe  that  every  product  is  the  fourth  term  of 
a  proportion,  the  first  term  of  which  is  unity^  while 
the  two  qi^antities  to  be  multiplied  are  the  second 
and  third  terms.  Nothing  therefore  is  necessary 
but  to  fix  that  kind  of  unity  which  ought  to  be  the 
first  term  of  the  proportion.  * 

We  may  say,  for  example,  if  a  pound  employed 
in  any  way  has  produced  iIjC*  ii^*  ^md  ltd.  hovf 
much  will  11^.  11^.  and  ii^-  produce?  The  pro- 
duct here  will  be  the  saine  as  above,  vis,  1 34^.  gs. 
^d.  and  ^  of  a  penny. 

But  this  unit  might  be  a  shilling,  for  there  is 
nothing  to  prevent  us  from  expressing  the  question 
in  this  manner  :  If  a  shilling  produce  1 1;^.  1 1^.  and 
1 1^.,  how  much  ought  1 1^.  i  is.  and  i  id.  to  pro* 
duce?  The  product  then  would  be  9689^.  5^.  4ii. 
and  -V  of  ^  penny. 

In  the  last  place,  this  xmit  might  bç  a  penny  ;  and 
in  that  case  the  product  will  be  32271^.  4^.  id. 


CHAPTER   III. 

Of  certain  Properties  of  Numbers. 

WE  do  not  here  mean  to  examine  those  properties 
of  niunber^  which  engaged  so  much  the  attention  of 
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the  ancients,  and  in  which  they  pretended  to  find  so 
many  mysterious  virtues.  Every  one,  whose  mind 
is  not  tinctured  with  the  spirit  of  credulity,  must 
laugh  to  think  of  the  good  canon  of  Cezene,  Peter 
Bungus,  collecting  in  a  large  quarto  volume  entitled 
De  Mysteriis  Aumerorvm^  all  the  ridiculous  ideas 
which  Nichomachus,  Ptolemy,  Porphyry,  and  several 
more  of  the  ancients,  childishly  propagated  respect- 
ing numbers.  How  could  it  enter  the  minds  of 
reasonable  beings,  to  ascribe  physical  energy  to 
things  entirely  metaphysical  ?  For  numbers  are 
mere  conceptions  of  the  mind,  and  consequently 
can  have  no  influence  in  nature. 

None  therefore  but  old  women  and  people  of 
weak  tninds  can  believe  in  the  virtues  of  numbers» 
£ome  imagine,  that  if  thirteen  persons  sit  down  at 
-the  same  table,  one  of  them  will  die  in  the  course 
c»f  the  year  ;  but  there  is  a  much  greater  probabi- 
lity that  one  will  die  if  the  number  be  twenty-four. 
t 

I. 

.  The  number  9  possesses  this  property,  that  the 
figures  which  compose  its  multiples,  if  added  toge- 
ther, are  always  a  multiple  of  9  ;  so  that  by  adding 
them,  and  rejecting  9  as  often  as  the  sum  exceeds 
that  number,  the  remainder  will  always  be  o.  This 
may  be  easily  proved  by  trying  different  multiples 
of  9,  such  as  18,  27,  36,  &c. 

This  observation  may  be  of  utility  to  enal^le  us  to 
discover  whether  a,  given  number  be  divisible  by  9  ; 
for  in  all  cases,  when  the  figures  which  express  an;' 
number,  on  being  added  together,  form  9,  or  on< 
of  its  multiples,  we  may  be  assured  that  the  numbej 
is  divisible  by  9,  and  consequently  by  3  also. 
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But  this  property  does  not  exclusively  belong  to 
the  number  9  ;  for  the  number  3  has  a  similar  pro- 
perty. If  the  figures  which  express  any  multiple 
,  of  3  be  added,  we  shall  find  that  their  sum  is  al- 
ways a  multiple  of  3  ;  and  when  any  proposed  num- 
ber is  not  such  a  multiple,  whatever  the  sum  of  the 
figures  by  which  it  is  expressed  exceed  a  multiple 
of  3,  will  be  the  quantity  to  be  deducted  from  the 
number,  in  order  that  it  may .  be  ^divisible  by  3 
without  a  remainder. 

We  must  not  omit  to  take  notice  here,  of  a  very 
ingenious  observation  of  the  author  of  the  History 
of  the  Academy  of  Sciences,  for  the  year  1726, 
which  is,  that  if  a  system  of  numeration  different 
from  that  now  in  use  had  been  adopted,  that  for 
example  of  duodecimal  progression,  the  number 
elev^,   or,    in  general,   that  preceding    the  firft 
period,  would  have  possessed  the  same  property  as 
the  number  nine  does  in  our  present  system  or  nu- 
meration.    By  way  of  example  let  us  take  a  mifl« 
tiple  of  eleven,  as  nine  hundred  and  fifty-seven, 
and  let  us  express  it  according  to  that  system  by 
the  characters  7^5  :  it  will  here  be  seen  that  7  and 
Ç  make  seventeen,  and  5  added  makes  twenty-two, 
which  is  a  multiple  of  eleven. 

We  shall  not  here  attempt  to  demonstrate  why 
this  property  belongs  to  the  last  number  but  one, 
of  the  period  adopted  for  numeration,  as  it  would 
lead  us  into  analytical  researches  of  too  complex  a 
nature. 

In  addition  to  the  foregoing  observations  of  the 
French  author,  may  be  added  the  following  remarks 
on  the  same  subject,  lately  made  by  an  ingenious 
£ngUsh  gentleman.    He  first  expresses  all  tho  pro« 
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ducts  gf  g  by  the  other  figures,  in  the  following 
manner,  and  theo  enumerates  the  curious  properties. 

f  . .  6+3=9 

J  S 

•..•  7».,74.i=f 

♦  f 

3 

4 
"jr.  J-f«àcsf 

s 

54..5+4=if 

7 
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11^  component  figures  of  the  product,  made  bj 
the  n^ultiplication  of  every  digit  into  the  number  9, 
vhçn  added  together,  make  nine. 

The  order  of  those  component  figures  is  reversed, 
ffter  the  said  number  h^  been  multiplied  by  5. 

The  component  >  figures  of  the  amount  of  the 
multipliers  (viz.  45),  when  added  together  make 

liTINE. 

The  amount  of  the  several  products,  or  multiples 
ff  g  (viz*  405),  when  divided  by  9,  gives  for  a 
quotient^  45;  that  is  4+5=nine. 

The  amount  of  the  first  product  (viz.  9),  when 
9dded  to  the  other  products,  whose  respective  com- 
ponent figures  make  9,  is  8 1  ;  which  is  the  square 

The  said  number  ki,  when  added  to  the  above- 
mentioned  amount  of  the  several  products,  or  mul- 


tîpl^s  of  9  {y\%.  405),  nmkes  49Ç;  which,  îf  divided 
*>y  9>  g^^^  ^^^  ^  quotient  54;  that  is  5+A;;;;NiNJg. 
It  is  also  observable  that  the  number  of  changes 
that  may  be  njng  on  nine  bells,  is  362880^  whic)) 
figures»  added  together,  ipaj^c  ^^)  that  is,  2+7^ 

NINE, 

And  the  quotient  of  362880,  divided  by  91  is 
40320Î  that  is  4+P+3+2+p=Nw«. 

Etery  square  number  necessarily  ends  with  one 
of  these  five  figures»  i,  4,  5,  6,  9;  or  with  an  even 
number  of  ciphers  preceded  by  one  of  these  figures* 
This  may  be  easily  proved,  and  is  of  great  utility  in 
enabling  us  to  discover  when  a  number  i$  not  % 
square;  for  though  a  number  may  end  a^  ftbove 
mentioned,  it  is  not  always  however  a  perfect 
square;  but,  at  any  rate,  vrhen  it  does  not  ei^d  in 
that  manner,  we  are  certain  that  it  is  not  a  square^ 
which  may  prevent  useless  labour*  In  regard  tp 
cubic  numbers,  they  may  end  v(dth  any  figure  what-» 
ever;  but  if  they  ternunate  with  ciphers,  they  must 
be  in  number  either  threej  pr  sii:,  pt  niue^  2(c. 

m. 

Every  square  number  is  divisible  bv  3»  or  bo- 
comes  so  when  diminished  by  unity.  Tnis  may  bis 
easily  tried  on  any  square  number  at  pleasure.— 
Thus  4  less  I,  16  less  1,  25  less  1,  lai  less  |,  &c. 
are  all  divisible  by  3  ;  and  the  case  is  the  lame  with 
other  square  numbers. 

Every  square  number  is  divisible  also  by  4,  or 
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becomes  so  when  diminished  by  .unity.  Hiit  may 
be  proved  with  the  same  ease  as  the  former. 

Every  square  number  is  divisible  likewise  by  5, 
or  becomes  so  when  increased,  or  else  diminished 
by  unity.  Thus,  for  example,  36—1,  49+1, 
64+ 1,  81 — I,  &c,  are  all  divisible  by  5. 

Every  odd  square  number  is  a  multiple  of  8  in* 
creased  by  unity.  We  have  examples  of  this  pro- 
perty in  the  numbers  9,  25,  49,  81,  &c)  from 
which  if  I  be  deducted,  the  remainders  will  be 
divisible  by  8. 

IV. 

m 

Every  number  is  either  a  square,  or  divisible 
mto  two  or  three  or  four  squares.     Thus  30  is 

ecjual  to  25+4+1;  3^=^5+4+1  +  1;  33=16 
+  16+1;  63=49+9+4+1,  or=36+25+i  +  i. 

We  shall  here  add,  by  anticipation,  though  we 
have  not  yet  informed  the  reader  what  triangular, 
or  pentagonal,  &c,  numbers  are,  that 

Every  number  is  either  triangular,  or  composed 
of  two  or  of  three  triangular  numbers.    And  that 

Every  number  is  either  pentagonal,  or  composed 
6f  two  or  three  or  four  or  five  pentagonals,  and  so 
of  the  rest. 

We  shall  add  also,  that  every  even  square,  after 
the  first  square  i,  may  be  jesolved  at  least  into 
four  equal  squares;  and  that  every  odd, square  may 
be  resolved  mto  three,  if  not  into  two.     Thus  8 1 

=3^+36+9}  121=81+36+4;  169=144+25; 
625=400+144+81. 
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Every  power  of  5,  or  of  6,  necessarily  ends  vdth 
5  or  with  6. 

vr. 

If  we  take  any  two  numbers  whatever;  then 
either  one  of  them,  or  their  sum,  or  their  difference, 
IS  necessarily  divisible  by  3.  I^t  the  numbers 
assumed  be  20  and  17;  though  neither  of  these 
numbers,  nor  their  sum  37,  is  divisible  by  3,  yet 
their  difference  is^  for  it  is  three. 

It  might  easily  be  demonstrated,  that  this  must 
necessarily  be  the  case,  whatever  be  the  niunbers 
assumed. 

vn. 

If  two  numbers  are  of  such  a  nature,  that  their 
squares  when  added  together  form  a  square,  the 
product  of  these  two  numbers  is  divisible  by  6. 

Of  this  kind,  for  example,  are  the  numbers  3 
and  4,  the  squares  of  which^  9  and  1 6,  when  added, 
make  the  square  number  25:  their  product  12  is 
divisible  by  6. 

From  this  property  a  method  may  be  deduced, 
for  finding  two  numbers,  the  squares  of  which, 
when  added  together,  shall  form. a  square  number. 
For  this  purpose,  multiply  any  two  numbers  toge- 
ther; the  double  of  their  product  will  be  one  of 
the  numbers  sought,  and  the  difference  of  their 
squares  will  be  the  other. 


50  Md#ik¥t£l 

'tbm  if  we  mnltiply  together  2  and  3,  the  squares 
of  which  are  4  and  9,  their  product  will  be  6  ;  if 
we  then  take  i  a,  the  double  of  this  product,  and  5 
tbe  ditfefence  of  their  squares,  we  shall  have  two 
numbers,  the  sum  of  whose  squares  is  equal  to 
another  square  number  ;  for  these  squares  are  144 
and  2^5,  wnich  when  added  make  1 69,  the  square 
of  13. 

vin. 

WnïK  two  numbers  are  such,  that  the  difference 
4f  their  squares  is  a  square  number;  the  sum  and 
difference  of  these  numbers  are  themselves  square 
flombers,  or  the  double  of  square  numbers» 

Thus,  for  example,  the  numbers  (3  and  12, 
when  squared,  give  169  and  144,  the  difference  of 
which  25,  is  also  a  square  number;  then  25,  the 
sum  of  these  numbers,  is  a  square  number,  and 
also  their  difference  i. 

In  like  manner,  6  and  10,  when  squared  produce 
36  and  100,  the  difference  of  which  64  is  also  a 
square  number  ;  then  it  will  be  fouled,  that  their 
fUm  16  is  a  square  number,  as  well  as  their  dif- 
ference 4. 

The  numbers  8  and  ro  give  for  the  difference 
of  their  squares  36;  and  it  maybe  readily  seen, 
that  18,  the  sum  of  these  numbers,  is  the  double 
of  9,.  which  is  a  square  number,  and  that  their  dif- 
fer^ce  2  is  the  double  of  i ,  which  is  ako  a  square 
number. 

IX. 

If  two  numbers^  the  difference  of  which  is  2,  be 
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multiplied  together,"  their  product  increased  by  unity 
will  be  the  square  of  the  intermediate  number. 

Thus,  the  product  of  12  and  14  is  168,  which 
being  incrciased  by  i ,  gives  1 69,  the  square  of  1 3^ 
the  mean  numbef  between  1 2  and  1 4. 

Nothing  is  easier  than  to  demonstrate,  that  this 
imist  always  be  the  case  ;  and  it  will  be  found  in 
general,  that  the  product  of  two  numbers  increased 
by  the  squarô  of  half  their  difference,  will  give  the 
^uare  of  the  mean  number. 

X. 

A  prime  number,  is  that  which  has  no  other 
divisor  but  unity.  Numbers  of  this  kind,  the 
number  s  excepted^  can  never  be  even,  nor  can 
any  of  them  temlinate  in  5,  except  5  itself;  hence 
it  follows,  that  ex?cept  those  contained  in  the  first 
period  of  ten,  they  must  necessarily  terminate  in  i 
or  3  or  7  or  9. 

One  curiae  property  of  prime  numbers  is,  that 
every  j^rime 'iBimber,  2  and  3  excepted,  if  increased 
or  dimini^d  by  utiity,  is  divisible  by  6.  This  may 
be  readily  seen  in  any  numbers  taken  at  pleasure, 
as  5,  7,  II,  13,  17,  19,  23,  29,  31,  &c;  but  Ï  dd 
not  know,  that  any  one  has  ever  y^  demonstrated 
^this^  proparty  a  priori.  But  the  inverse  of  this  is 
not  true,  tnat  ii,  eVery  number  whith  when  ill* 
creased  or  dittuiiished  by  unity  h  divisible  by  6,  is 
Mt^  on  that  account,  necessarily  a  prime  numbef. 

Afl  it  is  ofom  of  utility  to  be  able  to  kno^r, 
^thout  having  necourse  to  calculation,  whether  la 
humibér  hfi  priihe  or  not,  we  have  here  subjoined  la 
table  of  ali  thts  j^tne  numbers  from  i  to  io»obo« 
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Of  thi  prime  numbers  from  I  to  lOjOOO* 


a 

3 

5 

7 
U 
13 

17 
19 

23 

29 
31 

37 
41 
43 

47 
53 

59 
6l 

67 
71 
73 

79 

83 

89 
97 

101 
103 
107 

loy 

113 

127 

131 

137 
139 

149 

151 
157 


T53 
167 
173 

179 

181 

191 
193 
197 
199 

211 

223 

227 

229 

233 

239 

241 

251 

257 

263 

269 

271 

V7 
281 

283 

293 

307 
311 
313 

317 
331 

337 

349 
353 
359 
307 


373 

601 

853 

1093 

1361  1607 

379 

6O7 

857 

1097 

1367  16O9 

383 

613 

859 

1373)1613 

389 

617 

863 

1103 

1381 

1619 

397 

619 

877 

1109 

1399 

1621 

631 

881 

1117 

1627 

401 

641 

883 

1123 

1409 

1637 

4Q9 

643 

887 

1129 

1423 

1657 

419 

647 

1151 

1427 

1663 

421 

653 

907 

1153 

1429 

1667 

431 

659 

911 

1163 

1433 

1669 

433 

661 

919 

1171 

1439 

1693 

439 

673 

9'i9 

1181 

1447 

1697 

443 

(^77 

9^7 

1187 

1451 

1699 

449 

683 

941 

1193 

1453 

• 

457 

691 

947 

1459 

1709 

461 

953 

1201 

1471 

1721 

463 

701 

9<57 

1213 

1481 

1723 

467 

709 

971 

1217 

1483 

1733 

479 

7W 

977 

1223 

1487 

1741 

487 

7V 

983 

1229 

1489 

1747 

491 

733 

991 

1231 

1493 

1753 

499 

7^^9 

997 

1237 

1499 

1759 

743 

124<il 

1777 

503 

751 

loop 

1259 

1511 

1783 

509 

7^7 

10Ï3 

1277 

1523 

17S7 

521 

761 

1019 

1279 

1531 

1789 

533 

7^J 

1021 

1283 

1543 

541 

773 

1031 

1289 

1549 

1801 

547 

787 

1033 

1291 

1553 

1811 

557 

797 

1039 

1297 

1559 

1823 

563 

1049 

1567 

1831 

569 

811 

1051 

1301 

1571 

1847 

571 

821 

1061 

1303 

1579 

1861 

5// 

823 

1063 

1307 

1583 

I867 

587 

827 

1069 

1319 

1597 

1871 

593. 

829 

1087 

1321 

1873 

099 

839 

1091 

1327 

1601 

1877 

1879 

1889 

1901 

1907 
1913 
1931 
1933 

1949 
1951 
1973 

1979 
1987 
1993 
1997 
1999 

2003 

2011 

2017 
2027 

2029 


214312417 


i2153 
2161 
2179 

2203 
2207 
2213 
2221 
2237 
2239 
2243 
2251 
2267 
2269 
2273 
2i281 
2287 
2293 
2297 

2309 


20392311 


2053 
2063 

2069 
2081 
2083 
2087 
2089 
2099 

2U1 
2113 
2129 
2131 
2137 
2141 


2333 

2339 

2341 

2347 

2351 

2357 

2371 

2377 
2381 

2383 

2389 

2393 

2399 
2411 


2423 
2437 
2441 

2447 
2459 
2467 
2473 
2477 

2503 
2521 
2531 
2539 
2543 
2549 
2551 
2557 

2579 
2591 

2593 

2609 

2617 
2621 
2033 

2647 
265f 
5659 
2663 
2671 

2677 
2683 
2687 
2689 
2693 

2699 
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i/07  3023 
2711  3037 
2713  3041 
2719  3049 
2729  306l 
273*1  3067 
2741  3079 
2749  3083 
2753  3089 
2767 
2777  3109 

2789  3119 
2791  3121 


2797 

2801 
2803 
2819 
2833 
2837 
2843 
2851 

2857 
2861 

2879 
288/ 

2897 

2903 

2909 
2917 
2927 
2939 
2953 
2957 
2963 

29^ 
2971 

2999 

3001 
3011 


3137 
3163 
3167 
3169 
3181 

3187 
3191 

3203 
3209 
3217 
3221 
3229 
3251 
3253 
3257 
3259 
3271 
3299 

3301 
3307 
3313 
3319 

3323 
3329 
3331 
3343 
3347 


336} 
3371 
3373 
3389 
3391 

3407 
3413 
3433 
3449 
3457 
3461 
3463 
3467 
3469 

3491 
3499 

3511 
3517 
3527 
3529 
3533 
353.9 
3541 
3547 
3557 
3559 
3571 
3581 
3583 
3593 

3607 
3613 
3617 
3623 
3631 

3Ç37 
3643 
3659 
3671 


3OI9J3359I3673 


3677 
3691 

3697 

3701 
3709 

3719 
3727 
3733 

3739 
3761 

3769 

^779 
379s 

3797 

3803 
3821 
3823 
3833 

3847 
3851 
3853 
3863 

3877 
3881 
3889 

3907 
3911 
3917 

3919 
3923 

3929 
3931 
3943 
3947 
3967 
3989 

4001 


4007 
4013 
4019 
4021 
4027 
4049 
4051 

4057 
4073 

4079 
4091 
4093 

4099 

4ln 
4127 

4129 
4133 
4139 
4153 
4157 
4159 

4177 

4201 
4211 

4217 
4219 
4229 
4231 
4241 
4243 
4253 

4259 
4261 

4271 
4273 
4283 
4289 

4297 
4327 


4339 
4349 

4357 
436'3 
4373 
4391 
4397 

4409 
4421 
4423 
4441 

4447 
4451 

4457 
4463 
4481 
4483 
4493 

4507 
4513 
4517 

4519 
4523 
4547 
4549 
4561 

4567 
4583 

4591 
4597 

4603 


[4679 
4691 

4703 
4721 
4723 

4729 
4733 
4751 

4759 
4773 
4787 
4789 
4793 
^799, 

4801 
4813 

4817 
4831 
486 1 
4871 
4877 
4889 

4903 

4909 

4919 
4931 

4933 
4937 
4943 
4951 
4957 
4967 


400314337 


4621  49^9 
403/4973 

4639 
4643 

4649 
4651 

4657 
4663 
46731 


5021 

5023 

5039 
5051 

5059 
3077 
5081 

5087 
à099 

5101 
5107 
5113 
5119 
5147 
5153 
51 67 
5171 

5179 
518g 

5197 

5209 
5227 
5231 
5233 
5237 
5261 
5273 

5279 
5281 

5297 


5413 
5417 
5419 
5431 
5437 
5441 
5443 
5449 
5471 
5477 

5479 
5483 

5501 
5503 
5507 
à5l9 
5521 

5527 
5531 
5557 
5563 
5569 
5573 
5581 
5591 


4987 
4993 
4999 

5003 
5009 
50111 


5303 
5309 
5323 
5333 
5347 
5351 
5381 

5387 
5393 


5407/571716079 
5737\06S9 

6091 

6101 
6113 
6121 
6131 
6133 
6143 
6151 
6163 
6173 
6197 
6199 

6203 
6211 
6217 
6221 

6229 
6247 
6257 
6263 
6269 
6271 
6277 
6287 
6299 


562.3 
5639 
5641 
5647 
5651 
5653 
5657 
5659 
5669 
5683 
5689 
5693 


5741 

5743 

5749 

5779 
57  S3 

5791 

5801 
5807 
5813 
5821 

5827 
oS3() 
5843 
5849 
5851 

5857 
5861 

5867 
5869 

5879 
5881 

5S97 

5903 
5923 
5927 
5939 
5953 
5981 1 

5987 


5701 


5399^711 


6007 
6011 
6029 
6037 
6043 
6047 
6053 
6067 
6073 


6301 
6311 
6317 
6323 
6329 
6337 
6343 
6353 

6359 
6361 
6367 
6373 

6379 
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6339 
ti397 

6427 
6+49 
6i5i 
6^9 
6+7  a 
(1481 
6491 

€521 
6529 
6547 
6551 
6553 
6563 
6569 
6571 
6577 
65s 
6599 

6607 
6619 
6637 
6653 
6659 
6661 
6673 
6679 
6689 
6691 


6733, 
6737 
6761 
6763 
6779 
6781 
6791 
6793 

6803 
6823 
6827 


702717+111 
7039  7*17 
704;î  7+33 1 

7057 


6701 
6703 
6709 
671917019 


7001 


703 

7717 

7723 

77^7 
7741 

7753 
7757 
7759 
7789 
7793 

781 

7823 
78Î9 
7841 
7853 
7867 
7873 
"^877 
7S79 


7901 
907 
7917 
7927 
7933 
7937 
'949 
7951 
963 
993 

8O09 
son 

8017 
18039 


93439; 
93+9  9< 
937'  î" 
9377  £ 
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Another  kind  of  numbers  which  possess  a  singu« 
lar  and  curious  property,  are  those  called  perfect 
numbers.  This  name  is  given  to  every  number, 
the  aliquot  parts  of  which,  when  adcled  together, 
form  exactly  that  number  itself.  Of  this  we  have 
an  example  in  the  number  6  ;  for  its  aliquot  parts 
are  I,  2,  3,  which  together  make  6.  The  number 
SI  8  possesses  the  same  property  ;  for  its  aliquot  parts 
are  1,  2,  4,  7,  14,  the  sum  of  which  is  28. 

To  find  all  the  perfect  numbers  of  the  numerical 
progression,  take  the  double  progression  2,  4,  8, 
16,  32,  64,  128,  256,  512,  1024,  2048,  4095, 
8192,  &c  ;  and  examine  those  terms  of  it,  which,- 
when  diminished  by  unity,  are  prime  numbers. 
Those  to  which  this  property  belongs,  will  be  found 
to  be  4,  8,  32,  128,  8192  ;  for  these  terms  when 
diminished  by  unity,  arev  3,  7,  31,  127,  8 191. 
Multiply  therefore  each  of  these  numbers  by  that 
number  in  the  geometrical  progression  which  pre- 
ceded the  one  irom  which  it  is  deduced,  for  ex- 
ample 3  by  2,  7  by  4,  31  by  16,  127  by  64,  8191 
by  4096,  &c  ;  and  the  result  will  be  6,  28,  496, 
3128,  33550336,  which  are  perfect  numbers.  • 

These  numbers  however  are  far  from  being  so 
numerous  as  some  authors  have  believed  *.  The 
following  is  a  series  of  numbers  either  perfect,  or, 
for  want  of  proper  attention,  supposed  to  be  so, 
taken  from  a  memoir  of  Mr.  Kraflft,  published  in 

*  The  rule  given  by  Ozanam  is  false,  and  produce»  a  multitude 
of  numbers,  such  as  1308 16^  2096128,  &c,  which  are  not  per- 
fect numbers.  When  Ozanam  wrote  his  rule,  he  did  not  recol- 
lect, that  one  of  the  multipliers  must  be  a  prime  number.  But 
511  and  2047  are  not  prime  numbers. 
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the  7th  Tolume  of  the  Transactions  of  the  Acade 
of  Petersburgh.  Those  to  which  this  prope 
really  belongs  are  marked  with  an  asterisk. 

•  6 

•  28 

*  496 

*  8128 

130816 
2096128 

•  3355033^6 
536854528 

*  8589869056 

*  137438691328  . 
2199922206976, 
35184367894528 
562949936644096 
90071991 876321 28 
1441 151 8780742041 6 

•  2305843008139952128 
36893488143124135936 

Thus  we  find  that  between  i  and  i  o  there  is  on! 
one  perfect  number  ;  that  there  is  one  between  i 
and  100»  one  between  100  and  1000,  and  one  be 
tween  1 000  and  1 0000  ;  but  those  would  be  mi: 
taken  who  should  believe  that  there  is  one  also  b< 
tween  ten  thousand  and  a  hundred  thousand,  on 
between  a  hundred  thousand  and  a  million,  &c 
for  there  is  only  one  between  ten  thousand  am 
eight  hundred  millions.  The  rarity  of  perfect  nun 
bers,  says  a  certain  author,  is  a  symbol  of  that  g 
perfection. 

All  the  perfect  numbers  terminate  with  6  or  2 1 
but  not  alternately  or  conversely. 
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xn. 

Th  ere  are  somenumbers  called  amicable  numbers^ 
on  account  of  a  certain  property  which  gives  them 
a  kind  of  affinity  or  reciprocity,  and  which  consists 
in  their  being  mutually  equal  to  the  sum  of  each 
others  aliquot  parts  Of  this  kind  are  the  numbers 
â2o  and  284  ;  for  the  first  220  is  equal  to  the  ali- 
quot parts  of  284,  viz.  i,  2,  4,  71,  142;  and, 
reciprocally,  284  is  equal  to  the  aliquot  parts,  i, 
2,  4,  5,  10,  II,  20,  22,  44,  ss,  no,  of  the 
other  number  220. 

Amicable  numbers  may  be  found  by  the  following 
method.  Write  down,  as  in  the  subjoined  example, 
the  terms  of  a  double  geometrical  progression,  or 
having  the  ratio  2,  and  beginning  with  2  ;  then 
triple  each  of  these  terms,  and  place  these  triple 
numbers  each  under  that  from  which  it  has  been 
formed  ;  these  numbers   diminished  by  unity,  5, 

1 1,  23,  &c,  if  placed  each  over  its  corresponding 
number  in  the  geometrical  progression,  will  form  a 
third  series  above  the  latter.  In  the  last  place,  to 
obtain  the  numbers  of  the  lowest  series  71,  287, 
&c,  multiply  each  of  the  terms  of  the  series,  6, 

1 2,  24,  &c,  by  the  one  preceding  it,  and  subtract 
unity  from  the  product. 


5 

II 

«3 

47 

95 

191 

383 

2  - 

4 

8 

16 

3« 

64 

128 

6 

12 

24 

48 

96 

192 

384 

71 

287 

1151 

4607 

1 843 1 

73727 

Take  any  number  of  the  lowest  series,  for  example 
yi,  ùi  which  its  corresponding  number  in  the  first 
series,  viz.  11,  and  the  one  preceding  the  latter, 
viz.  5,  as  well  as  71,  are  prime  numbers  :  multiply 
5  by  II,  and  the  product  $$  by  4,  the  correspond- 
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ing  term  of  the  geometrical  series,  aiid  the 
product  220,  will  be  one  of  ihe  numbers  rcqu 
The  second  will  be  found  by  multiplying  the  r 
ber  71  by  the  same  number  4,  which  will  give 

In  like  manner,  with  11 51,  47  and  23,  w 
are  prime  numbers,  we  may  find  two  other  ar 
ble  numbers,  17296  and  18416;  but  4607 
not  produce  any  amicable  numbers,  because 
the  two  other  corresponding  numbers,  47  and 
the  latter  is  not  a  prime  number.  The  case  ii 
same  with  the  number  18431,  because  95  is  an 
Us  corresponding  numbers  ;  but  the  following  1 
ber  73727,  with  383  and  191,  will  give  two  1 
amicable  numbers,  9363584  and  9437056. 

By  these  examples  it  may  be  seen,  that  if  pc 
numbers  are  rare,  amicable  numbers  are  much  i 
so,  the  reason  of  which  may  be  easily  conceive 

xni. 

If  we  write  down  a  series  of  the  squares  o] 
natural  numbers,  viz.  i,  4,  9,  16,  25,  36, 
&c  ;  and  take  the  difference  between  each  term 
that  which  follows  it,  and  then  the  difference 
these  differences;  the  latter  will  each  be  equ 
2,  as  may  be  seen  in  the  following  example. 

I       4       9       16       25       36       4 

ist.  Diff".        3      5      7        9        "       ^3 
2d.  Diff*.  22222 

It  hence  appears,  that  the  square  numbers 
formed  by  the  continual  addition  of  the  odd  i 
bers  1 ,  3,  5,  &c,  which  exceed  each  other  by 
In  the  series  of  the  cubes  of  the  natural  num 
viz.  I,  8,  27,  &c,  the  third,  instead  pf  the  se 
differences,  are  equal,  and  are  always  6,  as  m< 
«een  in  the  following  example. 
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Cubes  1  8^  ^7  64  12$  2i6 
1st.  Diff.         7       19        37        61  91 

dd.  Diff.  .12        18         24         30 

3d.  Diff.  ^.  ^  ^ 

fii  regard  to  the  series  of  the  fourth  powers,  or 
biquadrates,  of  the  natural  numbers,  the  fourth 
differences  only  are  equal,  and  are  always  24.  In 
the  fifth  powers,  the  fifth  differences  only  are  equal, 
and  are  invariably  120. 

These  differences,  2,  6,  24,  120,  &c,  may  be 
found  by  multiplying  the  series  of  the  numbers  i, 
^9  3»  4i  5>  6,  &c.  For  the  second  power,  mul- 
tiply the  two  first  j  for  the  third  power,  the  three 
first,  and  so  on. 

XIV. 

The  progression  of  the  cubes  i,  8,  27,  64, 
125,  &c,  of  the  natural  numbers,  i»  2,  3,  4,  5, 
6,  &c,  possesses  this  remarkable  property,  that  if 
any  number  .of  its  terms  whatever,  from  the  begin- 
ning, be  added  together,  their  sum  will  always  be 
a  square.  '  Thus,  i  and  8  make  9  ;  if  we  add  to 
this  sum  27,  we  «hall  have  36^  which  is  still  a 
square  number  ;  and  if  we  add  64,  we  shall  have 
XOO9  and  so  on. 

XV. 

The  number  120  has  the  property,  of  being 
equal  to  half  the  sum  of  its  aliquot  parts,  or  divi- 
sors, viz.  I,  2,  3,^4,  5,  6,  8,  10,  12,  i5^^?o, 
24,  30,  40,  60,  which  together  make  240.  The 
number  672  is  also  equal  to  half  the  sum  of  its  ali- 
quot parts^  1344*  Several  other  numbers  of  the 
like  kind  may  be  found,  and  some  even  which 
would  form  only  a  third,  or  fourth,  of  the  sum  of 
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their  aliquot  parts,  or  which  would  be  the  dout 
triplç,  or  quadruple  of  that  sum  ;  but  what  1 
beexi  here  said,  will  be  sufficient  to  exercise  th 
who  are  fond  of  such  researches. 
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CHAPTER  IV. 

•     Of  Figurate  Numbers. 

IF  there  be  taken  any  arithmetical  progression, 
for  instance,  the  most  simple  of  all,  or  that  of 
natural  numbers  i»  2,  3,  4,  5,  6,  7,  &cj  and 
we  take  the  first  term,  the  sum  of  the  two  fi: 
that  of  the  three  first,  and  so  on  j  the  result  ^ 
be  a  new  series  of  numbers,  i,  3,  6,  10,  15,  : 
a8,  &c,  called  triangular  numbers,  because  tl 
can  always  be  ranged  in  such  a  manner  as 
form  an  equilateral  triangle,  as  may  be  seen  Plat 

%•  3- 
.  The  square  numbers,  as  ,1,   4,  9,  16,  25,  ; 

&c,  arise  from  a  like  addition  of  the  first  terms 

the  arithmetical  progression,    i,   3,   5,   7,  9, 

&c,  the  common  difference  of  which  is  2.     Th< 

numbers,  as  is  well  known,  may  be  arranged  so 

to  form  square  figures.     See  PL  i  fig.  4. 

A  similar  addition  of  the  terms  of  the  arithr 

tical  progression  i,  4,  7,  10,  13,  &c,  the  comm 

i^fference  of  which  is  3,  will  produce  the  numb 

^y  5>  12»  22,  &c;   which   are  called   pentago 

numbers,  because  they  represent  the  number 

points  which  may  be  «arranged  on  the  sides  and 

the  interior  part  of  a  regular  pentagon  j  as  may 

peen  Flate  1  Jig.  5  j  where  there  are  three  pei 
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gons,  having  onQ  common  angle,  representing  the 
number  of  poijits  which  increase  arithmetically  ; 
the  first  having  two  points  on  each  side,  the  second 
three,  and  the  third  four  ;  and  which  progression  it 
is  evident,  might  be  continued  ever  so  far. 

It  is  in  this  sense,  and  in  this  manner,  that  we 
must  conceive  the  figurate  numbers  to  be  arranged. 

It  is  almost  needless  to  say,  that  the  progression 
I,  5,  9,  13,  17,  &c,  the  common  difference  of 
which  is  4,  produces,  by  a  similar  addition,  the 
hexagonal  numbers,  which  are  i,  6,  15,  285  45, 
&c  ;  and  that  in  like  manner  may  be  found  the 
heptagonals,  the  octagonals,  &ç« 

There  is  another  kind  of  polygonal  numbers, 
which  result  from  the  number  of  points  that  can  be 
ranged  in  the  middle,  and  on  the  sides,  of  one  or 
more  similar  polygons,  having  a  common  centre. 
These  are  different  from  the  preceding;  for  the 
series  of^the  triangulars  of  this  kind  is  i,  4,  10,  19, 
31,  .&c,  which  are  formed  by  the  successive  ad- 
dition of  the  numbers,  I,  3»  6,  9,  12. 

The  central  square  numbers  are  i,  5,  13,  25, 
41,  61,  &CJ  formed, , in  like  manner,,  by  the  suc- 
cessive addition  of^he  numbers  j,  4,  8,  12,  16, 
20,  &ci 

The  central  pentagonal  numbers  are  i,  6,  16, 
3I9  51 9  769  ^c>  formed  by  the  addition  of  the 
ixumbers,  i,:.5,  10,  15,  20,  &c. 

But  we  shall  not  enlarge  farther  on  this  kind  of 
polygonal  numbers,  because  they  are  not  those  to, 
whicn  mathematicians  usually  give  that  name*    Let 
us  return   therefore    to    the  ordinary   polygonal 
numbers. 

The  radix  of  a  polygonal  number,  is  the  number 
of  the  terms  of  the  progression  necessary  to  be 


added  in  order  to  obtain  that  number.  Thns,  du 
radix  of  the  triangular  number  21,  is  6,  becausi 
that  number  results  from  the  successive  addition  o. 
the  six  numbers  t,  2,  3,  4,  5,  6.  In  like  manner 
4  is  the  radix  of  the  square  number  16,  considérée 
as  a  fignrate  number,  because  that  number  is  pro 
duced  by  adding  ihcjour  terms  1,  3,  5,  7,  of  th* 
progression  of  the  odd  numbers. 

Having  given  this  explanation  of  the  nature  ol 
polygonal  numbers,  we  shall  now  present  th« 
reader  vith  a  few  prdilems  respecting  them. 

PROBLEM  I. 

To  find  wliether  any  proposed  Number  is  Triangu. 
lar,  or  Square,  or  Pentangular,  S^. 

Thb  method  of  finding  whether  a  number  ht 
square,  is  well  known,  and  serves  as  a  fbundatior 
for  discovering  the  other  figurate  numbers.  This 
being  supposai  ;  then  to  determine  whether  an; 
given  number  is  a  polygonal  number,  the  following 
general  rule  may  be  employed. 

Multiply  by  8  the  number  of  the  angles  of  ttu 
polygon  less  2  i  multiply  this  first  product  by  the 
proposed  number,  and  to  the  new  product  add  thr 
square  of  a  number  equal  to  that  of  the  angles  c 
1  the  polygon  less  4  ;  if  the  sum  be  a  perfect  square 

'1  ,  the  given  number  is  a  polygon  of  the  kind  pre 


li 
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It  may  easily  be  seen,  that  as  the  number  of  th 
angles  in  the  triangle  are  3,  in  the  square  4,  in  th 
pentagon  5,  &c,  we  shall  have,  as  the  multiplier  c 
the  proposed  number,  in  the  case  of  the  triangula 
number,, 8  J  in  that  of  the  quadrangular  numbei 
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1 6  ;  in  that  of  the  pentagonal,  24  i  suid  in  that  of 
the  hexagonal,  32. 

In  like  manner,  as  the  number  of  the  angles  less 
4,  gives  for  the  triangle  —  i  ;  for  the  square  o  ; 
for  die  pentagon  i  ;  for  the  hexagon  2  ;  &c  ;  the 
numbers  to  be  added  to  the  product,  as  before 
mentioned,  will  be  for  the  triangle  i  (because  the 
square  of  —  i  is  i  )  ;  for  the  square  o  ;  for  the 
pentagon,  i  ;  for  the  hexagon,  4  ;  for  the  hepta^ 
gon,  9  ;  &c.  From  these  principles  we  may  deduce 
the  following  rules,  which  we  shall  illustrate  by  ex« 
amples. 

Suppose  it  were  required  to  know  whether  2 1  be 
a  triangular  number. 

Multiply  2 1  by  8,  to  the  product  add  i ,  and  the 
sum  will  be  169,  which  is  a  perfect  square  ;  conse- 
quently 2 1  is  a  triangular  numbe^. 

If  we  arc  desirous  of  knowing  whether  35  be  a 
pentagonal  number,  we  must  multiply  35  by  24, 
and  the  product  will  be  840  ;  to  this  product  if  i  be 
added  we  shall  have  841,  which  is  a  square  number: 
we  may  therefore  rest  assured  that  35  is  a  penta- 
gonal number. 

PROBLEM  11.      ^ 

A  Triangular^  or  any  Figurait  Number  xchatever^ 
being  given  ;  to  find  it^  Radian j  or  the  Number 
of  the  Terms  of  the  Arithmetical  Progression  of 
which  it. is  tfifi  Sum» 

First  perform  the  operation  described  in  the  pre- 
ceding problem  ;  and  having  found  the  square  root, 
the  possibility  of  which  will  indicate  whether  the 
number  be  figurate  or  not^  add  to  this  Voot  a  num- 
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ber  equal  to  that  of  the  angles  of  the  proposed  pol 
gon  less  4,  and  divide  the  sum  by  the  double  of  tt 
same  number  of  angles  less  2  :  the  quotient  will  t 
the  radix  of  the  polygon. 

The  number  to  be  added  is,  for  the  triangle  —  i 
that  is  to  say  i  to  be  deducted  ;  for  the  square  it  1 
o  ï  for  the  pentagon  i  ;  for  the  hexagon  2  ;  &c. 

Aa  to  the  divisor,  it  may  be  easily  seen  that  for  th 
triangle  it  is  2  (because  the  double  of  3  less  2  is  2) 
for  the  square  4,  for  the  pentagon  6,  for  th' 
hexagon  8,  &c. 

Let  it  be  required  therefore  to  find  the  radix  o 
the  triangular  numberjô. 

Having  performed  the  operation  explained  in  th< 
preceding  problem,  and  found  the  product  289,  tht 
square  root  of  which  is  17,  subtract  unity  from  thii 
number,  and  divide  the  remainder  by  2  ;  the  quotieni 
i  will  be  the  radix  or  side  of  the  tnangular  numbei 
36- 

Let  the  radix  of  the  pentagonal  number  35  be 
required. 
'  Having  found,  as  before,  the  radix  29,  add  to  11 
I,  which  will  give  30,  and  divide  by  6  ;  the  quotieni 
5  will  be  the  radix  of  this  pentagonal  number,  that 
is  to  say,  of  the  number  formed  by  the  addition  ol 
the  5  terms  of  the  series  1,  4,  7,  10,  13. 


PROBLEM    III. 

The  Radix  of  a  Polygonal  Number  hehig  given  ;  h 
find  that  Number, 

The  rule  for  this  purpose  is  exceedingly  simple. 
From  the  square  of  the  given  radix,  subtract  the 
product  of  the  same  radix  \>f  a  number  equal  tc 
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that  of  the  angles  less  four  ;   the  half  of  the  re- 
mainder will  be  the  polygonal  number  required. 
/  For  example,  what  is  the  triangular  number  the 
radix  of  which  is  1 2  ? 

The  square  of  1 2  is  1 44  ;  the  number  equal  to 
that  of  the  angles  less  4  is  —  i,  which  being  multi- 
plied by  12  gives  —  12  :  but  according  to  the  rule 
—  12  ought  to  be  subtracted,  which  is  the  same 
thing  as  adding  12;  in  that  case  you  will  have  156^ 
which  being  divided  by  2  gives  78. 

What  is  the  heptagonal  number  the  radix  of  which 
is  20? 

To  find  the  number  required,  take  the  square  of 
20,  which  is  400  ;  then  multiply  20  by  3,  which  is 
the  number  of  the  angles  less  4,  and  subtract  69, 
the  product,  from  400  ;  if  you  then  divide  the 
remainder  340  by  2,  the  quotient  170  will  be  the 
number  sought,  or  the  heptagon  the  radix  of  which 
is  ao* 

It  may  not  be  improper  here  to  remark,  that  the 
same  number  may  be  a  polygon  or  figurate  number 
in  different  ways.  Every  number  greater  than  3  is 
a  polygon,  of  a  number  of  sides  or  angles  equal  to 
that  of  it^  units. 

Thus  36  is  a  polygon  of  36  sides,  the  radix  of 
which  is  2  ;  for  the  two  first  terms  of  the  progression 
are  1,  35.  The  same  number  ^6  is  a  square  ;  and 
lastly,  it  is  triangular,  having  8  for  its  radix. 

In  the  like  manner,  21  is  a  polygon  of  21  sides} 
it  is  also  triangular  ;  and  lastly  it  is  octagonal. 
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PROBLEM    IV. 

To  Jind  the  Sum  of  as  many  Triangular^  or  of  as 
many  Square  J  or  of  as  many  Pentagonal  Numbers^ 
as  zee  choo/e. 

As  by  the*  successive  addition  of  the  terms  of  dif- 
ferent arithmetical  progressions,  we  obtain  new  pro- 
gressions of  numbers,  called  triangular  numbers, . 
square]numbers,pentagonals,&c;  we  can  add  also  these 
last  progressions,  which  will  give  rise  to  new  figurate 
numbers,  of  a  higher  order,  called  pyramidal  nuin- 
bers. ,  Those  which  arise  from  the'  progression  of 
triangular  numbers,  are  called  pyramidals  of  the  first 
order  )  those  produced  by  the  addition  of  the  square 
numbers,  pyramidals  ot  the  second  order  ;  and 
those  by  the  progression  of  the  pentagonal  numbers, 
pyramidals  of  the  third  order.  The  same  operation 
may  be  performed  with  the  pyramidals  ;  which 
gives  rise  to  the  pyramido-pyramidals.  But  as  these 
numbers  are  of  little  utility,  and  can'  answer  no 
other  purpose  than  that  of  exercising  the  genius  of 
such  as  are  fond  of  analytical  investigation,  we  shall 
not  enlarge  farther  on  the  subject.  We  shall  there- 
fore connue  ourselves  to  giving  a  general  lule  for 
adding  as  many  figurate  numbers  as  the  reader  may 
choose. 
'  Multiply  the  cube  of  the  number  of  terms  to  be 
added,  by  the  number  of  the  angles  of  the  polygon  ' 
less  a  ;  to  the  sum  add  three  ames  the  square  of 
the  said  number  of  terms,  and  subtract  from  it  the 
product  of  the  same  number  multiplied  by  that  o^ 
the  angles  less  5  :  if  you  then  divide  the  remaindf 
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by  6,  you  will  have  the  sum  of  the  terms  of  the 
progression. 

For  example,  suppose  it  were  required  to  find 
the  sum  of  the  eight  first  triangular  numbers. 

The  cube  of  8  is  512;  which  being  multiplied 
by  the  number  of  the  angles  of  the  polygon  less  2, 
or  by  I ,  gives  still  512;  add  to  this  number  the 
triple  of  the  square  of  8,  or  192,  which  will  make 
704  J  then,  as  the  number  of  the  angles  less  5,  is  — 
2,  multiply  8  by  — 2,  and  you  will  have  — 16  ;  if 
you  then  add  16  to  704  you  will  have  720,  which 
being  divided  by  6,  gives  120,  for  the  sum  of  the 
eight  first  triangular  numbers. 

The  same  result  may  be  obtained,  with  more 
ease,  by  multiplying  the  number  of  the  terms  8, 
by  9,  and  the  product  by  10,  which  gives  also  720  ; 
which  divided  bv  6,  the  quotient  is  120,  as  before. 

In  the  case  of  a  series  of  squares,  the  number  of 
which  we  shall  here  suppose  to  be  10,  we  have  only 
to  multiply  the  number  of  terms,  viz.  10,  by  the 
saitiQ  number  plus  unity,  or  by  11,  and  then  by  the 
double  of  the  same  number  plus  unity,  that  is  to 
say  by  21  :  the  product  of  these  three  numbers, 
13 10,  if  divided  by  6,  gives  385,  for  the  sum  of 
the  first  ten  square  numbers  I9  4»  9,  16,  &c«, 


CHAPTER  V. 


Of  Rightangkd  Triangles  in  Numbers. 

A  RioHTANGLED  triangle  in  numbers,  con- 
sists of  three  numbers  of  such  a  nature,  that  the 
sum  of  the  squares  of  two  of  them  is  equal  to  the 
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square  of  the  third.  Of  this  kind,  for  example, 
are  the  three  numbers  3,  4,  5,  which  express  the 
simplest  rightangled  triangle  of  all  ;  for,  if  9  the 
square  of  3,  be  added  to  16  the  square  of  4,  the 
sum  will  be  25,  which  is  the  square  of  5.  The 
numbers  3,  4,  5,  express  therefore  the  three  sides 
of  a  rightangled  triangle. 

It  may  here  be  observed,  that  these  numbers  must 
necessarily  be  unequal  ;  for  if  two  of  them  were 
equal,  they  would  be  the  two  sides  of  a  rightangled 
isosceles  triangle  :  but  it  can  be  demonstrated  that, 
in  sucïi  cases,  it  is  impossible  to  express  the  hypo- 
thenuse  by  a  rational  number,  either  whole  or  frac- 
tional, because  a  triangle  of  this  kind  is  the  half  of 
a  square,  the  two  equal  sides  of  the  triangle  being 
the  sides,  and  the  hypothenuse  the  diagonal  ;  and 
it  is  well  known  that  the  diagonal  of  a  square  is  ia^ 
commensurable  to  the  side. 

It  is  necessary  also  that  the  three  numbers  which 
form  the  triangle  should  be  rational  numbers,  either 
whole  or  fractional,  otherwise  it  would  require  no 
art  to  find  as  many  numbers  of  this  kind  as  we 
might  choose  ;  for  we  would  have  nothing  more  to 
do,  than  to  take  any  two  numbers  whatever,  as  2 
and  6,  the  sum  of  the  squares  of  which  is  40,  and 
the  hypothenuse  would  be  v^40  ;  but  >/4o  has  no 
precise  signification,  and  only  shews  that  the  square 
root  of  40  must  be  extracted,  which  it  is  impossible 
in  finite  terms  to  do. 

Having  made  these  previous  observations,  we 
shall  now  propose  a  few  of  the  most  curious  and 
%asy  problems  respecting  rightangled  triangles  in 
numbers. 
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PROBLEM   I. 

Tojind  as  many  Right  angled  Triangles  in  Numbers^ 

as  we  please. 

Take  any  two  numbers  at  pleasure,  for  example 
I  and  2»  which  we  shall  call  generating  numbers  ; 
multiply  them  together  ;  then  having  doubled  the 
product,  we  obtain  one  of  the  sides  of  the  triangle, 
which  in  this  case  will  be  4.  If  we  then  square  each 
of  the  generating*  numbers,  which  in  the  present 
example  will  give  4  and  i,  their  difference  3  will 
be  the  second  side  of  the  triangle,  and  their  sum  5  will 
be  the  hypothenuse.  The  sides  of  the  triangle, 
therefore,  having  i  and  2  for  their  generating 
numbers,  are  3,  4,  5. 

If  2  and  3  had  been  assumed  as  generating 
numbers,  we  should  have  found;  the  sides  to  be  5, 
1 2,  and  1 3  J  and  the  numbers  i  and  3  would  have 
g^ven  6,  8,  and  10. 

Anotlier  Method.  Take  a  progression  of  whole 
and  fractional  numbers,  as  17,  24,  37-9  47,  &c,  the 
properties  of  which  .are:  ist.  The  whole  numbers 
are  those  of  the  common  series,  and  have  unity  for 
their  common  difference,  ^d.  The  numerators  of 
the  fractions,  annexed  to  the  whole  numbers,  are 
also  the  natural  numbers.  3d.'  The  denominators 
of  these  fractions  are  the  odd  numbers  3,  5»  7»  &c* 

Take  any  term  of  t^is  progression,  tor  example 
3I,  ^d  reduce  it  to  an  improper  fraction,  by  multi- 
plying the  whole  number  3  by  7,  ^d  adding  to  2 1  ^ 
the  product,  the  numerator  3,  which  will  give  V. 
The  numbers  7  and  24  will  be  the  sides  of  a  right- 
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angled  triangle,  the  hvpothenuse  of  which  may  be 
found  by  adding  together  the  squares  of  these  two 
nuniberSa  viz  49  and  576,  and  extracting  the 
square'  root  of  the  sum.  The  sum  in  this  case  being 
625,  the  square  root  of  which  is  25,  this  number 
will  be  the  hypothenuse  required.  The  sides  there- 
fore of  the  triangle  produced  by  the  above  term  of 
the  generating  progression,  are  7,  24,  25. 

In  like  manner,  the  first  term  ij  will  give  the 
rightangled  triangle  3,  4,  5. 

The  second  term  2t  will  give  5,  12,  13. 

The. fourth  4^  will  give  9,  40,  41.  All  these 
triangles  have  the  ratio  of  their  sides  diflFerent  ;  and 
thev  all  possess  this  property,  that  the  greatest  side 
and  the  hypothenuse  difier  only  by  unity. 

Th^  progression  il,  244,  3t4,  4tJ,  &c,  is  of  the 
same  kmd  as  the  preceding.  The  first  teim  of  it 
gives  the  rightangled  triangle  8,  15,  17  ;  the  second 
term  gives  the  triangle  12,  ^^y  37;  the  third  the 
triangle  16,  63,  6yy  &c.  All  these  triangles,  it  is 
evident^  are  different  in  regard  to  the  proportion  of 
their  «ides  ;  and  they  all  have  this  peculiar  ipropeny 
that  the  difference  between  the  greater  side  and  th 
hypothenuse,  is  always  the  nuniber  2, 

PROBLEM   II. 

To  find  Antf  Number  of  Rightangled  Triangles  i 
Numbers^  the  Sides  of'  which  shall  differ  only  I 
Unity. 

To  resolve  this  problem,  we  must  find  out  si 
numbers  that  the  double  of  their  squares  plus 
minus  unity  shall  also  be  square  numbers.     Of  t 
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kind  are  the  numbers  i,  2,  5,  12,  29,  70,^  &c  j 
for  twice  the  Square  o^  i  is  2,  t^hich  ditninished 
by  unity  leaves  i^  a  square  nuiriben  ,  In  like 
manner,  twice  the  square  6f  2  is  8,  to  which  if  we 
add  I,  the  sum  9  will  be  a  square  numbeV.  And 
so  on. 

Having  found  these  numbers,  take  an^  two  of 
them  whkh  immediately  fcfUow  each  other^  as  i  and 
2,  or  2  and  5,  or  12  and  29,  for  generating  num- 
bers. The  rightangled  triangles  arising  from  them 
will  be  of  such  a  nature,  that  their  sides  will  diâèr 
from  each  other  only  by  unity.  The  following  is 
à  table  of  these  triangles,  with  their  generating 
numbers. 

Hypoth. 

S 

29 

169 

9ÔJ 

5741 
33461 

Eut  if  the  poblem'  were,  to  find  a  series  of 
friangles  of  sucn  a  nature,  that  the  hypothenuse  of 
each  should  exceed  one  of  the  sides  only  by  unity, 
the  solution  would  be  much  easier.  Notning  m 
this  case  A^iild  be  necessary  but  to  assume^  as  the 
tenetziSiàLig  numbers  of  the  required  triangle,  any 
two  liuhibets  having  unity  for  their  diflference;  TThe 
fbllo^^g  is  a  table,  similar  to  the  preceding,  of  the 
six  first  rightangled  triangles  produced  by  the  first 
aumbers  of  the  natural  series. 


Gencr. 

Numb. 

« 

Sides. 

I 

3 

3 

4 

2 

S 

20 

21 

5 

12 

119 

120 

12 

29 

6g6 

697 

29' 

^3 

4059 

4060 

76 

169 

23660 

23661 

5t 


m 
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ûencr.  Numb, 

Sides. 

• 

Hypolh 

I          2 

3 

4 

5 

a        3 

5 

12 

13 

3         4 

7 

24 

«S 

4         s 

9 

40 

41 

5  6 

6  7 

II 

60 

61 

«3 

84 

85 

If  we  assume,  as  generating  numbers,  the  respec- 
tive sides  of  the^  preceding  series  of  triangles,  we 
shall  have  a  new  series  of  rightangled  triangles,  the 
hypothenuses  of  which  will  always  be  square  num- 
bers ;  as  may  be  seen  in  the  following  table. 


Gener.  Numb. 

Sides. 

Hypoth. 

Roots. 

3      4 

7        24 

25 

5 

5      *2 

119      120 

169 

13 

■7     24 

336      5^7 

625 

25 

9     40 

720     1519 

1681 

41 

if        60 

1320    3479 

3721 

61 

13        84 

2184    6887 

7225 

85 

It  may  here  be  observed,  that  the  roots  of  th 
hypothenuses  are  always  equal  to  the  greater  of  th 
generating  numbers  increased  by  unity. 

But  if  the  second  side  and  the  hypothenuse  0 
each  triangle  in  the  above  table,  which  differ  onl 
by  unity,  were  assumed  as  the  generating  number 
we  should  have  a  series  of  rightangled  triangles,  ' 
least  sides  of  which  would  always  be  squares.. 
Uw  of  these  are  as  foKow  : 


TatA^GtES  IN  NUMBERS.  {3 


r  . 


Gener.  Nmnb. 

«ides. 

Hypoth. 

4           5 

9 

40 

41 

la        13 

25 

31a 

313 

84       as 

49 

laoo 

1201 

40       41 

81 

3380 

3281 

In  the  last  place,  if  it  were  required  to  find  a 
series  of  rightangled  triangles,  one  of  the  sides  of 
which  shall  be  always  a  cube,  we  have  nothing  to 
do  but  to  take,  as  generating  numbers,  two  follow- 
ing terms  in  the  progression  of  triangular  numbers, 
2^  I J  3>  6j  io>  15»  21»  &c.  By  way  of  example 
we  shall  here  give  the  first  tour  of  these  triangles  : 


Gener.  Numb. 
,          3 

Sidet. 

6      '8 

Hypoth. 
10 

3        6 
6       10 

IP      IS 

.  36     27 

120      64 

300      I 2^ 
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4S 
136 

326 

To  find  Three  different  Rightangled  Triangles^  the 
Areas  of  which  shall  be  all  Equal. 

The  following  are  three  rightangled  triangles 
which  possess  this  property.  The  sides  of  the  nrst. 
are,  40,  42,  48  ;  those  of  the  second  24,  70,  74; 
and  those  of  the  third,  15,  112^  113. 

The  method  in  which  these  triangles  are  found,  is 
as  follows  : 

Add  the  product  of  any  two  numbers  to  the  sum 
of  their  squares,  and  that  wiU  give  the  first  number; 
the  difference  of  their  squares  will  give  a  second } 
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and  double  the  sum  of  their  product  and  of  the 
square  of  \he  least  ni}mjt)er,  will  giye  th^.  tiûrd. 

li  you  then  form  a  rightangled  triangle  ^m  the 
two  first  of  the  numbers  thus  found^  as  generating 
numbers  ;  a  second  jrom  (h^  two  extremes  ;  and  a 
third  /rpm  the  first  and  the  sum  of  the  other  two  ; 
these  three  rightangled  triangles  will  be  equal  to 
ca^h  othen 

,I^Q  more  than  th|:ee  r^htangled  tringles,  equal 
tQ  each  other,  can  l\t  ibund  in  whole  numbers; 
but*  we  may  find  as  many  as  we  choose  in  fractions 
or  xdSoU  numbers,  by  means  of  the  following 
tocmula  : 

.With  the  hypothenuse  of  one  of  the  aboii« 
triangles,  and  the  quadruple  of  its  area,  form  an* 
other  rigbt;angled  triangle,  and  divide  it  by  double 
the  product  whic^  arises  from  multiplying  the 
hypothenuse  of  the  triangle  you  made  choice  of  by 
the  difference  of  the  squares  of  the  two  other  sides  : 
the  triangle  thence  produced  will  be  the  one  re-» 
quired. 

PROBLEM  IV. 

51?  Jlnd  a  Rightangled  Trian^e^  the  Sidei  of  which 
shall  be  in  Arithmetical  Progression. 

Tai(£  two  generating  members  which  have  to 
çach  other  the  ratio  of  i  to  a  ;  the  sides  of  the 
rectangled   triangle    thence    produced   will  be   in 

arithmetical  progr^sion. 

^e  simplest  of  these  triangles,  is  that  which  has 
for  its  sides  3,  4  ajotd  5,  arising  &bm' the  numbers 
I  and  2  assumed  as  generating  numbers.  But  it  is 
tp  be  observed,  that  all  the  other  triangles,  which 
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)K>âdes^  the  same  pioperty,  afe  similar  to  thii  one^ 
and  are  only  multiples  of  it.  That  there  can  bi  ao 
other  kiiid,.  might  easily  be  demonstrated  in  a  gtfeat 

many  .(Pn^en^  w^y8« . 


i 

i      »       .  ■  -ill       I 


i 

ft  -  -  .  I     .  •         •  '       *  .         • 

If  it  were  required  to  fi^d  a  ri^htaoçled  triingle^ 
the  three  «ide»  of  which  should  bci  m  geometrical  pk'o-' 
portion,  we  must  observe  that  none  auth  can  be 
fqund:  in  whole  numbers  ;  for  the  two  generating 

ilràibeBs  ought  to  be  in  the  rado  of  i  to  x^Vj^-^^f 
f       winch  is  an.  irrational  number. 

•  -  ■     *  '      ■ 

'i  ... 

■.  .  ,  •  \ 

To  find  É.  Ri^btangled  Triangle,  the  Area  of  t^bichy 
expressed  in  Nunéers,  shall  be  equal  to  the  Perimeter,' 
or  in  a  given  ratio  to  it. 

Of  any  square  number,  and  the  same  square 
increased  by  2,  form  a  rightahgled  triangle,  and 
divide  e$ich  of  its  sides  by  that  square  number  :  the 
quotients  will  give  the  side»  of  a  new  rigHtanglerf 
triangle,  the  area  of  which,  expressed  numerically, 
will  be  equal  to  the  perimeter. 

Thus,  if  we  take,  as  generating  numbers,  i  and  3, 
we  shall  have  the  triangle  6,  8,  ib,  the  sides  of 
^hich  if  divided  by  unity  give  the  same  6,  8,  ïo, 
forming  a  triangle  having  the  property  required  ; 
for  the  area  and  the  perimeter  are  each  equal  to  74$ 
fa  fikë  inafmer,  if  we  take  2  and  6  as  generating* 
ihimbersy  we  obtain  for  the  required  triangle  $9  i  ^r 
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13,  which  on  trial  will  be  found  to  possess  the  san 
property.  ' 

These  triangles  are  the  only  two  of  the  kin 
which  can  be  found  in  whole  numbers;  but  we  ms 
find  abundance  of  them  in  fractional  numbers,  t 
means  of  the  squares  9,  16,  &c  ;  such  as  tl 
following:  V,  if%  ^^i  or  n,  ^%  W,  or  i 
their  least  terms,  'f,  i^,  ^J-. 

If  it  were  required  that  the  area  of  the  propose 
triangle  should  be  only  in  a  given  ratio  to  tl 
perimeter,  for  example  that  of  i  ;  take  as  generadi 
numbers  a  square  and  the  same  square  increased  I 
3,  and  form  from  them,  as  before  directed,  a  rigt 
anded  triangle:  this  triangle  will  possess  the  r 
quired  property.  Of  this  kind,  in  whole  numbei 
are  the  two  triangles  8,  15,  17,  and  7,  24,  2j 
and  numberless  others  may  be  found  in  fraction 
numbers. 


[  CHAPTER  VI. 

SoTne  Curious  Prob/ems  respecting  Square  and  Cu 

Numbers, 

PROBLEM  I.  *   • 

Any  Square  Number  being  given,  to  divide  it  into  Ti 

other  Squares. 

INNUMERABLE  solutions  may  be  found 
this  problem,  in  the  following  manner.    Let   i 
£oT  example,  whose  root  is  4^  be  the  square  to  I 
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divided  into  two  other  squares,  which,  as  may  be 
easily  seen,  can  be  only  fractions. 

Take  any  two  numbers,  as  3  and  2;  multiply 
them  together  ;'  and  by  their  product  multiply  the 
double  of  .4,  the  root  of  thé  proposed  square  ;  the 
last  product,  which  in  this  case  is  48,  will  be  the 
numerator  of  a  fraction,-  the  denominator  of  which 
will  be  13,  the  sum  of  the  squares  of  the  above 
numbers  3  smd  2  :  thé  fraction  f|  therefore  will 
give  the  tàdjé'of  the^  first  square  required,  which 
square  consequently  will  be;^^^.    . 

To  obtain  the  second,  multiply  the  given  square 
by  the  above  denominator  169,  and  from  the  pro* 
duct  2704  subtract  the  numerator  2304:  if  we 
then  ts^e  005  the  root  of  400  the  remainder,  (which 
will  be  always  a  square,)  for  a  numerator,  and  1 3 
for  a  denominator,  we  shall  have  the  fraction  ^  for 
the  side  of  the  second  square. 

The  two  sides  of  thé*  required  squares  therefore^ 
are  ^  and  7^,  the  squares  of  which,  ^^  an 
will  be  found  equal  to  the  square  number  16. 

If  we  had  taken  for  the  primitive  numbers  2  and 
I,  we  should  have  had  the  roots  '-p  and  j,  die 
squares  ei  which  are  ^  and  ^j  the  sum  of^  which 
is  ^  or  16. 

The  numbers  4  and  3  woyld  have  given  the 
roots  ||  and  fj,  the  squares  of  which  ^^^  and  |ff 
still  make  up  -^fSfL  or  16. 

It  may  here  te  seein,  that  by  varying  the  two  firjt 
supposed  numbers  at  pleasure,  the  solutions  also 
may  be  varied  without  end 
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HEMARK. 


^  .  Should  U  here  be  asked  whether  a  given  cube 
catH  in  like  manner,  bei  divided  into  two  other 
c^^^  ?  we  a^il  reply 5  on,  the  authority  of  aa 
eninçnt  s^Jyst,  M.  dç  F^r^^t^  that  it  i»  not 
pos^ble.    J^, is  fequaIIy.,iin(>p;$iUe  to  divide  any^ 

gçwer  above  the  square  into;  two  part^.  which  shall 
e  powers  çd^  th^  same  kind  ;  for  examples  a  biqua* 
drate  into  two  biquadrates* 

,  ^  • .  -  »» .««  .  ■ 

PROJILJuM    \U        ,/,     ,.      i. 

m 

Tï^  d(vi4^  a  NwfAer^  which  is  the  Supi  ^  Two  Sqttansy 

.  .  inH'  Two  Pib^r  Squares. 

■  I 
Let  the  proposed  numbfi?  be  ij,  which  i«' com« 
]>o«ed  9f  ihe  two^  squaxea  91  and  4.:  it  is.  i^equired  to 
c^videM,  into  two- other  squares. 

Take  any  two  aumbeFS^t  fos  exa^le,  4  ^^  3*  t 
a&4  mukiply  th/^  fonnf^rv49  byj  $,.tbe  dpubtoof  3  the 
ro^  of  oae  of  the  abevc^  squares  1,  aaid  the  second  3: 
imlti]^y  by  the  douUe  ef  2  the  toot  of.  libe  other 
square;  which  will  give  as  products  24  and  i2« 
Subtract  the  Iflttcff  oi  these  numbers  firom  the 
fosmer,^  and  their  ^Serence  1 2  will  be  the  nume^» 
rator  of  a  fraction,  the  deqomÛGUitor  of  which  will 
be  ^5»  the  $ui»  of  the  squares  of  the  nuflibeirs  first 
aiiS«ffn<id^  '  Multiply  this  fraction  ^^  by  each  of  the 
assumed  numbers,  viz  4  and  3,  and  y^u  will 
have  ^  and  ||.  If  you  then  take  the  greater  of 
these  numbers  from  trie  root  of  the  greater  square 
contained  in  13,  viz  3,  the  remainder  will  be  ^; 
and  if  you  add  the  other  to  the  side  of  the  smaller 


Muare  contained, in  13,  vi?  »,  you  wW  hi^vç  ||, 
'niesei  two  fractîpn^  then,  |^  an4  If,  will  be  the  sides 
of  the  two  squares,  sought,  viz  ^~  and  ^^j  which 
together  are  çque^î,  to  13,  as  niay  be  easily  proved. 
.  py  supposing  ptliçr  numbçrs,  other  squares  may 
he  obtained  y  but  these  are  sufficient  to  shew  the 
metl}o4  of  fipidiiôg  them. 

RBSfARK. 

For  a  numbçr  to  be  divisiblç,  in  a  variety  of 
ways,  into  two  squares,  it  must  be  either  a  square, 
or  composed  of  two  squares*  Of  this  kind,  taking 
them  in  order,  are  the  numbers  i,  2,  4,  5,  8,  9, 
10,  13,  16,  17,  .25,  26,  29,  32,  34,^  36,  37i 
&ic.  We  do  not  know,  uor  çlo  we  think  it  possible 
to  find,  any  method  of  dividing  inte  two  squares, 
^y  number  which  is  not  a  squ^e,  or  the  sum  of 
two  square;  ;  and  we  are  of  opinion  that  it  may  be 
established  as  a  ifuloj^  that  every  wtiole  number,  wtuch 
is  ^ot  a  square  çr  composed  of  4wo  squares,  in. 
whole  nunibers,.  ç;^  not  be  divided,  i^  any  manaer» 
into  two  squs^res,  A  demonstration  of  thisi  would 
be  curious. 

But  every  number  is  divisible,  in  a  great  variety 
of  ways,  inta  fcn^T  squares  ;  for  there  is  no  number 
which  is  not  eitbe;*-  a  square,  or  the  sum  of  twQ,  or  of 
three,  or  of  ^Dur  squares.  Bachet  de  Meziriac  advanced 
this  proposition*,  the  trutb  of  which  he  asceitaifliei 
as  far  as  possible  by  trying  all  the  numbers  froi?»  1 
to  325.     It  is  added,  by  ML  de  Fermatf,  that  bet 

*  Diophaoti   Alexandrini   Ariihmeticorum  lib.  vi.   cum   Comm. 
C.G.  Bacheti.  Tolosat.  1670.  foi.  p.  179. 
t  Ibid.  p.  180. 
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was  able  to  demonsdate  tbe  following  general  and 
conçus,  properdes  of  numbers,  viz  : 

That  every  number  is  either  triangular,  or  com- 
peted (^  two  or  three  triangular  numbers. 

That  every  number  is  eitner  square,  or  composed 
of  two,  or  three  or  four  square  numbers. 

And  that  every  number  is  either  pentagonal,  or 
composed  of  two,  or  three,  or  four  or  five  pentagonal 
numbers.    And  so  of  the  rest 

A  demonstration  of  these  properties  of  number s^ 
if  they  be  real, .  would  be  truly  curious. 

mOBJLEM  III. 

r  * 

Toj^nd  Four  Cubes,  two  of  which  taken  together,  sbaU 
be  equal  to  the  Sutn  of  the  ùthisr  two. 

This  problem  may  be  solved  ,by  the  following 
timple  method.  Take  any  two  numbers  of  such  a 
mature,  that  double  the  cuoe  of  the  less  shall  exceed  ' 
that  of  the  jgrçater  ;  then  from  doublé  the  greater 
cube  subtract  the  less  ;  and  miiltiply  the  remainder^ 
as  well  as  the  sum  of  the  cubes,  by  the  lesser  of  the 
assumed  numbers:  the  two  products  will  be  the 
sides  of  the  two  first  cubes  required. 

In  like  manner,  take  the  cube  of  the  greater  of 
the  assumed  numbers  from  double  the  cube  of  the 
less;  and  multiply  the  remainder,  as  well  as  the 
sum  of  these  two  cubes,    by  thé  greater  of  th 
assumed  numbers  :  the  two  new  products  will  I 
the  sides  of  the  other  two  cubes. 

For  example,  if  ^e  assume  the  numbers  4  and 
which  possess  the  above  property,  we  obtain,  h 
following  the  rule,  for  the  sides  of  the  two   fir 
cubes,  744,  756  J  and  for  those  of  the  other  twi 
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945  and  15»  which  being  divided  by  3,  give  for  the 
two  first  248,  25a  ;  and  for  the  two  latter,  315,  5* 
If  the  assume  numbers  be  5  and  6,  we  shali 
have  1535  and  1705  for  the  sides  of  the  two  first 
cmbes }  and  2046  and  204  for  those  of  the  other 
two. 

R£MARK« 

• 

A  number  composed  of  two  cubes  being  given,' 
it  is  posiible  to  find  two  other  cubes,  the  sum  of 
which  shall  be  equal  to  the  former  two«  Vieta  was 
of  a  contrary  opinion  ;  but  M.^  de  Fermât,  in  his 
Observations  on  the  Arithmetical  questions  of  EHo- 
phantus,  with  a  commentary  by  Bachet  de  Meziriac, 
has  pointed  out  a  method  by  which  such  cubes  can 
be  foundi  The  calculation  indeed  extends  to  num- 
bers which  are  exceedingly  complex,  and  sufficient 
to  frighten  the  boldest  arithmetician  ;  as  may  be 
se^n  by  the  following  example,  where  it  is  required 
to  divide  the  sum  of  the  two  cubes  8  and  i  into 
two  other  cubes.  By  following  the  method  of  M. 
de  Fermât,  Father  de  Billy  found  that  the  sides  of 
the  two  new  cubes  were  the  following  numbers  : 

12436177733990097836481, 

f  60962383566137297449 

and      48726717 171 4352336560. 

60962383566137297449 

We  must  take  these  numbers  on  Father  de  Billy's 
\  word  ;  for  we  do.  not  know  that  any  one  will  ever 

'  venture  to  examine  whether  he  has  been  deceived. 

But  it  is  possible  to  resolve,  without  much 
trouble,  another  question  of  a  similar  kind,  which 
is  :  To  find  three  cubes  which,  taken  together. 
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shall  be  equal  to  a  fbuHh.  By  fblloi^g  die  tnetlkM 
pointed  out  in  the  above  menâoned  «ork,  it  will 
be  found  fhat  the  least  whole  nnmbets,  whkh  re- 
iolTC  the  t}ue8tion,  are  3,  4  and  5  ;  for  theif  cubé! 
added  together  make  2tfrj  vhlch  is  the  cabe  of  6. 
We  have  confined  ourselves  to  a  few  questions  ol 
this  kind,  but  they  might  be  varied  almost  withoui 
end.  They  are  attended  with  a  pecuUar  kind  ol 
difficulty  which  renders  them  interesting,  and  or 
that  account  they  have  been  an  object  of  attentior 
to  valions  analysts  ;  such  as  Dioplranns  of  Ales 
andria,  among  the  ancients,  who  wrote  thirteef 
books  on  arithmetical  questions,  of  which  the  firsi 
six  only  remain,  with  another  on  polygoïia' 
numbers;.  Vieta  too  exercised  his  ingenuity  or 
questions  of  this  kind  ;  as  did  also  Bachet  de  Me 
ziriac,  who  wrote  a  commentary  on  the  above  work 
of  the  Greek  Arithmetician.  But  this  species  ol 
analyus  Was  carried  lârther  than  ever  it  had  beer 
before  by  the  celebrated  M.  de  Fermât.  Father  d< 
Billy,  about  the  sanifc'  time,  gave  proofs  of  th( 
acuteness  of  his  talents  in  this  way,  by'  his  work  en. 
titled  Diôphantm  Redivivus,  in  which  he  far  excelled 
the  ancient  analyst.  M.  Ozanam  likewise  shewed 
great  ability  in  this  species  of  analysis,  by  the  reso- 
lution of  several  problems,  which  had  been  consi- 
dered as  insoluble.  He  wrote  a  work  on  this  sub- 
ject, but  it  was  never  published  ;  and  the  nianu- 
script,  after  his  death,  came  into  the  hands  of  the 
late  M.  Daguesseau,  as  we  are  informed  by  the  hiS' 
torian  of  the  Academy  of  Sciences. 


I 
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CHAPTER  VII. 

Of  Arithmetical  and  Geometrical  Progressions ^  and  of 
certain  Problems  which  depend  on  them. 

§1. 

Explanation  of  the  most  remarkable  properties  of  an 

Arithmetical  progression. 

IF  there  be  a  series  of  numbers^  eitjher  increasing 
or  decreasing,  in  such  a  manner,  that  thg  difference 
between  the  first  and  the  second,  shall  be  equal  toi 
that  between  the  second  ^nd  third,  and  between  the 
third  and.  fourth,  and  so  on  succesdvely;  these 
numbers  will  be  in  arithmetical  progression* 

The  series  of  numbers  I9  e,  3,  4,  5,  6,  &c  ;^ 
or  I,  5,  9,  13,  &c;  or  20,  18,  16,^  14,  12;,  &c  ), 
or  15,  1 2y  9,  6,  3,  are  therefore  arithmetical  jxro-^ 
gressions  ;  for  in  the  first,  the  difference  betweea 
each  term  and  the  following  one,  which,  exceed»  it^ 
is  always  l  ;  in  the  second  it  is  2  :  in  like  manner 
this  difference  is  always  2  in  the  third  series,^  which^ 
goes  on  decreasing,  and  in  the  fourth  it  is  3. 

It  may  be  readily  seen,  that  an  increasing  arith* 
metical  progression  may  be  continued  ad  infinitum  ;. 
but  this  cannot  be  the  case,  in  one  sense,  with  a 
decreasing  series  ;  for  we  must  always  arrive  at  some 
term,  from  which  if  the  common  difference  be 
taken,  the-  remainder  will  be  o,  or  else  a  negative 
quantity.  •  Thus,  the  progression  19,  15,  11,  7,  3, 
canoot  be  carried  farther,  at  least  in  positive  num- 
bers ;  for  it  is  impossible  to  take  4  from  3,  or  if' it 
be  taken  we  shall  have,  according  to  analytical  ex* 
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pression,  — *i  *  ;  and  by  centînulng  the  subtractioit 
WB  should  Aave— 5,  -^,  &c. 

The  chief  properties  of  arithmetical  progressions 
may  be  easily  deduced  from  the  definition  which  we 
have  here  given.    For  a  little  attention  will  shew, 

ist.  That  each  term  is  nothing  else  than  the  first, 
plus .  or  minus  the  common  difference  multiplied  by 
the  number  of  intervals  between  that  term  and  the 
first*  Thus,  in  the  progression  2,  5,  8,  ii,  14, 
17,  &c,  the  difference  or  which  is  3,  there  are  five 
intervals  between  the  sixth  term  and  the  first  ;  and 
for  this  reason  the  sixth  term  is  equal  to  the  first 
plus  15,  the  product  of  the  common  difference  3 
by  5*  But  as  the  number  of  intervals  is  always  less 
by  unity  than  the  number  of  terms,  it  thence  fol- 
lows, that  we  may  find  any  term,  the  place  of  which 
in  the  series  is  known,  if  we  multiply  the  common 
difference  by  the  number  expressing  that  place  less 
QiHty.  According  to  this  rule,  the  hundredth  term 
of  an  increasing  progression  will  be  equal  to  the 
first  plus  99  times  the  common  difference.  If  it  be 
decreasing,  it  will  be  equal  to  the  first  term  minus 
that  product.' 

la  every  arithmetical  ^progression  therefore,  the 
common  difference  being  given,  to  find  any  term 
the  place  of  which  is  known  ;  multiply  the  common 
difference  by  the  number  which  indicates  that  place 
less  unity,  and  add  the  product  to  the  first  term,  if 
the  progression  be  increasing,  but  subtract  it  if  it 

'  *  As  the  quantities  called  negative  are  real  quaotitiei,  taken  in  a 
tenie  contrary  to  that  of  the  quantities  called  positive,  it  it  evident 
that,  according  to  mathrmatical  and  analytical  strictness,  an  arithme- 
tical progression  may  be  continued  ad  infinitum,  decreasing  as  well  tt 
increasing  ;  but  we  here  fpeak  agreeably  to  the  vulgar  mode  oi  ex- 
presiioo. 
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be  decreasing  :  the  sum  or  remainder  will  be  the 
term  required. 

^  2d.  in  every  arithmetical  progression,  the  sum 
of  the  first  and  last  terms,  is  equal  to  that  of  the 
second  and  the  last  but  one  ;  and  to  that  of  the 
third  and  the  last  but  two  ;  &c  ;  in  a  word,  to  the 
sum  of  the  middle  terms  if  the  number  of  the 
terms  be  even,  or  to  the  double  o'f  the  middle  term 
if  the  number  of  the  terms  be  odd. 

This  may  easily  be  demonstrated  from  what  has 
been  said  :  for  let  us  call  the  first  term  A^  and  let 
us  suppose  that  there  are  twenty  terms  in  the  pro- 
gression ;  if  it  be  increasing,  the  twentieth  term 
will  be  equal  to  A  plus  nineteen  times  the  common 
difference  ;  and  their  sum  will  be  double  the  first 
term  plus  19  times  that  difference.  But  the  second 
term  is  equal  to  the  first  plus  the  common  difference, 
and  the  19th  term,  or  last  but  one,  according  to 
our  supposition,  is  equal  to  the  first  plus  eighteen 
times  that  difference.  The  sum  therefore  of  the  se- 
cond and  hst  but  one,  is  twice  the  first  term  plus 
19  times  the  common  difference,  the  same  as  before. 
And  so  of  the  third  and  last  but  two. 

3d.  "Éy  this  last  property  we  are  enabled  to  shew 
in  what  manner  the  sum  of  all  the  terms  of  an 
arithmetical  progression  may  be  readily  found  ;  for, 
as  the  first  and  last  terms  make  the  same  sum  as  the 
second  and  last  but  one,  and  as  the  third  and  the 
last  but  two,  &c  ;  in  short  as  the  two  middle  terms, 
if  the  number  of  terms  be  even  ;  it  thence  follows, 
that  the  whole  progression  contains  as  many  times 
the  sum  of  the  first  and  the  last  terms,  as  there  are 
pairs  of  such  terms.  But  the  number  of  pairs  is 
equal  to  half  the  number  of  the  terms  ;  conse- 

VOL.  !•  F 
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quently  the  sum  of  the  whole  progression,  is  equal 
to  the  product  of  the  sum  of  me  first  and  last 
terms  xtuiltiplied  by  half  the  number  of  terms,  or, 
what  amounts  to  the  same,  to  half  the  product  of 
the  sum  of  the  first  and  the  last  terms  by  the  num- 
ber of  the  terms  of  the  progression. 

If  the  number  of  the  terms  be  odd,  as  9  for  ex* 
ample  ;  it  may  be  readily  seen  that  the  middle  term 
will  be  equal  to  half  the  sum  of  the  two  next  to  it, 
and  consequently  of  the  sum  of  the  first  and  the  last. 
But  the  sum  of  all  the  terms,  the  middle  term  ex* 
cepted,  is  equal  to  the  product  of  the  sum  of  the 
first  and  last  terms  by  the  number  of  terms 
less  unity,  for  example  8  in  the  case  here  proposed, 
where  there  are  9  terms  ;  consequently,  by  adding 
the  middle  term,  which  will  complete  the  sum  of 
the  progression,  and  which  is  equal  to  half  the  sum 
of  mç  nrst  and  the  last  terms,  we  shall  have,  for 
the  sum  total  of  the  progression,  as  many  times 
the  half  sum  above  mentioned,  as  there  are  terms 
in  the  progression  ;  which  is  the  same  thing  as  the 
product  of  half  the  sum  of  the  first  and  last  terms 
by  the  number  of  the  terms,  or  the  product  of  the 
whole  sum  by  half  the  number  of  terms. 

When  these  rules  are  well  understood,  it  will  be 
easy  to  resolve  the  following  qufsstions. 

PROBLEM    I. 

If  a  hundred  stones  are  placed  in  a  straight  line,  at  the 
distance  of  a  yard  from  each  other  ;  bow  many  yards 
must  the  person  walk,  who  undertakes  to  pick  them 
vp  one  ^  one^  and  to  put  them  into  a  basket  a  yard 
distance  from  the  Jirst  stone  ? 
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It  îs  evident  that,  to  pick  up  the  first  stoiie,  and 
put  it  into  the  basket,  the  person  must  walk  2 
yards,  one  in  going  and  another  in  returning  ;  that 
for  the  second  he  must  walk  4  yards;  and  so 
on,  increasing  by  two  as  far  as  the  hundredth,  which 
will  oblige  mm  to  walk  two  hundred  yards,  one 
hundred  in  going,  and  one  hundred  in  return- 
îng.  It  may  easily  be  perceived  also,  that  these 
numbers  form  an  arithmetical  progression,  in  which 
the  number  of  terms  is  100,  the  first  term  2,  and 
the  last  200.  The  sum  total  therefore,  will  be  the 
product  of  202  by  50,  or  loioo  yards,  which 
amount  to  more  than  five  miles  and  a  half. 

PROBLEM   ih 

A  gentleman  employed  a  bricklayer  to  sink  a  well^  and 
agreed  to  give  him  at  the  rate  of  three  shillings  for 
the  first  yard  in  depths  five  for  the  second^  seven  for 
the  thirds  and  so  on  increasing  till  the  twentieth^ 
where  he  expected  to  find  water  :  how  much  was 
due  to  the  bricklayer  when  he'  had  completed  the 
work? 

This  question  may  be  easily  answered,  by  the 
rules  already  given  ;  for  the  difference  of  the  terms 
is  2,  and  the  number  of  terms  20  ;  consequently, 
to  fhid  the  twentieth  term,  we  must  multiply  2  by 
19,  and  add  38,  the  product,  to  the  first  term  3, 
which  will  give  41  for  the  twentieth  term. 

If  we  then  add  the  first  and  last  terms,  that  is  3 
and  41,  which  will  make  44,  and  multiply  this 
sum  by  i  o,  or  half  the  number  of  terms,  the  pro- 
duct 440  will  be  the  sum  of  all  the  terms  of  the 
progression,  or   the   number  of  shillings  due   to 
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the  bricklayer  when  he  had  completed  the  work« 
He  would  therefore  have  to  reccive  22  j[. 

PROBLEM  III. 

jl  gentleman  employed  a  bricklayer  to  sink  a  well  to  the 

defib  rf  ao  yards^  and  agreed  to  give  bim  20^. 

y&r  the  whole  ;  but  the  bricklayer  falling  sick,  when 

he  had  finished  t/je  eighth  yard,  was  unable  to  go  on 

with  the  work  :  how  much  was  then  due  to  him  ? 

Those  who  might  imagine  that  two  fifths  of  the 
whole  sum  were  due  to  the  workman,  because  8 
yards  are  two  fifths  of  the  depth  agreed  on,  would 
certainly  be  mistaken  ;  for  it  may  be  easily  seen 
that,  in  cases  of  this  kind,  the  labour  increases  in 
proportion  to  the  depth.  We  shall  here  suppose, 
for  it  would  be  difficult  to  determine  it  with  any 
accuracy,  that  the  labour  increases  arithmetically  as 
the  depth  j  consequently  the  price  ought  to  increase 
in  the  same  manner. 

To  determine  this  problem,  therefore,  20  j^.  or 
400  shillings  must  be  divided  into  20  terms  in 
arithmetical  progression,  and  the  sum  of  the  first 
eight  of  these  will  be  what  was  due  to  the  bricklayer 
for  his  labour. 

But  400  shillings  may  be  divided  into  twenty 
terms,  in  arithmetical  proportion,  a  great  many 
different  ways,  according  to  the  value  of  the  first 
term,  which  is  here  undetermined  :  if  we  sup- 
pose it,  for  example,  to  be  i  shilling,  the  progres- 
sion wUl  be  I,  3,  5,  7,  &c,  the  last  term  of  which 
will  be  39  ;  and  consequently  the  sum  of  the  first 
eight  terms  will  be  64  shillings.  On  the  other 
hand>  if  we  suppose  the  first  term  to  be  loi,  the 
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the  series  of  tenns  will  be  io-|,  ii|,  i2f,  13!, 
14^,  which  will  give  112  shillings  for  the  sum 
of  the  first  eight  terms. 

But,  to  resolve  the  problem  in  a  proper  manner, 
so  as*  to  give  to  the  bricklayer  his  just  due  fpr  the 
commencement  of  the  work,  we  must  determine 
what  is  the  fair  value  of  a  yard  of  work,  similar  to 
to  the  first,  and  then  assume  that  value  as  the  first 
term  of  the  progression.     We  shall  here  suppose 
that  this  value  is  5  shillings  ;  and  in  that  case  the 
required   progression   will  be   5,  6t7,  8  A,   9T9, 
1 1  TV,  i2tJ,  &c,  the  common  difference  of  which 
is  TT,   anii  the  last   term  35.     Now  to   find  the 
eighth  term,  which  is  necessary  before  we  can  find 
the  sum  of  the  first  eight  terms,   multiply   the 
common  difference  4?  by  7,  which  will  give  1 1  tV, 
and  add  this  product  to  5  the  first  term,  which  will 
give  the  dghth  term  1 6 A  ;    if  we  then  add   1 6  rV 
to  the  first  term,  and  multiply  the  sum,  2iiV,  by  4, 
the  product,  84  A,  will  be  the  sum  of  the  first 
icight  terms,  or  what  was  due  to  the  bricklayer,  for 
the  part  of  the  work  he   had   completed.      The 
bricklayer  therefore  had  to  receivç  84tV,  shillings, 
çr  4;^.  ^.sbf  2\%d. 

PROBLEM    IV, 

/f  merchant  being  considerably  in  debt,  one  of  his  cre- 
ditors, to  whom  he  owed  jT  1 860,  offered  to  give  him 
an  acquittance  if  he  would  agree  to  pay  the  whole 
sum  in  12  monthly  installments  ;.  that  is  to  say, 
£  100  the  first  mouthy  and  to  increase  the  payment 
by  'a  certain  sum  each  succeeding  month,  to  the 
twelfth  inclusive^  when  the  whole  debt  woidd  be  dis^ 
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fbar^:  By  what  sum  was  the  payment  rf  each 
mofiw  increased? 

In  this  problem  the  payments  to  be  made  each 
month  ought  to  increase  in  arithmetical  progrès* 
sion.  We  have  given,  the  sum  of  the  terms,  which  , 
h  equal  to  the  sum  to^  of  the  debt,  and  also  the 
number  of  these  terms,  which  is  1 2  ;  but  their  com- 
mon difference  is  unknown^  because  it  is  that  by 
which  the  payments  ought  to  increase  each  month. 

To  find  this  difference,  we  must  take  the  first 
payment  multiplied  by  the  number  of  terms,  that  is 
to  say  1200  pounds,  from  the  sum  total,  and  the 
remamder  wUl  be  660  ;  we  must  then  multiply  the 
number  of  terms  less  unity,  or  1 1,  by  half  the 
number  of  terms,  or  6,  and  we  shall  have  66  ;  by 
which  if  the  remainder  660  be  divided,  the  quo- 
tient 10  will  be  the  difference  required.  The  first 
'  payment  therefore  being  100,  the  second  payment 
must  have  been  no,  the  third  120^  and  tbç  last 
,?io; 

Of  Geometrical  Progressions^   with  an  explanation  of 

their  Principal  Properties» 

If  there  be  a  series  of  terms,  each  of  which  is 
the  product  of  the  preceding  by  a  common  multi- 
plier ;  or,  what  amounts  to  the  same  thing,  each 
•  of  which  is  in  the  same  ratio  to  the  precedipg  ;  iuch 
a  series  forms  what  is  called  a  geometrical  progrès* 
sion.  Thus  i,  2,  4,  8,  16,  &c,  form  a  geopfie- 
(fiçal  progression  i  for  the  second  is  the  double  of 
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the  first,  the  third  the  double  of  the  second,  and  so 
on  in  succession.  The  terms  i,  3>  9»  27^  8i,  &c, 
form  also  a  geometrical  progression,  each  term  be« 
Ing  the  triple  of  that  which  precedes  it. 

I.  The  principal  property  of  geometrical  progres- 
sion is,  that  if  we  take  any  three  following  terms, 
as  3,  9,  27,  the  product  81,  of  the  extremes,  will 
be  equal  to  the  square  of  the  middle  term  9  ;  in  like 
manner,  if  we  take  four  following  terms,  as  3,  9, 
27,  81,  the  product  of  the  extremes,  243,  will  be 
equal  to  the  product  of  the  two  means  or  middle 
terms,  9  and  27,  . 

In  the  last  place,  if  we  take  any  successive  num« 
berof  terms,  as  i,  4,  8,  16,  32,  64,  the  product 
of  the  extremes,  2  and  64,  will  be  equal  to  the 
product  of  any  two  which  are  equally  distant  from 
them,  viz.  4  and  32,  or  8  and  16.  If  the  number 
of  the  terms  werç  odd,  it  is  evident  that  there  would 
be  only  one  term  equally  distant  from  the  two  ex- 
tremes ;  and  in  that  case,  the  square  of  this  term 
would  be  equal  to  the  product  of  the  extremes,  or 
to  that  of  any  two  equally  distant  from  them,  or 
from  the  mean  term. 

II.  Between  geometrical  and  arithmetical  pro* 
gression  there  is  a  certain  analogy,  which  deserves 
here  to  be  mentioned,  and  which  is,  that  the  same 
results  are  obtained  in  the  former  by  employing 
multiplication  and  division,  as  are  obtained  in  the 
latter  by  addition  and  subtraction.  When  in  the 
latter  we  take  the  half  or  the  third,  we  employ  in 
the  former  extrs^tion  of  the  square,  cybe,  &c, 
roots. 

Thus^  to  find  an  arithmetical  mean  between  any 
two  numbers,  for  example  3  and  12,  we  add  the 
two  givçn  extrçnies,  and  7  J,  the  half  of  their  auni 


73  6B0MBT&ICAL 

15,  viU  be  the  number  rËquired;  but  to  I 
geometrical  mean  between  two  numbers,  we 
multiply  the  two  extremes,  and  extract  the  ^ 
root  of  their  product.  Thus,  if  the  given  nui 
were  3  and  12,  by  extracting  the  square  ro 
their  product  ^6,  we  shall  have  6  for  the  nu 
required. 

If  we  take  any  geometrical  progression 
ever,  as  i,  2,  4,  8,  16,  32,  64,  &c,  and  w 
down  as  in  the  subjoined  example,  with  the 
of  an  arithmetical  progression  above  it,  in  r< 
order, 

0123456    '7       8       g       10 
1   2  4  8   16  32  64  128  256  51a   102^ 
the  following  properties  will  be  remarked  ir 
combination  : 

1st.  If  any  two  terms  whatever  of  the  geoi 
cal  progression,  for  example  4  and  64,  be  1 
plied  together,  their  product  will  be  256  ; 
then  take  the  two  terms  of  the  .  arithmetical 
gression  corresponding  to  4  and  64,  which 
and  6,  and  add  them  together,  their  sum  8  v 
found  over  the  above  sum  256. 

2d.  If  we  take  four  terras  of  the  lower  sei 
geometrical  proportion,  for  example,  2,  16 
512,  the  numbers  of  the  upper  series  correspo 
to  them  will  be  i,  4,  6,  g,  which  are  in 
metical  proportion  ;  for  the  difference  betw 
and  I  is  the  same  as  that  between  9  and  6. 

5d.  In  the  lower  series,  if  we  take  any  s 
number,  for  example  64,  and  in  the  upper 
;he  term  corresponding  to  it,  viz  6,  the  half  ( 
latter  will  be  found  to  correspond  to  the  squar 
of  64,  the  former,  viz  8. 

By  taking,  in  the  lower  series,  a  cube,  fo 
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ample  512,  an4  in  the  upper  series  the  correspond- 
ing number  9,  it  will  be  iound  that  the  third  of  the 
latter,  which  is  3,  will  correspond  to  the  cube  root 
of  the  former  512,  which  is  8. 

Thus^  it  is  evident,  that  what  is  multiplication  in 
geometrical  progression,  is  addition  in  arithmetical  ; 
that  what  is  division  in  the  former,  is  subtraction 
in  the  latter  \  and,  in  the  last  place,  that  what  is 
extraction  of  thé  square,  cube,  &c,  roots,  in  geo- 
metrical progression,  is  sîmjpïe  division  by  2,  3,  &c, 
in  arithmetical. 

This  remarkable  analogy  is  the  foundation  of  the 
common  theory  of  logarithms;  and  on  that  ac- 
count, seemed  worthy  of  some  illustration. 

III.  It  is  evident  that  all  the  powers  of  the  same 
number,  taken  in  regular  order,  form  a  geometrical 
progression  ;  as  may  be .  seen  in  the  following  ex- 
ample, which  is  a  sleries  of  the  powers  of  the  num- 
ber 2, 

248  16  32  64  128  &c. 
The  case  is  the  same  with  the  powers  of  the 
number  3,  which  form  the  series, 

3  9  27  81  243  729  &c. 
The  first  of  these  series  has  this  peculiar  property, 
that  if  we  take   the  first,  second,  fourth,  eighth, 
sixteenth,  and  thirty-second  terms,  and  to  them, 
add  unity,  the  result  will  be  prime  numbers. 

IV.  The  common  ratio  of  a  geometrical  pro- 
gression, is  the  number  that  results  from  the  divi- 
sion of  any  term  by  that  which  precedes  it.  Thus, 
in  the  geometrical  progression  2,  8,  32,  128,  512, 
the  ratio  is  4;  for  if  we  divide  128  by  32,  32  by  8, 
or  8  by  2,  the  quotient  will  be  always  4.  The 
ratio  therefore  acts  an  important  part  in  geometrical 
progression}  the  same  that  the  common  difference 
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does  in  arithmetical,  that  is  to  say  it  is  always  con*. 
8tant« 

To  find  any  term  then»  for  example  the  8th^  of 
a  geometrical  progression,  the  ratio  and  first  term 
of  which  are  known,  multiply  the  ratio  by  itself 
7  times,  or  as  many  times  as  there  are  units  in  the 
place  of  the  required  term  less  one  ;  or,  what  b 
the  same  thing,  raise  the  ratio  to  the  7th  power  ; 
then  multiply  the  first  term  by  the  product,  and  the 
new  product  will  be  the  8th  term  required.  For 
example,  let  the  first  term  of  the  progression  be  3, 
and  the  ratio  2  ;  to  find  the  8th  term,  raise  2  to 
the  7th  power,  which  will  be  128,  and  multiply 
128  by  the  first  term  3,  the  product  384  will  give 
the  8th  term  of  the  progression  require. 

We  shall  here  observe,  that  had  the  8th  term  of 
an  arithmetical  progression  been  required,  the  first 
term  and  the  common  difierence  being  given,  we 
should  have  multiplied  that  difference  by  7,  and 
added  the  product  to  the  first  term  ;  which  is  a  proof 
of  the  analogy  already  mentioned  in  the  second  pa- 
ragraph. 

V.  The  sum  of  the  terms  of  any  given  geome- 
progression  may  be  foimd  in  the  following 
manner: 

M\iltiply  the  first  term  by  itself,  and  the  last  by 
the  second,  and  take  the  difference  of  the  two  pro- 
ducts. Then  divide  this  difference  by  that  of  the 
two  first  terms,  and  the  quotient  will  be  the  sum 
of  all  the  terms. 

Let  us  take,  for  example,  the  progresdon  3,  6, 
12,  24,  &c,  the  eighth  term  of  which  is  384,  and 
let  it  be  required  to  find  the  sum  of  these  eight 
terms  :  the  product  of  the  first  term  by  itself  is  p, 
and  that  of  the  last  by  the  second  is  2304  j  the  difi 
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ference  of  these  products  is  2295  ;  if  this  di&rence 
then  be  divided  by  3^  the  difference  of  the  first  and 
second  terms,  we  shall  have  for  quotient  the  number 
765,  which  will  be  the  sum  of  these  eight  terms. 

VI.  A  geometrical  'progression  may  decrease  in 
infinitum^  without  ever  reaching  o  ;  for  it  is  evident 
that  any  part  of  the  quantity  greater  than  o  can 
never  become  o.  A  decreasing  geometrical  pro- 
gression therefore  may  be  extended  without  end  ; 
for  by  dividing  the  last  term  by  the  ratio  of  the 
progression,  we  shall  have  the  following  term. 

We  shall  here  subjoin  two  of  these  decreasing  ' 
progressipns,  by  way  of  examples  : 

ij  if  i>    T5  tV,    tt,     Vt,    &c. 

I,    7,    7,    T7-,    TT,    TTT,    TlvTj    OCC. 

VII.  The  sum  of  an  increasing  geometrical  progres- 
sion is  evidently  infinite  ;  but  that  of  a  decreasing 
geometrical  progression,  whatever  be  the  number 
of  terms  assumed,  is  always  finite.  Thus  the  sum 
of  all   the  terms,  in   infinitum^  of  the  progression 

^9  if  h  iy  ^^»  ^^  ^^'y  ^  >  ^^^^  °^  ^^^  progression 
i>  4>  V»  "*T,  &c,  in  infinitum^  is  only  ij  ;  &c.  This 
necessarily  follows  from  the  method  already  given, 
for  finding  the  sum  of  any  number  of  terms  what- 
ever of  a  geometrical  progression  ;  for  if  we  sup- 
{)ose  it  prolonged  in  infinitum,  and  decreasing,  the 
ast  term  will  be  infinitely  small,  or  o  ;  the  product 
of  the  second  term  by  the  last  will  therefore  be  o  ; 
and  consequently,  to  find  the  sum,  nothing  will  be 
necessary  but  to  divide  the  square  of  the  first  term 
by  the  difference  of  the  first  and  the  second.  In 
this  manner  it  will  be  found  that  the  sum  of  i ,  |, 
i,  I,  &c,  continued  in  infinitmn,  is  2  ;  and  that  of 
ij  T>  7>  &c>  will  be  4  or  i  ^  ;  for  the  square  of  i 
^  i>  the  difference  of  i  and  i  is  |,  and  unity  di- 
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Tided  by  }  gives  2  ;  in  like  manner,  i  being  divided 
by  f,  which  is  the  difference  of  i  and  f>  gives  if 

llEMARK. 

s 

When  we  say  that  a  progression  continued  in  in-^ 
Jlnihim  may  be  equal  to  a  finite  quantity,  we  do  not^ 
like  Fontenelle,  pretend  to  assert  that  infinity  can 
have  a  real  existence.  What  is  here  meant,  and 
what  ought  to  be  understood  by  all  such  exprès- 
âons,  is  that,  whatever  be  the  number  of  terms  of 
a  progression  assumed,  their  sum  never  can  equal 
the  determined  finite  quantity,  though  it  may  ap-  - 
proach  to  it  in  such  a  manner,  that  their  difference 
will  become  smaller  than  any  assignable  quantity. 

PROBLEM    I. 

JjT  Acbillçs  can  wnlk  ten  times  m  fast  as  a  tortoise^ 
which  is  a  furlong  before  him^  can  crawl;  will  the 
former  overtake  the  lattery  and  bow  far  must  he 
walk  before  he  does  so  ? 

This  problem  has  been  thought  worthy  of  notice 
merely  because  Zeno,  the  founder  of  the  sect  of 
the  Stoics,  pretended  to  prove  by  a  sophîsm  that 
Achilles  could  never  overtake  the  tortoise  ;  for  while 
Achilles,  said  he,  is  walking  a  furlong,  the  tortoise 
will  have  advanced  the  tenth  of  a  furlong  ;  and 
while  the  former  is  walking  that  tenth,  the  tortoise 
will  have  advanced  the  hundredth  part  of  a  furlong, 
and  so  on  in  infinitum;  consequently  an  infinite 
number  of  instants  must  elapse  before  the  hero  can 
come  up  with  the  reptile,  and  therefore  he  will  never 
come  up  ^th  it.- 
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Any  person  however,  possessed  of  common  sense» 
may  readily  perceive  that  Achilles  will  soon  come 
up  with  the  tortoise,  since  he  will  get  before  it.  la 
what  then  consists  the  sophism  ?  It  may  be  explain- 
ed as  follows  : 

Achilles  indeed  would  never  overtake  the  tortoise 
if  thç  intervals  of  time  during  which  he  is  supposed 
to  be  walking  the  first  futlong,  and  then  the  tenth,, 
hundredth,  and  thousandth  parts  of  a  furlong,  which 
the  tortoise  has  successively  advanced  before  him, 
were  equal  ;  but  if  we  suppose  that  he  has  walked  the 
first  furlong  in  lo  minutes,  he  will  require  only  one 
minute  to  walk  the  tenth  of  a  furlong,  and  ~  of  a 
minute  to  walk  the  hundredth,  &c.     The  intervals 
of  time  therefore,  which  Achilles  will  require  to 
pass  over  the  space  gained  by  the  tortoise,  during 
the  preceding  time,  will  go  on  decreasing  in  the 
followmg  manner  :   lo,  i,  ^,  ,4^,  y^,  &c  ;  and 
this  series  forms  a  sub-decuple  geometrical  progres- 
sion, the  sum  of  which  is  equal  to  11^,  or  the  in- 
terval of  time   at  the  end  of  which  Achilles  will 
have  reached  the  tortoise. 

PROBLEM    II. 

If  the  hour  and  minute  hands  of  a  clock  both  begin  to 
move  exactly  at  noon,  at  what  points  of  the  dial-plate 
will  they  be  successively  in  conjunction^  during  a  whole 
revolution  of  the  twelve  hours  ? 

This  problem,  considered  in  a  certain  manner, 
is  in  nothing  different  from  the  preceding.  The 
minute  hand  acts  here  the  part  which  Achilles  did 
in  the  former,  and  the  hour  hand,  which  moves 
twelve  times  slower,  that  of  the  tortoise^    In  the 
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last  place,  if  we  suppose  the  hour  hand  to  be  be« 
ginning  a  second  revolution,  and  the  minute  hand 
to  be  beginning  a  first,  the  distance  which  the  one 
has  gained  over  the  other  will  be  a  whole  revolu- 
tion of  the  dial-plate.  When  the  minute  hand  has 
made  one  revolution,  the  hour  hand  will  have  made 
but  one  twelfth  of  a  revolution,  and  so  on  pro- 
gressively. To  resolve  the  problem  therefore,  we 
need  only  apply  to  these  data,  the  method  employ- 
ed in  the  former  case,  and  we  shall  find  that,  the 
interval  from  noon  to  the  point  where  the  two  hands 
cotue  again  into  conjunction,  will  be  -p,  of  a  whole 
revolution,  or,  what  amounts  to  the  same  thing, 
one  hour  and  -pj  of  an  hour.  They  will  afterwards 
be  in  conjunction  at  2  hours  and  ^,  3  hours  and  ^, 
4  hours  and  77,  &c;  and,  lastly,  at  11  hours  ~, 
that  is  to  say  at  12  hours. 

PROBLEM    III. 

A  courtier  having  performed'  sonie  very  important  ser^ 
vice  to  his  sovereign^  the  latter^  wishing  to  confer  on 
him  a  suitable  reward,  desired  him  to  ask  whatever 
be  thought  proper^  promising  that  it  should  be  grant ed* 
The  courtier^  who  was  well  acquainted  with  the 
science  of  numbers,  only  requested  that  the  monarch 
would  give  him  a  quantity  of  wheat  equal  to  that 
which  would  arise  from  one  ^rain  doubled  sixty-three 
times  successively.  What  was  tl)e  value  of  the  re^ 
ward  ? 

The  origin  of  this  problem  is  related  in  so  curi- 
ous a  manner  by  Al-Sephadi,  an  Arabian  author, 
that  it  deserves  to  be  mentioned.  A  mathematician 
named  Sessa,  says  he^  the  son  of  Daher,  the  sub- 
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jcct  of  an  Indian  prince,  having  invented  the  game 
of  chesS)  his  sovereign  was  highly  pleased  with  the 
invention,  and  wishing  to  confer  on  him  some  re- 
ward worthy  of  his  magnificence,  desired  him  to  ask 
whatever  he  thought  proper,  assuring  him  that  it 
should  be  granted.  The  mathematician  however 
only  asked  a  grain  of  wheat  for  the  first  square  of 
the  chess-board,  two  for  the  second,  four  for  the 
third,  and  so  on  to  the  last  or  sixty-fourth.  The 
prince  at  first  was  almost  incensed  at  this  demand, 
conceiving  that  it  was  ill  suited  to  his  liberality, 
and  ordered  his  vizier  to  comply  with  Sessa's  re- 
quest ;  but  the  minister  was  much  astonished  when, 
having  caused  the  quantity  of  com  necessary  to 
fulfil  the  prince's  order  to  be  calculated,  he  found 
that  all  the  grain  in  the  royal  granaries,  and  that 
even  of  all  his  subjects,  and  in  all  Asia,  would  not 
be  sufficient.  He  therefore  informed  the  prince, 
who  sent  for  the  mathematician,  and  candidly  ac- 
knowledged that  he  was  not  rich  enough  to  tSt  able 
to  comply  with  his  demand,  the  ingenuity  of  which 
astonished  him  still  more  than  the  game  he  had  in- 
vented. 

Such  is  men  the  origin  of  the  game  of  chess,  at 
least  according  to  the  Arabian  historian  Al-Sephadi. 
But  it  is  not  our  business  here  to  discuss  the  truth 
of  this  story  ;  our  business  being  to  calculate  the 
number  of  grains  demanded  by  the  mathematician 
Sessa. 

It  will  be  found  by  calculation,  that  the  64th 
term  of  the  double  progression,  beginning  with 
unity,  is  9223372036854775808.  But  the  sum 
of  all  the  terms  of  a  double  progression,  beginning 
with  unity,  may  be  obtained  by  doubling  the  last 
term  and  subtracting  from  it  unity.    The  number 


thefdurt  rf  thf  grftlw  of  wheat  equal  to  Sessa't 

AmXkA  ^^'  *^  ^»44674407370955«6«5-  Now, 
If  g  ittndArd  pifit  cmifains  9216  grains  of  wheat, 
g  Miliott  will  tofitftin  737289  and,  as  eight  gallons 
Il|9|l|lff10  litishrit  if  we  divide  the  above  result  by 
MStinië$  lyjtK  wohall  have  31274997412295 
Hl^  tffi  fitimtrttf  (II  (he  bushels  of  wheat  necessary 
^  llifM^ffMffte  the  promise  of  the  Indian  king  ;  and 
If  We  MpfKvM  th«t  one  acre  of  land  is  capable  of 
^0tfwcfft|jf  in  one  year^  thirty  bushels  of  wheat,  to 
f<filtfe#  fliii»i|tfatifity  would  require  1042499913743 
(fMf  tifhith  make  more  than  eight  times  the  sur- 
Aim  w  the  Klobe  1  for  the  diameter  of  the  earth 
Mfid  supposed  euuftl  to  7930  miles,  its  whole  sur- 
fkM%  comprehending  land  and  water,  will  amount  to 
very  little  more  than  1 264378891 77  square  acres. 

lirfWMllis  Gonsitlors  the  matter  m  a  manner 
Mitfiiwtmt  diflcrrnr,  and  says,  in  his  Arithmetic, 
fliat  (be  quitfiiily  (»f  wheat  necessary  to  discharge 
iflli  pnviiiisr  made  to  Srssa,  would  form  a  pyramid 
Hidf  Ifiiks  Ktiglish  in  tcngih,  breadth  and  height  ; 
lyhieh  U  &(|Uéiri4i  a  parallclopipcd  mass  having  nine 
M|UMre  Inttffurs  lor  its  base,  and  of  the  uniform 
bf  ittlil  o|  one  l<?a):uci  But  as  one  league  contains 
||H40  Im.  tills  siilid  would  be  equivalent  to  another 
iilltf  lool  111  IicIkIh  uiuI  having  a  base  equal  to  142560 
squure  Ira^uvM.  Uciuh;  it  follows,  that  the  above 
qUMillliy  oi  whcut  would  cover,  to  the  height  of  one 
hiol,  i«|a5fio  M]uarc  leagues;  an  extent  of  surface 
vt|Mtll  lii  t^lcvoii  times  tliat  of  Britain,  which  when 
«wry  riHlucliim  is  made  will  be  found  to  contain 
little  more  than  1^(74  square  leagues. 

If  the  price  of  a  Inisshel  of  wheat  be  estimated  at. 
ten  shilUiigSft  (he  value  of  the  above  quantity  will 
amount  to  15^3749(^706 147  j^*  loj^,  a  sum  whicb« 
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in  all  probability^  far  surpasses  all  the  riches  on  the 
earth. 

Another  problem  of  the  same  kind  is  proposed  in 
the  following  manner  : 

A  gentleman  taking  a  fancy  to  a  horsey  which  a  horse-- 
dealer wished  to  dispose  of  at  ds  high  a  price  as  he 
could  y  the  latter^  to  inditce  the  gentleman  to  become  a 
purchaser^  offered  to  let  him  have  the  horse  for  the 
value  of  the  twenty-fourth  nail  in  his  shoes ^  reckoning 
êne  farthing  for  the  first'  nail,  two  for  the  second» 
four  for  the  thirds  and  so  on  to  the  twenty-fourth. 
The  gentleman^  thinking  he  should  have  a  good  bar-» 
gain^  accepted  the  offer  :  What  was  the  price  of  the 
horse  ? 

By  cakulating  as  before,  the  24th  term  of  the 
progression  i,  2,  4,  8,  &c,  will  be  found  to  be 
838&608,  equal  to  the  number  of  farthings  the 
purchaser  ought  to  give  for  the  horse.  The  price 
therefore  amounted  to  8738;^  2jA  8<i,  which  is 
more  than  any  Arabian  horse,  even  of  the  noblest 
breed,  was  ever  sold  for. 

Had  the  price  of  the  horse  been  the  value  of  all 
the  nails,  at  a  farthing  for  the  first,  two  for  the 
second,  four  for  the  third,  and  so  on,  the  sum 
would  have  been  double  the  above  number,  minus 
the   first    term,   or    167772 15  farthings,    that    is 

I7476;C  S^h  3-1  rf. 

We  shall  conclude  this  chapter  with  some  physico- 
mathematical  observations  on  the  prodigious  fe- 
cundity, and  the  progressive  multiplication,  of  ani- 
mals and  vegetables,  which  would  take  place  if  the 
powers  of  nature  were  not  continually  meeting  with 
obstacles. 

VOL.  I.  o 


M  MULTIPLICATION 

I.  If  ii  not  astonishing  that  the  race  of  Abraham t 
affrr  Adjourning  260  years  in  Egypt,  should  have 
fririncd  a  nation  capably  of  giving  uneasiness  to  the 
iovcrdgns  of  that  country.  We  are  told  in  the  sa- 
cred writings,  that  Jacob  settled  in  Egypt  with  70 
penom  i  now  if  we  suppose  that  among  these  70 
penonf,  there  were  10  too  far  advanced  in  life,  or 
too  young,  to  have  children  ;  that,  of  the  remain- 
ing 50,  25  were  males  and  as  many  females,  forming 
25  married  couples,  and  that  each  couple,  in  the 
,  space  of  25  years  produced,  one  with  another,  8 
children,  which  will  not  appear  incredible  in  a 
country  celebrated  for  the  fecundity  of  its  inhabit- 
ants,  we  shall  find  that,  at  the  end  of  25  years,  the 
above  70  persons  may  have  increased  to  270  ;  from 
which  if  we  deduct  those  who  died,  there  will  per- 
haps be  no  exaggeration  in  making  them  amount  to 
2  JO.  ITic  race  of  Jacob  therefore,  after  sojourning 
25  years  in  Egypt,  may  have  been  tripled.  In  like 
manner,  these  210  persons,  after  25  years  more, 
may  have  increased  to  630  ;  and  so  on  in  triple 
geometrical' progression  :  hence  it  follows  that,  at 
the  end  of  225  years,  the  population  may  have 
amounted  to  13778 10  persons,  among  whom  there 
might  easily  be  five  or  six  hundred  thousand  adults 
fit  to  bear  arms. , 

IL  If  we  suppose  that  the  race  of  the  first  man, 
making  a  proper  deduction  for  those  who  died, 
may  have  been  doubled  every  twenty  years,  which 
certainly  is  not  inconsistent  with  the  powers  of  na- 
ture, the  number  of  men,  at  the  end  of  five  cen- 
turies, may  have  amounted  to  1048576.  Now,  as 
Adam  lived  about  900  years,  he  may  have  seen  there- 
fore, when  in  the  prime  of  life,  that  is  to  say  about  the 
five  hundredth  year  of  his  age,  a  posterity  of 
1048576  persons. 
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III.  How  great  would  be  the  multiplication  of 
many  animals,  did  not  the  difficqlty  of  finding  food, 
the  continual  war  which  they  carry  on  against  each 
other,  or  the  numbers  of  them  consumed  by  man, 
set  bounds  to  their  propagation  ?  It  might  easily  be 
proved,  that  the  breed  of  a  sow,  Ivhich  brings 
forth  six  young,  two  males  and  four  females,  if  we 
suppose  that  each  female  produces  every  year  after- 
wards six  young,  four  of  them  females  and  two 
males,  would  in  twelve  years  amount  to  33554230. 
Several  other  other  animals,  such  as  rabbits  and 
cats,  which  go  with  young  only  for  a  few  weeks, 
would  multiply  with  still  greater  rapidity  :  in  half  a 
century  the  whole  earth  would  not  be  sufficient  to 
supply  them  with  food,  nor  even  to  contain  them  1 

If  all  the  ova  of  a  herring  wfere  fecundated,  a 
very  few  years  would  be  sufficient  to  make  its  pos- 
terity fill  the  whole  ocean  ;  for  every  oviparous  fish 
contains  thousands  of  ova  which  rt  deposits  in 
spawning  time.  Let  us  suppose  that  the  number 
of  ova  amounts  only  to  2000,  and  that  these  pro- 
duce as  many  fish,  half  males  and  half  females  ; 
in  the  second  year  there  would  be  more  than 
'  aooooo  ;  in  the  third,  more  than  200000000 }  and 
in  the  eighth  year  the  number  would  exceed  that 
expressed  by  2  followed  by  twenty-four  ciphers. 
As  the  earth  contains  scarcely  so  many  cubic  inches, 
the  ocean,  if  it  occupied  the  whole  globe,  would, 
not  be  sufficient  to  contain  all  these  fish,  the  pro* 
xluce  of  one  herring  in  eight  years  ! 

IV.  Many  vegetable  productions,  if  all  their  seeds 
«were  piit  into  the  earth,  .would  in  a  few  years  cover 
therwhole  ^i^arface  of  the  globe.  The  hyosciamus, 
wtuçjli  ,qf  ^^U  the  kno^wfn  plants  produces  .perl^ps 
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the  greatest  number  of  seeds,  would  for  this  pur- 
pose require  no  more  than  four  years.  According 
to  some  experiments,  it  has  been  found  that  one 
stem  of  the  hyosciamus  produces  sometimes  more  "' 
than  50000  seeds  :  now  if  we  admit  the  number  to 
he  only  loooo,  at  the  fourth  crop  it  would  amount 
to  a  I  followed  by  sixteen  ciphers.  But  as  the 
whole  suriace  of  the  earth  contains  no  more  than 
5507634452576256  square  feet;  if  we  allow  to 
each  plant  only  one  square  foot,  it  will  be  seen  that 
the  whole  surface  of  the  earth  would  not  be  suffi- 
cient for  the  plants  produced  from  one  hyosciamus 
at  the  end  of  the  fourth  year  ! 

§•  ni. 

Of  some  other  Progressions,  and  particularly  Harmonical 

Progression. 

Three  numbers  are  in  harmonîcal  proportion, 
.  when  the  first  is  to  the  last,  as  the  diffisrence  between 
the  first  and  the  second,  is  to  that  between  the  se- 
cond and  the  third.  Thus,  the  nmnbers  6,  3,  2,  are 
in  harmonical  proportion;  for  6  is  to  2,  as  3,  the 
diflFerence  between  the  two  first  nurqbers,is  to  i,  the 
difference  between  the  two  last.  This  kind  of  rela- 
tion is  called  harmonical,  for  a  reason  which  will  be 
seen  hereafter, 

I.  Two  numbers  being  given,  a  third  which  shall 
form  with  them  harmonical  proportion  may  be 
foimd,  by  multiplying  these  two  numbers,  and  di- 
^  viding  their  product,  by  the  excess  of  the  doyble  of 
the  first  over  the  second.  Thus,  if  6  and  3  be 
^ven^  we  must  multiply  6  by  3,  and  divide  the  pro- 
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duct  1 8  by  9,  which  îs  the  excess  of  1 2  the  double 
of  6  over  3,  the  second  of  the  numbers  given.  In 
this  case  the  quotient  will  be  2. 

It  may  hence  be  readily  seen  that,  in  one  sense,  it 
is  not  always  possible  to  find  a  third  number  in  har- 
monical  proportion  with  two  others  ;  for  when  the 
first  is  less,  if  its  double  be  equal  to  or  less  than  the 
second,  the  result  will  be  an  infinite  or  a  negative 
number.  Thus,  the  third  harmonic  proportional 
to  2  and  4  is  infinite  ;  for  it  will  be  found  that  the 
number  sought  is  equal  to  8  divided  by  4 — 4,  or  o. 
But  every  person,  in  the  least  acquainted  with  arith- 
metic, knows  that  the  more  the  denominator  of  a 
fraction  is  inferior  to  unity,  the  greater  the  fraction  ; 
consequently,  a  fraction  which  has  o  for  its  denomi- 
nator is  infinite. 
,s  If  the  double  of  the  first  number  be  less  tHan  the 
second,  as  would  be  the  case  were  it  proposed  to 
find  a  third  harmonical  to  2  and  6,  the  required  di- 
visor will  be  a  negative  number.  Thus,  in  the  pro- 
posed example  of  2  and  6,  it  will  be  — 2;  and 
therefore  the  third  harmonical  required  will  be  1 2 
divided  by  — 2,  that  is  — 6*. 

But  this  inconvenience,  if  it  be  one,  is  not  to  be 
apprehended  when  the  greater  number  is  the  first 
term  of  the  proportion  ;  for  \f  the  first  exceeds  the 
second,  much  more  will  its  double  exceed  it.  In 
this  case  therefore,  the  third  harmonical  will  alvyays 
he  a  finite  and  positive  number* 

II..When  three  numbers, ^in  decreasing  harmo- 
nical proportion,  are  given,  for  example  6,  3,  2^, 
it  h  easy  to  find  a  fourth  :  nothing  is  necessary  but 

*  See  what  has  been  jalready  faid  in  regard  toTnegatÎTe  quantities,  ii^ 
(he  article  on  ariihmccical  progression. 
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to  find  a  third  harmonical  to  the  two  last,  and  this 
will  be  the  fourth.  The  third  and  fourth  may, 
in  like  manner,  be' employed  to  find  a  fifth,  and 
so  on  ;  and  this  will  form  what  is  called  an  har- 
monical progression,  which  may  be  always  conti- 
nued decreasing.  In  the  present  example,  this  series 
will  be  found  to  be,  6,  3,  2,  Î,  t,  I,  t,  t,  &c. 

or  6,  3,  2,  4,^,  I,  T,  i,  &c. 
Had  the  two  first  numbers  been  2  and  i ,  we  should 
have  had  the  harmonical  progression  2,  i,  4,  y,  i,  i, 

»         '         "         *  '  Sirr' 

"*>    "^y    "Tj    V,    TV,    <XL. 

It  is  a  remarkable  property,  therefore,  of  the 
series  of  fractions,  having  for  their  numerators 
unity,. and  for  their  denominators  the  numbers  of 
the  natural  progressien,  that  they  are  in  harmonical 
progression. 

Besides  the  numerical  relation  already  mentioned, 
Xfre  find'  indeed,  in  the  series  of  these  numbers,  all 
the  musical  concords  possible;  for  the  ratio  of  i 
to  I  gives  the  octave  j  that  of  f  to  -j,  or  of  3  to  2, 
the  fifth  ;  that  of  j  to  J,  or  of  4  to  3,  the  fourth  ; 
that  of  i  to  J,  or  of  5  to  4,  the  third  major;  that 
of  T  to  J,  or  of  6  to  5,  the  third  minor  ;  that  of  ^ 
to  7,  or  of  9  to  8,  the  tone  major,  and  that  of  i 
to  -ny,  or  of  10  to  9,  the  tone  minor.  But  this 
will  be  explained  at  more  length  in  that  part  of 
this  work  which  treats  of  music. 

PROBLEM. 

What  is  the  Sum  of  the  Infinite  Series  of  Numbers 
Harmonical  Progression,  i,  |,  y,  |,  4,  -J-,  isfc? 

It  has  been  already  seen,,  that  a  series  of  nu 
bers  in  geometrical  progression,  if  continued  in 
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nltum,  will  always  be  equal*  to  a  finite  number,  which 
may  easily  be  determined.  But  is  the  case  the  same 
in  the  present  problem  ? 

We  will  venture  to  reply  in  the  negative,  though 
an  author,  in  the  yournal  de  Trevoipc  ('année  17  ^, 
has  bestowed  great  labour  in  endeavouring  to  prove 
that  the  sum  of  these  fractions  is  finite.  But  his 
reasoning  consists  of  mere  paralogisms,  which  he 
would  not  have  employed  had  he  been  more  of  a 
geometrician  j  for  it  can  be  demonstrated  that  the 
series  i,  i,  -3)  i,  jj  &c,  may  be  always  continued  in 
such  a  manner  as  to  exceed  any  finite  niimber 
whatever. 

§.  IV. 

Of  various  Progressions  Decreasing  in  infinitum,  tbi 

Sums  of  which  ,are  Known. 

I.  A  VARIETY  of  decreasing  progressions,  which 
have  served  to  exercise  the  ingenuity  of  mathema- 
,  ticians,  may  b^  formed  according  to  different  laws. 
Thus,  for  example,  the  numerator  beiflg  constantly 
unity,  the  denominators  may  increase  in  the  ratio 
of  the  triangular  numbers  i,  3,  6,  10,  15,  21,  &c. 
Of  this  kind  is  the  following  progression  : 

T,     Tj     Yj    TTT,     T3>     ÎT,     OiC. 

Its  sum  is  finite,  and  exactly  equal  to  2,  or  if. 

In  like  manner,  the  sum  of  a  progression  having 
unity  constantly  for  its  numerators,  and  the  pyra- 
midal  numbers  for  its  denominators,  as, 

¥  '  1  I  i'  '  5L-/* 

i,     T>     TÎT,     TT,   'TTj     J6y     OCC, 

is  equal  to  i|. 

That  where  the  denominators  are  the  pyramidals 
of  the  second  order,  as 
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_        1  I  1  II  9^^ 

I,    Tj    TTj   TT>   7Tr,   TrÇy    CCCj 

is  equal  to  i-|-. 

That  where  they  are  the  pyramidals  of  the  third 
order,  as 

I,    r>"ïT>    TYj    Tïr,    ÎTT,   OCC, 

is'  equal  to  i:|:. 

The  law  therefore  which  these  sums  follow,  is 
evident  ;  and  if  the  sum  of  a  similar  progression, 
that,  for  example,  where  the  denominators  are  the 
pyramidals  of  the  tenth  order,  were  required,  we 
might  easily  reply  that  it  is  equal  to  lA* 

U*  Let  us  now  assume  the  following  progression, 

v  I  I  I  I  '  Cr^ 

I>    ^5    T>    TT,    TT,    IT  J    CCCj 

in  which  the  denominators  are  the  squares  of  the 
numbers  of  the  natural  progression. 

If  the  I'eader  is  desirous  to  know  its  sum,  we  shall 
observe,  with  Mr^.  John  Bernoulli,  by  whom  it  was 
first  found,  that  it  is  finite,  and  equal  to  the  square 
of  the  circumference  of  the  circle  divided  by  6,  or 
i  of  3-14159». 

As  to  that  in  which  the  denominators  are  the 
cubes  of  the  natural  numbers,  Mr.  Bernoulli  ac- 
knowledges that  he  had  not  been  able  to  discover  it. 

Those  who  arc  fond  of  researches  of  this  kind, 
may  consult  a  work  of  James  Bernoulli,  entitled 
Tractatus  de  Seriebus  Infinitisy  which  is  at  the  end  of 
another  published  at  Bale  in  17 13,  under  the  title 
of  Ars  Conjectandiy  where  they  will  find  ample  satis- 
faction They  may  also  consult  various  other  me- 
moirs both  of  John  Bernoulli,  to  be  found  in  the  col- 
lection of  his  works,  and  of  Euler,  published  in  the 
Transactions  of  the  Imperial  Academy  of  Sciences 
at  Pctersburgh. 
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CHAPTER    Vm. 

Of  Cembitiaticnj  and  Permutations. 

BEFORE  we  enter  on  the  present  subject,  it  will 
be  necessary  to  explain  the  method  of  constructing 
a  sort  of  tabic,  invented  by  Pascal',  called  the  Arith- 
metical triangle,  which  is  of  greiit  utility  for  shorten- 
ing calculations  of  this  kind. 

First,  form  a  band  AB  of  ten  equal  squares,  and 
below  it  another  CD  of  the  like  kind,  but  shorter 
.  by  one  square  on  the  left,  so  that  it  shall  contain 
only  nine  squares  y  and  continue  in  this  manner. 
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always  making  each  successive  band  a  square  shorter. 
We  sluil  thus  have  a  series  of  squares  disposed  in 
verticaland  horizontal  bands,  and  terminating  at 
each  end  in  a  single  square  so  as  to  form  a  triangle, 
on  which  account  this   table  has  been  called  the 


"  *  Thitit  ■  miiuke  in'M'MitucU,  a;  the  triangle  wai  ii 
ïfti  before  Pascal;  kg  pr.  Huicon't  Tracii,  4C0,  pa.'bj. 


iTcoted  loiat 
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arithmetical  triangle.  The  njumbers  with  which  it 
is  to  be  filled  up,  must  be  disposed  in  the  following 
manner.  ' 

In  each  of  the  squares  of  the  first  band  AB,  in- 
scribe unity,  as  well  as  in  each  of  those  on  the  dia* 
gonal  A£. 

Then  add  the  number  in  the  first  sqiiare  of  the 
band  CD,  which  is  unity,  to  that  in  the  square  im- 
mediately above  it,  and  write  down  die  sum  2,  in 
the  following  square.  Add  this  number,  in  the  like 
manner,  to  that  in  the  square  above  it,  which  will 
give  3,  and  write  it  down  in  the  next  square.  By 
these  means  we  shall  have  the  series  of  the  natural 
numbers,  i,  2,  3,  4,  5,  &c.  The  same  method 
must  be  followed  to  fill  up  the  other  horizontal 
.  b^ods;  that  is  to  say,  each  square  ought  always  to 
.  contain  the  sum  of  the  number  in  the  preceding 
square  of  the  same  row,  and  that  which  is  inmie- 
diately  above  it.  Thus,  the  number  15,  which 
occupies  the  fifth  square  of  the  third  band,  is  equal 
to  the  sum  of  ten  which  stands  in  the  prececting 
square,  and  of  5  which  is  in  the  square  above  it. 
The  case  is  the  same  with  21,  which  is  the  sum  of 
15  and  6  ;  with  35  in  the  fourth  band,  which  is  the 
sum  of  15  and  20  ;  &c. 

The  first  property  of  this  table  is,  that  it  contains, 
in  its  horizontal  bands,  the  natural,  triangular,  pyra- 
midal, &c,  numbers;  for  in  the  second,  we  have  the 
natural  numbers  i,  2,  3,  4,  &c}  in  the  third,  the 
triangular  numbers  i,  3,  6,  10,  15,  &c;  in  the 
.  fourth,  the  pyramidals  of  the  first  order  i,  4,  10, 
20,  35,   &c;  in  the  fifth,  the  pyramidals  of  the 

second  order  i»  5»  15^  35»  7^>  ^^*    '^^^^  ^^  ^  ^^' 
cessary  consequence  of  the  manner  in  which  the 

table  IS  formed  i  for  it  may  be  readily  perceived 
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that  the  number  in  each  square  is  always  the  sum 
of  those^which  fHi  the  preceding  squares  on  the  left, 
in  the  band  immediately  above. 

The  same  numbers  will  be  found  in  the  bands 
parallel  to  the  diagonal,  or  the  hypothenuse  of  the 
triangle. 

But  a  property  still  more  remarkable,  which  can 
be  comprehended  only  by  such  of  our  readers  as  are 
acquainted  with  algebra',  is,  that  the  perpendicular 
bands  exhibit  the  co-efficients  belonging  to  the  dif- 
ferent members  of  any  power  to  which  a  binpmial, 
as  a-j-by  can  be  raised.  The  third  band  contains 
those  of  thç  three  members  of  the  square;  the 
fourth  those  of  the  four  members  of  the  cube  ;  the 
fifth,  those  of  the  five  members  of  the  biquadrate* 
But,  without  enlarging  farther  on  this  subject,  we 
shall  proceed  to  explain  what  is  meant  by  com- 
binations. 

By  combinations  are  understood  the  various  ways 
that  different  things,,  the  number  of  which  is  known, 
can  be  chosen  or  selected,  taking  them  one  by  one, 
two  by  two,  three  by  three,  &c,  without  regard  to 
their  order.  Thus,  for  example,. if  it  were  required 
to  know  in  how  many  different  ways  the  four  letters 
a  y  b,  c,  di  could  be  arranged,  taking  them  two  and 
two,  it  may  be  readily  seen  that  we  can  form  with 
them  the  following  combinations  ab,  ac,  a/y  be,  bd^  . 
cd:  four  things,  therefore,  may  be  combined,  two 
and  two,  six  different  ways.  Three  of  these  letters 
may  be  combined  four  ways,  abc,  abd,  acd,  bed;  hence 
the  combinations  of  four  things,  taken  three  and 
three,  are  only  four. 

In  combinations,  properly  so  called,  no  attention 
is  paid  to  the  order  of  the  things  ;  and  for  this  rea- 
son we  have  made  no  mention  of  the  following 
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combinadons,  ba,  ca,  da,  cb^  db,  dc.  If,  for  exaniF 
pie,  four  tickets,  marked  a,  b,  c,  d^  were  put  into  a 
hat,  and  any  one  should  bet  to  (draw  out  the  tickets 
a  and  c/,  eitner  by  taking  two  at  one  time^  or  taking 
one  after  another,  it  would  be  of  no  importance 
whether  a  should  be  drawn  first  or  last  :  the  com- 
binations ad  or  da  ought  therefore  to  be  here  con- 
sidered pnly  as  one. 

But  if  any  one  should  bet  to  draw  out  a  the  first 
âme,  and  d  the  second,  the  case  would  be  very  dif- 
ferent; and  it  would  be  necessary  to  attend  to  the 
order  in  which  these  four  letters  may  be  taken  and 
arranged  together,  two  .and  two:  it  may  be  easily 
seen  that  the  different  ways  are  ab^  ba,  ac,  ca,  ad,  da, 
be,  cb,  bd,  db,  cd,  dc.  In  like  manner,  these  four 
letters  might  be  combined  and  arranged,  three  and 
three,  24  ways,  as  abc,  acb,  bac,  bca,  cab^  cha^  adb,  abd, 
dba^  dab^  body  bda^  acdy  adc^  dacy  dca^  cad,  cda^  bed, 
dbcy  cbd,  bdc,  cbd,  deb.  '  This  is  what  is  called  per- 
mutation and  change  of  order. 

m 

PROBLEM  U 

Any  number  of  things  'whatever  being  given;  to  de- 
termine  in  bow  many  ways  they  may  be  combined  two 
and  two,  three  and  three,  ^Cy  without  regard  to 
erder. 


problem  may  be  easily  solved  by  making 
[le  arithmetical  triangle.    Thus,  tor  exam- 


This 
use  of  the 

pie,  if  there  are  eight  things  to  be  combined,  three 
and  three,  we  must  take  the  ninth  vertical  band^  or 
in  all  cases  that  band  the  order  of  which  is  expresse 
by  a  number  exceeding   by  unity  the  number 
things  to  be  combined;  then  the  fourth  horizon 
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band,  or  that  the  order  of  which  is  greater  by  unity 
than  the  number  of  the  things  to  be  taken  together, 
-and  in  the  common  square  of  both  wU  be  found  the 
number  of  the  combinations  required,  which  in  the 
present  example  will  be  ^6. 

But  as  an  arithmetical  triangle  may  not  always 
be  at  hand,  or  as  the  number  of  things  to  be  com- 
bined may  be  too  great  to  be  found  in  such  a  table, 
the  following  simple  method  may  be  employed. 

The  numbej:  of  the  things  to  be  combined,  and 
the  manner  in  which  they  are  to  be  taken,  viz,  two 
and  two,  or  three  and  three,  &c,  being  given: 

ist,  Form  two  arithmetical  progressions,  one  in 
which  the  terms  go  on  decreasing  by  unity,  begin- 
ning with  the  given  number  of  things  to  be  com- 
bined ;  and  the  other  consisting  of  the  series  of  the 
natural  numbers  i,  2,  3,  4,  &c. 

2d,  Then  .take  from  each  as  many  terms  as  there 
are  things  to  be  arranged  together  in  the  proposed 
combination. 

3d,  Multiply  together  the  terms  of  the  first  pro- 
gression,  and  do  the  same  with  those  of  the  second. 

4th,  In  the  last  place,  divide  the  first  product  by 
the  second,  atid  the  quotient  will  be  the  number  of 
the  combinations  required. 

§•  I- 

In  how  many  ways  can  90  things  be  combined,  taking 

them  two  and  two  ? 

AccoRDiN,6  to  the  above  rule  we  must  multiply  90 
by  89,  and  divide  the  product  8010  by  the  product 
of  X  àad  2,  that  is  2:  the  quotient  4005  will  be  the 


{ 
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number,* of  the  combinations  resulting  from  90 
things,  taken  two  and  two. 

Should  it  be  required,  in  how  many  ways  the 
same  things  can  be  combined  three  and  three,  the 
problem  may  be  answeré4  with  equal  ease;  for  we 
have  only  to  multiply  together  90,  89,  88,  and  to 
divide  the  product  704880  by  that  of  the  three  num- 
bers I,  2,  3;  the  quotient  1 17480  will  be  the  num- 
ber ^required. 

In  like  manner,  it  will  be  found  that  190  things 
may  be  combined  by  four  and  four,  2555190  ways; 
for  if  thp  product  of  90,  89,  88  and  87  be  divided 
by  24,  the  product  of  i,  2,  3,  4,  we  shall  have  the 
above  result. 

In  the  last  place,  if  it  be  required,  what  number 
of  combinations  the  same  90  things,  taken  five  ai^d 
five,  are  susceptible  of;  it  will  be  found,  by  following 
the  rule,  that  the  answer  is  43949268» 

•        §.  II. 

Weue  it  asked,  how  many  conjunctions  the  seven 
planets  could  form  with  «each  other,  two  and  two, 
we  might  reply  2 1  ;  for,  according  to  the  general 
rule,  if  we  multiply  7  by  6,  which  will  give,  42,  and 
divide  that  number  by  the  product  of  i  and  2,  that 
is  2,  the  quotient  will  be  21. 

If  we  wished  to  know  the  number  of  all  the  con- 
junctions possible  of  these  seven  planets,  two  and 
two,  three  and  three,  &c  ;  by  finding  separately  the 
number  of  the  conjunctions  two  and  two,  then  those 
of  three  and  three,  &c,  and  adding  them  together,,  it 
will  be  seen  that  they  amount  to  1 20. 

The  sai][xe  result  might  be  obtained  by  adding  the 
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;5even  terms  of  the  double  geometrical  progression  i,* 
2,  4,  8,  i6,  32,  64,  which  will  give  127.  But  from 
this  number  we  must  deduct  7,because  when  we  speak 
of  the  conjunction  of  a  planet,  it  is  evident  that  two 
of  them,  at  least,  must  be  united;  ^nd  the  number 
127  comprehends  all  the  ways  in  which  seven  things 
can  be  taken  one  and  one,  two  and  two,  three  and 
three,  &c.  In  the  present  example  therefore,  we 
must  deduct  the  number  of  the  things  taken  one  and 
one,  for  a  single  planet  cannot  form  a  conjunction. 


PROBLEM  II. 

Any  number  of  things  being  given;  to  find  in  how  many 

ways  they  can  be  arranged.  ' 

This  problem  may  be  easily  solved  by  following 
the  method  of  induction  ;  for 

I  St,  One  thing  a  can  be  arranged  only  in  one  way  : 
in  this  case  therefore  the  number  of  arrangements 
is  izi. 

2d,  Two  things  may  be  arranged  together  two 
ways;  for  with  the  letters  a  and  b  we  can  form  the 
arrangements  ab  and  ba:  the  number  of  arrange- 
ments therefore  is.  equal  to  2,  or  the  product  of  i 
and  2.        '   , 

3d,  The  arrangements  of  three  things  a^  b^  r, 
are  in  number  six;  for  ab  can  form  with  r,  the  third, 
three  different  ones,  bacy  bca^  cba,  and  there  can  be 
no  more.  Hence  it  is  evident  that  the  required 
number  is  equal  to  the  preceding  multiplied  by  3, 
or  to  the  product  of  i,  2,  3. 

4th,  if  we  add  a  fourth  thing,  for  instance  d,  it  is 
evident  that,,  as  each  of  the  preceding  arrangements 
may  be  combined  with  this  fourth  thing  four  ways. 
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the  above  number  6  must  be  -multiplied  by  4  to 
obtain  "that  of  the  arrangement»  resulting  from  four 
things  -J  that  is  to  say,  the  number  will  be  24,.or  the 
product  of  I,  2,  3,  4. 

It  is  needless  to  enlarge  farther  on  this  subject  ; 
for  it  may  be  easily  seen  that,  whatever  be  the  num- 
ber of  the  things  given,  the  number  of  the  arrange- 
ments they  are  susceptible  of  may  be  found,  by  mul- 
tiplying together  as  many  terms  of  the  natural  arith- 
metical progression  as  there  are  things  proposed. 


ist.  It  may  sometimes  happen  that,  of  the  things 
-proposed,  one  of  them  is  repeated,  as  a,  a.  b,  c.  In 
this  case,  where  two  of  the  four  things  proposed  are 
the  same,  it  will  be  found  that  they  are  susceptible 
only  of  12  arrangements,  instead  of  24;  and  that 
five,  where  two  are  the  same,  can  form  only  60, 
instead  of  120. 

But  if  three,  of  four  things,  were  the  same,  there 
would  be  only  4  combinations,  instead  of  24  ;  and 
five  things,  if  three  of  them  T*ere  the  same  would 
give  only  20,  instead  of  1 20,  or  a  sixth  part.  But 
as  the  arrangements  of  which  two  things  are  sus- 
ceptible amount  to  2,  and  as  those  which  can  be 
formed  with  three  things  are  6,  we  may  thence 
deduce  the  following  rule  ; 

'  In  any  number  of  things,  of  which  the  different 
arrangements  are  required,  if  one  of  them  be  several 
times  repeated,  divide  the  number  of  arrangements, 
found  according  to  the  general  rale,  by  that  of  the 
arrangements  which  would  be  given  by  the  things 
repeated,  if  they  were  different,  and  the  quotient 
wUl  be  the  number  required.  ,    , 
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2à.  In  the  number  of  things,  the  different  ar- 
Tangementa  of  which  are  required,  if  there  are  seve- 
ral of  them  which  occur  several  times,  one  twice 
for  example,  and  another  three  times  ;  .nothing  will 
be  necessary,  but  to  find  the  number  of  the  arrange- 
ments accordlbg  to  the  general  rule,  and  then'  to 
divide  it  by  the  product  of  the  numbers  expressing 
the  arrangements  which  each  of  the  things  repeated 
would  be  susceptible  of,  if  instead  of  being  «the  same, 
they  were  <liflferent.  Thus,  in  thé  present  case,  as 
the  things  which  occur  twice,  would  be  susceptible  ' 
of  two  arrangements,  if  they  were  diiferent;  and  as 
those  which  occur  thrice  would,  under  the  like  cir- 
cumstances, give  six';  we  must  multiply  6  by  2,  and 
the  product  12  will  be  the  number,  by  which  that 
found  according  to  the  general  rule,  ought  to  be 
divided.  Thus,  for  example,  the  five  letters  a,  a, 
i,  A,  /'j  can -be  arranged  only  10  different  ways  :  for, 
if  they  were  different,  they  would  give  1 20  arrange- 
ments; but  as  one  of  them  occurs  twice,  and  an- 
other thrice,  120  must  be  divided  by  the  product  of 
a  and  6,  or  12,  which  will  give  10.    . 

By  observing  the  precepts  given  for  the  solution 
of  this  problem,  the  following  questions  may  be 
resolved. 

§1. 

ji  club  of  seven  persons  agt-eed  to  dine  together ^  every  day 
iucctssively^  as  long  as  they  could  sit  down  to  tabU 
diferently  arranged.  How  many  dinners  would  bè 
necessary  for  that  purpose  ? 

It  may  be  easily  found  that  the  required  number 
IS  5.040,  which  would  require  13  years  and  more 
than  9  months,  ' 

VOL.  I.  u 
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I 

The  dlfierent  anagrams  which  can  be  formed  with 
any  word^  may  be  fomid  in  like  mann/er.  Thus,  for 
example,  if  it  be  required,  how  many  different  words 
can  be  formed  with  the  four  letters  of  the  word 
AMOR,  which  will  give  all  the  possible  anagrams 
of  it,  we  shall  find  that  they  amount  to  24,  or  the 
continued  product  of  i,  a,  3,  4.  We  thall  here  give 
them  in  their  regular  order. 


AMOR 

MORA 

ORAM 

RAMO 

AMRO 

MOAR 

ORMA 

RAOM 

AOMR 

MROA 

OARM 

RMAO 

AORM 

MRAO 

OAMR 

RMOA 

ARMO 

MAOR 

OMRA 

ROAM 

ARÔM 

MAllO 

OMAR 

ROMA 

r 

Hence  it  appears  that  the  Latin  anagrams  of 'the 
word  amor  J  are  in  number  seven,  viz,  Roma,  mora^ 
marOt  oramy  ramo^  armo^  orma.  But  in  the  proposed 
word,  if  one  or  more  letters  were  Repeated,  it  would 
be  necessary  to  follow  the  precepts  already  given. 
Thus,  the  word  Leopoldus^  where  the  letter  I  and 
the  letter  0  both  occur  twice,  is  susceptible  of  only 
90720  different  arrangements,  or  anagrams,  in- 
stead of  362880,  which  it  would  form,  if  none  of 
the  letters  were  repeated  ;  for,  according  to  the 
before-mentioned  rule,  we  must  divide  this  number 
by  the  product  of  2  by  2,  or  4,  which  will  give 
90720. 

rhe  word  stu(liosusy  where  the  u  occurs  twice  and 
the  s  thrice,  is  susceptible  of  only  30240  arrange- 
ments }  for  the  arrangements  of  the  9  letters  it  con- 
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tains,  which  are  in  number  362880^  must  be  di- 
vided by  the  product  of  51  and  6,  or  twelve,  and  the 
quotient  will  be  3 0240. 

In  this  manner  may  be  found  the  number  of  all 
the  possible  anagrams  of  any  word  whatever  ;  but 
it  must  be  observed  that  however  few  be  the  letters 
of  which  a  word  is  conlposed,  the  number  of  the 
arrangements  theilce  resulting  will  be  so  great  as  to 
require  considerable  labour  to  find  them. 

s  ni. 

0 

H(nv  many  ways  can  the  following  ver/e  be  varied^ 
^without  dejiroying  the  meafure  : 

Tot  tibi  fant  dotes ^  Virgo^  quot  sidera  codo  ? 

Tms  verse,  the  production  of  a  devout  Jesuit  of 
Louvain,  named  Father  Bauhuys,  is  celebrated  on 
account  of  the  great  number  of  arrangements  of 
which  it  is  susceptible,  without  the  laws  of  quandty 
being  violated  ;  and  various  mathematicians  have 
exercised  or  amused  themselves  with  finding  out  the 
number.  Hrycius  Puteanus  took  the  trouble  to  give 
an  enumeration  of  them  in  forty-eight  pages,  mak- 
ing them  amount  to  1022,  or  the  number  of  the 
stars  comprehended  In  the  catalogues  of  the  ancient 
astronomers  ;  and  he  very  devoutly  observes,  that 
xhe  arrangements  of  these  words,  as  much  exceed 
the  above  number,  as  the  perfecdons  of  the  Virgin 
exceed  that  of  the  stars*. 

Father  Prestet,  in  the  first  edition  of  his  Elements 
pf  the  Mathematics,  says  that  this  verse  is  susc^ti- 

*  See  also  Vosiius  de  Silent.  Math.  cap.  vu. 
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bleof  2196^ variations;  but  in  the  second  edition' 
he  extends  the  number  to  3276. 

I)r.  Wallis,  In  the  edition  of  his  Algebra  printed 
at  Oxford,  in  1693,  ^^^^kes  them  amount  to  3096. 

But  none  of  them  ha»  exactly  hit  the  truth,  9i 
Ras  been  remarked  by  James  Bernoulli,  in  his  jfrs 
ConjectandL  This  author  says,  that  the  different 
combinations^  of  the  above  verse,  leaving  out  the 
spondees,  and  admitting  those  which  have  ho  caelsura, 
amount  exactly  to  3312.  The  method  by  which 
the  enumeration  was  made  may  be  seen  in  the 
above  work. 

The  same  question  has  been  proposed  respecting 
the  following  verse  of  Thomas  JLansius  : 

MarSytnorst  sorsj  lis,  visy  xtyx,  fus,  hox,  fe^, 
malay  crux,  fraus. 

It  may  be  easily  found,  retaining  the  word  mala 
in  the  antepenultima  place,  in  order  to  preserve  the 
measure,  that  this  verse  is  susceptible  of  399168000 
dîflètent  arrangements. 

PROBLEM  iiu 

-  Of'fbe  coinbinations  "which  may  he  formed  iviih  squares 
divided  by  a  diagonal  into  two  differently  coloured 
triangles. 

We  are  told  by  Father  Sebastian  Truchet,  of  the 
Royal  Academy  of  Sciences,  in  a  memoir  printed 
among^  those  of  the  year  1704,  that  having  seen, 
during  the  course  of  a  tour  which  he  made  to  the 
Iraiial  of  Orleans,  some  square  porcelain  tiles,  di* 
:  vided  by  a  diagonal  into  two  triangles  of  different 
•..colours,   destined  for  paving  a  chapel  and  some 


.-..-^ 


-PERMUTATIONS.  101 

apartments^  he  was  induced  to  try  in  how  many 
different  ways  they  could  be  joined  side  by  side,  in 
order  ,to  form  different  figures.  In  the  first  place, 
it  may  be  readily  seen  that  a  single  square  (Plate 
II)  according  to  its  position  can  form  four  different 
figures,  which  however  may  be  reduced  to  two,  as 
there  is  no  other  difference  between  the  first  and 
the  third,  or  between  the  second  and  the  fourth, 
than  what  arises  from  the  transposition  of  the  shad- 
ed  triangle  into  the  place  of  the  white  one. 

Now,  if  two  of  these  squares  be  combined  to- 
gether, the  result  will  be  64  different  ways  of  ar- 
rangement ;  for,  in  that  of  two  squares,  one  of  them 
may  be  made  to  assume  four,  different  situations,  in 
each  of  which  the  other  may  be  changed  16  tiines. 
The  result  therefore  will  be  64  combinations,  as 
may  be  seen  in  the  plate. 

We  must  however  observe,  with  Father  Sebas- 
tian, that  one  half  of  these  combinations  are  only 
a  repetition  of  the  other,  in  a  contrary  direiction, 
which  reduces  them  to  32  ;  and  if  attention  were 
not  paid  to  situation,  they  might  be  reduced  to  jo. 

In  like  manner,  we  might  combine  three,  four, 
five,  &c,  squares  together,  and  in  that  case  it  would 
be  foiind,  that  three  squares  are  capable  of  forming 
128  figures;  that  four  could  form  256,  &c. 

The  immense  variety  of  compartments  which 
arise,  in  this  manner,  from  so  small  a  number  of 
elements,  is  really  astonishing.  Father  Sebastian 
gives  thirty  different  kinds,  selected  from  a  hun- 
dred ;  and  these  even  are  only  a  very  small  part  of 
those  which  might  be  formed.  Some  of  the  most 
remarkable  of  them  are  exhibited  in  the  2d  plate. 

In  consequence  of  Father  Sebastian's  memoir. 
Father  Douat,  one  of  his  associates,  was  induced  to 
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pursue  this  subject  still  farther,  and  to  publish,  in 
the  year  172^2,  a  large  work*,  in  which  it  is  consi- 
dered in  a  different  manner.  In  this  work  it  may 
be  seen  that  four  squares,  each  divided  into  two 
triangles  of  different  colours,  repeated  and  changed 
in  every  manner  possible,  are  capable  of  forming 
256  different  figures  ;  and  that  these  figures  them- 
selves, taken  two  and  two,  three  and  three,  and  so 
on,  will  form  a  prodigious  multitude  of  compart- 
ments, engravings  of  which  occupy  the  greater  part 
'  of  the  book. 

It  is  rather  surprising  that  this  idea  should  have 
been  so  little  employed  in  architecture  ;  as  it  might 
furnish  an  inexhaustible  source  of  variety  in  pave- 
ments, and  other  works  of  the  like  kind.  However 
this  may  be,  it  forms  the  object  of  a  pastime,  called 
by  the  French  ^eu  du  Parquet.  The  instrument 
employed  for  this  pastime,  consists  of  a  small  table, 
having  a  border  round  it,  and  capable  of  receiving 
64  or  a  hundred  small  squares,  each  divided  into 
two  triangles  of  different  colours,  with  which  people 
amuse  themselves  in  endeavouring  to  form  agreeable 
combinations. 

•  It  is  entitled  Méthode  pour  faire  vne  infinite  de  dejjins  différents^ 
avec  des  carreaux  mi -partis  de  deux  couleur  s  par  une  ligne  diagonale  ;  o». 
Observations  du  P.  D.  Douât,  religieux  Carme  de  la  P.  de.  T,  sur  un 
Mémoire  inséré  dans  rUist.  de  r Acad.  rt^ale  des  Sciences  de  Paris,  mnnêt 
M^o^ par  le  P,  S.  Trucbet,  religieux  du  mime  ordre ^  Parts  1712,  in  4^0* 
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jfj>plic4fwn  of  the  Doctrine  of  Combinations  to  Games  of 

Chance  and  to  Probabilities. 

THOUGH  nothing,  on  the  first  view,  seems 
more  foreign  to  the  province  of  the  mathematics 
than  chance,  the  powers  of  analysis  have,  as  ^ve 
may  say,  enchained  this  Proteus,  and  subjected  it 
to  calculation.  It  has  found  means  to  measure  the 
.différent  degrees  of  probability  ;  and  this  has  given 
birth  to  a  curious  branch  of  the  mathematics,  the 
principles  of  which  we  shall  here  explain. 

When  an  event  can  take  place  different  ways,  it 
IS  evident  that  the  probability  of  its  happening  in  a 
certain  determinate  manner^  will  be  greater  when, 
of  the  whole  of  the  ways  in  which  it  can  happen, 
the  greater  number  determine  it  to  happen  in  that 
manner.  In  a  lottery,  for  example,  every  one 
knows  that  the  probability  or  hope  of  obtaining  a 
prize,  is  greater  according  as  the  number  of  prizes 
is  greater,  and  as  the  total  number  of  the  tickets  is 
less.  The  probability  therefore  of  an^  event,  is  in 
the  compound  ratio  of  the  number  of  the  cases 
which  can  produce  it,  taken  direcftly,  and  of  the 
total  number  of  those  according  to  which  it  may  be 
varied*,  taken  inversely  ;  consequently  it  may  be  ex- 
pressed by  a  firaotion,  having  for  its  numerator,  the 
number  of  the  favourable  cases,  and  for  its  deno- 
minator the  whole  of  the  cases. 

Thus,  in  a  lottery  consisting  of  a  thousand  tickets, 
25  of  which  only  are  prizes,  the  chance  of  obtain- 
ing one  of  the  latter  will  be  represented  by  77^  or 
^  J  if  the  number  of  the  prizes  were  50,  thi^  pro- 
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bability  would  be  double,  for  in  that  case  it  would 
be  equal  to  ^  ;  but,  on  the  other  hand,  if  the  whole 
number  of  tickets,  instead  of  a  thousand,  were  two 
thousand,  the  probability  would  be  only  one  half  of 
the  former,  that  is  •^.  If  ihe  whole  number  of 
tickets  were  infinitely  great,  the  number  of  prizes 
still  remaining  the  same,  the  probability  would  be 
infinitely  «mail  ;  and  if  the  whole  number  of  tickets 
were  prizes,  it  would  become  certainty,  and  in  that 
case  would  be  expressed  by  unity. 

Another  principle  of  this  theory,  necessary  to  be 
-here  explained,   the  enunciation  of  which  will  be 
sufficient  to  shew  the  truth  of  it,  is  as  follows  : 

We  play  an  equal  game,  when  the  money  depo- 
sited is  in  direct  proportion  to  the  probability  of 
gaining  the  stake  ;  for,  to  play  an  equal  game,  is 
.  nothing  else  than  to  deposit  a  sum  so  proportioned 
to  the  probability  of  winning,  that,  after  a  great 
number  of  throws  or  games,  the  player  may  find 
himself  nearly  at  .par  ;  but  for  this  purpose,  the 
sums  deposited  must  be  proportioned  to  the  degree 
of  probability,  which  each  of  the  players  has  in  his 
favour.     Let  us  suppose,  for  example,  that  A"  bets 
against  B  on  a  throw  of  the  dice,  and  that  the 
cnances  are  two  to  one  in  favour  of  A  ;  the  game 
will  be  equal  if,  after  a  great  number  of  throws, 
the  parties  separate  nearly  without  any  loss  ;  but  as 
there  are  two  chances  in  favour  of  A,  and  only  one 
in  favour  of  B,  after  three  hundred  throws  A  will 
have  gained  nearly  two  hundred,  and  B  one  hun- 
dred ;  A  therefore  ought  to  deposit  2  and  B  only 
one,  for  by  these  means,  as  A  in  winning  two  hun- 
•  dred  throws  will  gain  200,  B  in  wînning  a  luindrcd 
throws  will  gain  200  also.    In  such  cases  therefore,  it 
Î8  said  that  two  to  one  may  be  betted  in  favour  cf  A. 
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PROBLEM   I. 

Jn  tossing  up^  what  probability  is  there  of  throwing  a 
head  several  times  successively ^  or  a  tail  ;  or,  in  play- 
ing with  several  pieces ,  what  probability  is  there  that 
they  will  be  all  heads,  or  all  tails  ?   . 

In  this  game,  which  is  well  known,  it  is  evident, 

:  I  St,  That  as  there  is  no  reason  why  a  head  should 

come  .up  rather  than  a  tail,  or  a  tail  rather  than  a 

head,  the  probability  that  one  of  the  two  will  be  the 

•«case  is  equal  to  |^  or  an  equal  bet  may  be  taken, 

for  or  against.  , 

But  if  the  game  were  for  two  throws,  and  any 
one  should  bet,  that  a  head  will  come  up  twice,  it 
must  be  observed,  that  all  the  combinations  of  head 
or  tail,  which  can  take  place  in  two  successive  throws 
with  the  same  piece,  are  head,  head;  head,  tail  ; 
tail  J  head;  tail,  tail;  one  of  which  only  gives  head, 
head.  There-  is  therefore  only  one  case  m  4  which 
can  make  the  person  win  who  bets  to  throw  a  head 
twice  in  succession  ;  consequently  the  probability  of 
this  event  is  only  j;  ;  and  he  who  bets  in  favour  of 
two  heads,  ought  to  deposit  a  crown,  and  the  person 
who  b^s  against  hini  ought  to  deposit  three  ;  for 
the  latter  has  three  chances  of  winning,  while  the 
former  has  only  one.  To  play  an  equal  game  then, 
the  sums  deposited  by  each,  ought  to  be  in  this  pro- 
portion. 

It  will  be  found  also,  that  he  who  bets  to  throw 
a  head  three  times  in  succession,  will  have  in  his 
favour  only  one  of  the  eight  combinations  of  head 
and  tail,  which  may  result  from  three  throws  of  the 
same  piece.    The  probability  of  this  event  there- 
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fore,  is  |,  while  that  in  favour  of  his  adversary  will 
be  Î*  Consequently»  to  play  an  equal  game»  he 
ought  to  stake  i  against  7. 

It  is  needless  to  go  over  all  the  other  cases  ;  for 
it  may  be  easily  seen,  that  the  probability  of  throw- 
ing a  bead  four  times  successively,  is  7^  ;  five  times 
successively,  -^5  &c* 

It  is  unnecessary  also 'to  enumerate  all  the  different 
combinations  which  may  result  from  hcad  or  tail  ; 
but  in  regard  to  probabilities,  the  following  simple 
rule  may  be  employed. 

The  probabilities  of  two  or  more  single  events 
being  known,  the  probability  of  their  taking  place 
all  together  may  be  found,  by  multiplying  together 
the  probabilities  of  these  events,  considered  singly. 

^us  the  probability  of  throwing  a  head,  con- 
ludered  singly,  being  expressed  at  each  throw  by  |, 
that  of  throwing  it  twice  in  succession,  will  be  |  x  | 
or  .J^  ;  that  of  throwing  it  three  times,  in  three  suc- 
cessive throws,  will  be  ^xfxj,  or  j,  &c. 

ad.  The  problem,  to  determine  the  probability  of 
throwing,  with  two,  three,  or  four  pieces,  all  heads 
or  all  tai/sj  may  be  resolved  by  the  same  means. 
When  two  pieces  are  tossed  up,  there  are  four  com- 
biilations  of  /bead  and  tai/y  one  of  which  only  is  all 
heads.  When  three  pieces  are  tossed  up  together, 
there  are  8,  one  of  which  only  gives  all  heads,  &c. 
The  probabilities  of  these  cases  therefore,  are  the 
same  as  those  of  the  cases  similar  to  them,  which  we 
have  already  examined. 

It  may  be  easily  seen  indeed,  without  the  help  of 
analysis,  that  these  two  questions  are  absolutely  the 
same  ;  and  the  following  mode  of  reasoning  may  be 
employed  to  prove  it.  To  toss  up  the  two  pieces  A 
and  B  together,  or  to  toss  them  Up  iu  succession. 
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^vîng  dme  to  A,  the  first,  to  settle  before  the  other 
is  tossed  up^  is  certainly  the  same  thing.  Let  ui 
suppose  then,  that  when  A,  the  first,  has  settled, 
instead  of  tossing  up  B,  the  second,  A  the  first,  it 
taken  from  the  ground,  in  order  to  be  tossed  up  a 
'  second  time  ;  this  will  be  the  satne  thing  as  if  the 
piece  B  had  been  employed  for  a  second  toss  ;  for 
by  the  supposition  they  are  both  equal' and  similar, 
at  least  in  regard  to  the  chance  whether  head  or  tail 
will  come  up.  Consequently,  to  toss  up  the  two 
pieces  A  and  B,  or  to  toss  up  twice  in  succession  the 
piece  A,  is  the  same  thing.     Therefore,  &c.. 

3d.  We  shall  now  propose  the  following  ques- 
tion :  What  may  a  person  bet,  that,  in  two  throws, 
a  head  will  come  up  at  least  once  ? ,  By  the  above 
method  it  will  be  found,  that  the  chances  are  3 
to  I.  In  two  throws,  indeed,  there  are  four  com- 
binadons,  three  of  which  give  at  least  a  head  once 
in  the  two  throws,  and  one  only  which  gives  all 
tails  ;  hence  it  follows,  that  there  are  three  combi- 
nations  in  favour  of  ^e  person  who  bets  to  bring  a 
head  once  in,  two  throws,  and  only  one  against  hinu 
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Arvj  numbef"  of  dice  being  given;  to  determine  what 
probability  there  is  of  throwing  an  assigned  number 
^  of  points. 

We  shall  first  suppose  that  the  dice  are.  of  the 
ordinary  kind,  that  is  to  say,  having  six  faces, 
marked  with  the  numbers  i»  2,  3,  4,  5,  6;  and  we 
shall  analyse  some  of  the  first  cases  of  the  problem, 
/  in  order  that  we  may  proceed  gradually  to  those 
that  are  more  complex. 
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I8t.  //  //  proposed  to  throw  a  determinate  pointy  6  for 
escampk,  with  one  die* 

Here  it  i$  evident,  that^  as  the  die  has  six  faces,  one 
of  which  only  is  marked  6,  and  as  any  one  of  them 
may  as  reacfily  come  up  as  another,  there  are  5 
chances  against  the  person  who  proposes  to  throw  a 
six  at  one  throw,  and  only  one  in  his  favpur. 

ad.  Let  it  be  proposed  to  tbnnv  the  same  point  6  with 
.  tuT)  dice. 

To  analyse  this  case,  we  must  first  observe  that 
two  dice  jgiVe  36  diflFerent  combinations  ;  for  each 
of  the  faces  of  the  die  A,  for  example,  may  be  com- 
bined with  each  of  those  of  the  die  B,  which  will 
produce  36  combinations.  But  6  may  be  thrown, 
I  St.  by  3  and  3  ;  ad.  by  2  with  the  die  A  and  4 
with  the  die  B,  which,  as  may  be  readily  seen,  forms 
two  distinct  cases  :  3d.  by  i  with  the  die  A  and  5 
vitb  the  die  B,  or  i  with  B  and  5  with  A,  which 
also  gives  two  cases  ;  and  these  are  all  that  are  pos- 
sible» Hence  there  are  5. favourable  chances  in  36  ; 
«consequently  the  probal»ility  oj  throwing  6  with  two 
dies,'  is  •^,  and  that  of  not  throwing  it  is  ^.  This 
ther€fore  ought  to  be  the  ratio  of  the  stakes  or 
money  deposited  by  the  players. 

By  analysing  the  other  cases,  it  will  be  found 
that,  of  throwing  two  with  two  dice,  there  is  one 
chance  in  36  ;  of  throwing  three,  there  are  2  ;  of 
throwing  four,  3  ;  of  throwihg  five,  4  ;  of  throw- 
ing  six,  5  ;  of  throwing  seven,  6  ;  of  throwing 
^ght,  5  ;  of  throwing  nine,  4  ;  of  throwing  ten,  3  ; 
of  throwing  eleven,  2  ;  and  of  throwing  sixes,  i. 

If  three  dice  were  proposed,  with  which  it  is 
evident  the  lowest  point  would  be  three,  and  the 
highest  eighteen,  it  will  be  found,  by  means  of  a 
similar  analysis,  that  in  216^  the  whole  aumbcr  of 
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^he  throws  possible  with  three  dice,  there  is  i  chance 
of  throwing  three  ;  3  of  throwing  four  ;  6  of  throw- 
ing five,  &c  :  as  may  be  seen  in  the  annexed  table, 
the  use  of  which  is  as  follows. 

If  it ,  be  required,  for  example,  to  find  in  how 
many  ways  1 3  can  be  thrown  with  three  dice,  we 
must  look  in  the  first  vertical  column,  on  the  left, 
for  the  number  13,  and  at  the  top  of  the  table  for  3, 
the. number  of  the  dice,  and  in  the  square  below^ 
opposite  to'  13,' will  be  found  2.1,  the  number  of 
ways  in  \i:bich  13  may  be  thrown  with  three  dice. 
In  like  manner,  it  will  be  found,  that  with  4  dice,  it 
may  be  thrown  140  ways  ;  with  five  dice,  420 }  &c. 
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Tablé  of  the  different  ways  in  which  any  point  can 
be  thrown  with  one,  two,  three,  or  more  dice. 


Number  of  the  dice. 

I     n    in    IV     V      VI 

■f 
1 

I 

1  1      1 

■ 

2          I             Ï 

3         I           2 

11          1 

4        I 

3 

31      II 

,S  1     ■ 

4 

6 

4l       1 

6|     1 

ï 

10 

lo  1       s 

I 

7i 

6 

H 

20 

'5 

6 

81          Is 

Jl 

3S 

35 

21 

9l             4 

«S 

^6 

70 

56 

w  1              3 

27 

So 

126 

126 

11 

i      2 

n 

104 

-°s 

2S2 

12 

1       ■ 

is 

125 

3°5 

456 

_ii                1- 

21 

140 

420 

756 

14 

'5 

.46 

540 

iiSi 

>tI 

lo 

140 

6s  1 

1666 

i6 

6 

■2S    735 

2247 

17            1 

3 

104    780 

28s6 

i8            III 

80    780 

343' 

■9 

1 

56     735 

3906 

20 

1          1    35I6J. 

4221 

1 

20  1  540 

433» 

"1              1 

10    420 

4221 

23  1          1 

4     30s  1  39°6 

Ml          1 

1  1  205  1  3431 

2Î   1              1 

1  126  1  2856 
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When  it  is  once  known,  how  many  wtiys  a  point 
can  be  thrown  with  a  certain  number  of  dice,  the  pro- 
bability of  throwing  it  may  be  easily  found  :  nothing 
is  necessary  but  to  form  a  fraction  having  for  its 
numerator  the  number  of  ways  in  which  the  point 
can  be  thrown,  and  for  denominator  the  number  6, 
raised  to  that  power  indicated  by  the  number  of 
dice  ;  as  the  cube  of  6,  or  216,  for  three  dice  j  the 
biquadrate,  or  1296,  for  four  dice  ;  &c. 

Thus,  the  probability  of  throwing  13  with  three 
dice,  is  ^  ;  of  throwing  it  with  four,  -^  ;  &c. 

Various  other  questions  may  be  proposed  concern- 
ing the  throwing  of  dice,  a  few  of  which  we  shall 
here  examine. 

I  St.  When  two  players  arc  engaged  ;  to  determine  the 
advantage  or  disadvantage  of  the  person  who  undertakes 
to  throw  a  certain  face^  that  for  example  marked  6,  in 
a  certain  number  of  throws. 

Let  us  suppose  that  he  undertakes  it  at  one  throw  : 
to  find  the  probability  of  his  succeeding,  it  must  be 
considered,  that  he  who  holds  the  die,  has  only  one 
chance  of  winning,  and  five  of  losing  ;  consequently 
to  undertake  it  at  one  throw,  he  ought  to  stake  no 
more  than  i  to  five.  There  is  therefore  à  great  dis- 
advantage in  undertaldng,  on  aa  even  bet,  to  throw 
six  at  a  single  throw  of  one  die. 

To  determine  the  probability  of  throwing  the  face 
marked  6  in  two  throws  with  a  single  die,  we  must 
observe,  as  has  been  already  said,  in  regard  to  toss- 
ing up,  that  this  is  the  same  thing  as  to  undertake,  iu 
throwing  two  dice  together,  that  one  of  them  shall 
have  the  side  marked  6  uppermost.  He  then  who 
holds  the  dice  has  only  1 1  chances,  or  combina- 
tion3,  by  which  he  can  win  ;  for  he  may  throw  6 
with  the  first  die  and  i,  2,  3»  4  or  5  wiih  the  second  ; 
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or  $  with  the  second  die  and  i,  2\  3,  4  or  5  with^the 
first,  or  6  >¥ith  each  die.  But  there  are  25  combi- 
nations or  chances  unfavourable  to  his  winning,  aa 
may  be  seen  in  the  following  tabic  : 


I. 


I.  2,  I  3,  I  4,  I  5,  I 

2  2,  2  3,  2  4,  2  5,  2 

3  2,  3  0,,  0,  4,  3  5,  3 

4  2,  4  3,  4  4,  4  5,  4 

5  "^^  S  h  5  ^>  S  5^  5 


Hence  it  may  be  concluded,  that  he  who  under- 
takes to  throw  a  six  with  two  dice,  ought  to  stake  no 
more  than  11  to  25;  and  consequently,  that  it 
would  be  disadvantageous  to  do  it  on  equal  terms. 

It  must  here  be  observed  that  36,  the  number 
of  all  the  chances  or  combinations  possible  in  two 
throws  of  the  dice,  is  the  square  of  6,  which  is  the 
number  of  the  faces  of  one  die  ;  and  that  25,  the 
number  of  the  chances  unfavourable  to  the  person 
who  imdertakes  to  throw  a  determinate  face,  is  the 
square  of  5,  or  of  i  less  than  the  same  number  6. 
The  number  of  the  favourable  chances  therefore,  in 
this  case,  is  equal  to  the  difference  of  the  squares  36 
and  25,  or  of  the  square  of  the  number  of  the  faces 
of  one  die,  and  of  that  of  the  faces  of  the  same  die 
less  one. 

In  the  case  of  undertaking  to  bring  a  6  in  three 
(hrows  with  one  die,  we  must  consider,  in  like  man- 
ner,  that  this  is  the  same  thing  as  to  undertake  that, 
in  throwing  three  dice  at  once,  one  of  them  shall 
bring  a  6  ;  but  of  the  216  combinations,  *  which  re- 
sult from  three  dice,  there  are  125  without  a  6,  and 
9 1  among  which  there  is  at  least  one  6  ;  conse- 
quently, he  who  engages  to  throw  a  6,  either  in  three 
throws  with  one  die,  or  one  throw  with  three  dice. 
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Ought  to  bèt  no  more  than  91  to  125  ;  and  it  would 
be  disadvantageous  to  undertake  it  on  equal  terms. 

It  is  here  to  be  observed,  that  the  number  91  is 
the  difference  of  the  cube  of  the  number  of  the 
faces  of  one  die,  viz  2 1 6,  and  of  1 25,  the  cube  of  the 
same  niAnber  less  unity,  or  of  5.  Hence  it  appears 
that,  in  general,  to  find  the  probability  of  throwing 
g  determinate  iace,  in  a  certain  number  of  throws, 
or  at  one  throw  with  a  certain  number  of  dice^  we 
must  raise  6,  the  number  of  the  faces  of  one  die,  to 
that  power  which  is  indicated  by  the  number  of 
throws  agreed  on,  or  by  the  number  of  dice  to  be 
thrown  at  one  time  ;  we  must  then  raise  6  less 
unity,  or  5,  to  the  same  power,  and  subtract  it 
from  the  former  ;  the  rejnainder  with  this  power  of 
5  will  be  the  respective  number  of  chances  for 
winning  or  losing. 

'Ihus,  if  a  person  should  bet  to  throw  at  least 
one  3  with^four  dice,  we  must  raise  6  to  the  4th 
power,  which  is  1296,  and  subtract  from  it  the  4th 
power  of  5,  or  625  ;  the  remainder  671  will  be  the 
number  of  chances  for  winning,  and  625  that  o 
the  chances  of  losing  ;  consequently  there  will  be 
an  advantage  in  laying  an  even  bet. 

It  is  advantageous  also  to  undertake,  on  an  even 
bet,  to  throw  any  determinate  point,  for  example  3, 
in  five  throws,  or  with  five  dice  ;  for  if  from  the 
5th  power  of  6,  which  is  7776,  we  deduct  the  5th 
power  of  5,  or  3125,  the  remainder  4651  will  be 
the  number  of  favourable  chances,  and  3125  that 
of  the  unfavourable.  Consequently,  to  play  an 
equal  game,  he  who  bets  on  throwing  the  above 
point,  ought  to  deposit  465 1  to  3125,  or  nearly  3 
to  2. 

VOL.  I.  '  I 
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3d.  In  bow  many  throws  may  one  bet,  on  equal 
terms ^  to  throw  a  determinate  doublet^  for  example  sixes, 
with  two  dice? 

It  has  been  already  shewn,  that  the  probability  of 
not  throwing  sixes  with  two  dice,  is  jl  ;  con- 
sequently the  probability  of  their  not  coming  up  in 
two  throws,  will  be  the  square  of  that  fraction  ;  in 
three  throws,  the  cube;  &c.  But  as  the  povper% 
of  every  number,  greater  than  unity,  however  small 
the  excess,  go  on  always  increasing,  those  of  a 
number  less  than  unity,  however  small  the  defect, 
go  on  always  decreasing  :  the  consecutive  powers 
therefore  of  H  will  go  on  always  decreasing.  Now 
let  us  conceive  -j^  to  be  raised  to  such  a  power  as  to  be 
equal  to  §  ;  it  will  be  found  that  the  24th  power  of  j{ 
is  somewhat  greater  than  |  ;  and  that  the  25th 
power  is  somewhat  less*;  hence  it  follows,  that  one 
may  lay  an  even  bet  with  some  advantage,  that 
anotho^  wHl  not  bring  sixes  in  24  throws  with  two 
dice,  but  that  there  is  some  disadvantage  in  taking 
an  even  bet  that  they  will  not  come  up  in  25  throws. 
Consequently,  he  who  bets  on  throwing  sixes  in  24 
throvSf  does  so  with  disadvantage  ;  but  if  he  lays 
an  even  bet  that  they  will  come  up  in  25  throws, 
,  the  advantage  is  in  his  favour. 


♦  Let  n  bt  the  exponent  of  that  power  of  ]}  which  is  cq-jal  to  I  ; 

*  that  is  to  %ay,  let  —  be  equal  to  h     As  the  unkoov^n  quantity  n  is 

in  the  exp<  nt  u;  it  mu^t  be  discngageil  from  it,  which  may  be  done 

by  mean$  of  logarithms.    For  if  —  »=  |,  by  taking  the  logaritiirtiî 

36' 
we  shall  have  a  log.  3$  —  n  log.  36  =  be.  4i  or  =  —  log.  2  ;  for 

log..-J=  —  loc.  2.     llcr.ce  k  log.  35  —  «  leg.  -6  =-  —  l>g.  2,  or  lo^. 

I'R-    2 

2  =  »  log.  36  —  nh'J.  35.  Therefore,  «  =  , — ; Which  uivw 

*  ""  ^  '        io£.  36-log.35 

V  =  24*605,  or  24.*,  nearly. 
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•  4th.  What  probability  is  (tl^ere  of  throwing  any 
idetenninate  doublet^  for  example  two  threes j  in  one 
threw  with  tw§  or  more  dice?  ' 

To  determine  this  question,  we  must  first  observe, 
that  he  who  undertakes  to  throw  two  threes  with 
two  dice,  has  only  one  fovourable  chance,  in  the  36 
chances  or  combinations  given  by  two  dice  ;  and  it 
thence  follows  that  he  ought  to  bet  no  more  than  t 

to  35- 

In  the  case  of  three  dice,  it  will  be  found  that 
he  ought  to  bet  no  more  than  1 6  to  200  ;  for  the 
number  of  chances  or  combinations  possible  with 
three  dice  is  216.  But  when  it  is  proposed  to  throw 
two  threes  with  three  dice,  they  may. come  up  16 
different  ways  ;  for  in  the  36  combinations  of  the 
two  dice  A  and  B,  all  those  in  which  one  3  only  is 
found,  as  I,  3  ;  3,  I  ;  &c,  being  10  in  number, 
by  combining  with  the  side  marked  3  of  the  die  C, 
give  two  threes.  Besides,  the  combination  3,  3 
of  the  dice  A  and  B,  by  combining  with  one  of  the 
six  faces  of  the  third  C,  will  give  two  threes.  Here 
then  we  have  16  ways  of  throwing  two  threes  with 
three  dice,  which  give  16  fcivourable  chances  in 
216.  Consequently,  the  probability  of  throwing 
twp  threes  with  three  dice,  is  ~;  and  no  more 
oitght  to  be  betted  on  the  success  of  that  event  than 
ï6  to  200,  or  2  to  25. 

If  the  probability  of  throwitig  two  threes  with 
four  dice  be  required  ;  we  shall  find  that  it  is  ex- 
pressed by  1^  ;  for,  of  the  1 296  combinations  of 
the  feces  of  four  dice,  there  are  1 50  which  give  a 
threes;  20  that  give  3,  and  one  that  gives  4, 
making  all  together  171  throws,  which  give  2  or  3 
or  4  threes.     Consequently,  no  more  than  19  to 
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144,  or  about  i  ço  7Î,  ought  to,  be  betted  on  throw-» 
ing,  at  least,  ouce  threes  with  four  dice. 

In  the  last  pLice,  if  the  probability  of  throwing 
any  doublet,  at  one  throw,  with  two  or  more  dice, 
be  required  ;  it  may  Le  easily  determined  by  the 
preceding  method  of  calculation  j  for  if  an  indeter- 
minate doublet  be  proposed,  it  is  evident  that  the 
probability  is  six  times  as  great  as  when  an  assigned 
doublet  is  proposed  ;  and  therefore  we  have  only  to 
multiply  the  probabilities  already  found  by  6.  The 
probability  therefore  with  two  dice,  will  be  -^^  or  i  ; 
with  three. dice,  -rr^^^y  with  four  dice,  —-»  &c- 
So  that  there  is  an  advantage  in  taking  an  evci\,  bet 
to  throw  at  least  one  doublet  with  four  dice. 
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^100  persons  sif  down  to  play  for  a  certain  sum  of 
money  ;  and  agree  that  he  who  first  gets  three  games 
shall  be  the  'winner.  One  of  them  has  got  tv;ù 
games  ^  and  the  oîJyer  one  ;  but  being  unwilling  t$ 
continue  their  play^  they  resohe  to  divide  the  stake: 
how  7)wch  cf  it  c light  each  person  to  receive  ? 

Thi»  problem  is  one  of  the  first  that  engaged  the 
attention  of  Pascal,  when  he  began  to  study  the  calcu- 
lation of  probabilities.  It  was  resolved  .by  Fermât, 
a  celebrated  geoi7^€trician,  to  whom  he  proposed  it, 
by  a  difierent  .H>ethod,  viz  that  of  combinations:  we 
«hall  here  give  both. 

It  is  evident-  that  each  of  the  players,  în  depositing 
his  money  resigns  al.  right  to  it;  but,  in  return, 
each  has  a  right  to  what  chance  may  give  him  ; 
consequently  when  they  give  over  playing,  the  stak« 
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ought  to  be  divided  in  proportion  to  the  probabîlîty 
each  had  of  winning  the  whole  sum  had  they  con» 
tinued. 

Case  I  St,  This  proportion  may  be  determined  by 
the  following,  rçasoning.  Since  the  first  player 
wants  one  game  to  be  out,  and  the.  second  two,  it 
may  be  readily  perceived,  that  if  they  continue 
their  play,  and  if  the  second  should  win  one  game, 
he  would  want,  in  the  same  manner  as  the  first, 
one  game  to  be  out  ;  and  in  that  case,  the  two 
players  being  equally  advanced,  their  hopes  or 
chances  of  winning  would  be  equal.  This  being 
supposed,  they  would  have  an  equal  right  to  the 
stake,  and  consequently  each  ought  to  have  an 
equal  share  of  it. 

It  is  evident  therefore,  that  if  the  first  should  win 
the  game  about  to  be  played,  the  whole  money 
deposited  would  belong  to  him  ;  and  that  if  he  lost 
it,  he  would  have  a  right  only  to  the  half..  But  the 
one  case  being  as  probable  as  the  other,  the  first  has 
a  right  to  the  half  of  both  these  sums  taken  together. 
But  together  they  make  f,  the  half  of  which  is  \  ; 
and  this  is  the  share  of  the  ^take  belonging  to  the 
first  player;  consequently  that  belonging  to  the 
second  is  biiiy  i. 

Case  2d.  The  solution  of  the  first  case  will  enable 
us  to  solve  the  second,  in  w^hich  we  suppose  that  the 
first  player  wants  one  game  to  be  out,  and  the 
second  three  ;  for  if  the  first  should  win  one  game, 
he  would  be  entitled  to  the  whole  stake,  and  if  he 
lost  one  game,  by  which  means  the  second  would 
waxit  only  two  games  to  be  out,  i  of  the  money 
would  belong  to  the  former,  as  the  parties  would 
then  be  in  the  situation  alluded  to  in  the  preceding  . 
case.     But  as  both  these  events  are  equally  pro- 
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bable,  the  first  ought  to  have  the  half  of  the  two 
sums  taken  together,  or  the  half  of  I,  that  is  f  ; 
the  remainder  t  will  therefore  be  what  belongs  to 
the  second. 

Case  3d.  It  will  be  found,  by  the  like  reasoning, 
if  we  suppose  two  games  wanting  to  the  first  player, 
^d'  three  to  the  second,  that  on  ceasing  to  play, 
they  ought  to  divide  the  stake  in  such  a  manner, 
that' the  former  may  have  7^,  smd  the  latter  -/^. 

Case  4th.  If  four  games  were  to  be  played  ;  and 
if  the  first  wanted  only  two  games,  and  the  second 
four,  the  money  ought  to  be  divided  in  such  a  man-- 
ner,  tha(  the  forpier  should  have  7I,  and  the  latter 
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But  we  may  dispense  with  the  above  reasoning, 
and  employ  the  following  general  rule,  deduced 
from  it,  which  is  to  be  applied  by  means  of  the 
arithmetical  triangle.  Enter  that  diagonal  of  the 
aritlunetical  triangle  the  order  of  which  is  equal  to 
the  number  pf  the  games  wanting  to  both  players. 
As  this  number  in  the  first  case  is  3,  we  must  enter 
the  third  diagonal  of  the  triangle;  then  because 
the  first  player  wants  only  one  game,  we  must 
take  the  first  number  of  that  diagonal;  but^  because 
two  are  wanting  to  the  second,  we  piust  take  the 
5um  of  the  two  .first  numbers,  which  will  give  3.  - 
These  two  numbers  therefore,  i  and  3,  will  in- 
dicate, that  the  stake  ought  to  be  divided  in  the 
same  proportion:  consequently  the  first  player, 
ought  to  have  i,  and  the  second  J. 

4  8  this  rule  may  be  easily  applied  to  every  other 
case  whatever,  we  shall  eoiarge  no  further  on  the 
s^ibject. 
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The  second  method  of  resolving  problems  of 
this  kind,  i^ich  is  that  of  combinations,  is  as 
follows: 

To  resolve,  for  example,  the  fourth  case,  where» 
according  to  the  supposition,  the  first  player  wants 
^  two  games  to  be  out,  and  the  second  four,  so  that 
together  they  want  six  games;  take  unity  from  that 
sum,  and  because  5  remain,  we  shall  suppose  the 
five  similar  letters,  a  a  a  a  a^  favourable  to  the 
first  player,  and  the  five  following,  b  b  bb  b^  favour- 
able to  the  second.  TTiese  letters  must  be  com- 
bined, as  in  the  following  table,  where,  of  the  32 
combinations  which  they  form,  the  first  26,  towards 
the  left,  where,  a  occurs  at  least  twice,  will  indicate 
the  number  of  chances  which  the  first  has  of  win-* 
ning  ;  and  the  last  6,  towards  the  light,  in  which 
a  never  occurs  oftener  than  once,  will  indicate  those 
favourable  to  the  second. 


a  a  a  a  a 
a  a  a  ah 
a  a  a  b  a 
a  a  b  a  a 
a  b  a  a  a 
b  a  a  a  a 


a  a  a  b  b 
a  a  b  b  a 
a  b  b  a  a 
b  b  a  a  a 
a  a  b  a  b 
a  b  a  a  b 
b  a  a  a  b 
b  a  ab  a 
b  a  b  a  a 
a  b  a  b  a 


a  a  b  b  b 
a  b  b  b  a 
b  b  b  a  a 
a  b  a  b  b 
a  b  b  a  b 
b  b  a  a  b 
b  a  a  b  b 
b  a  b  b  a 
b  b  ab  a 
b  a  b  a  b 


abbbb 
b  b  b  ba 
b  a  b  b  b 
bbabb 
b  b  b  a  b 
bbbbi 


The  expectation  therefore  of  the  first  player,  will 
be  to  that  of  the  second,  as  26  to  6,  or  as  13  to  3. 

In  like  manner,  to  resolve  the  case  where  the 
first  player  is  supposed  to  have  won  three  games, 
mA  the  other  none^  as  he  must  win  who  first  gets 
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{out  games,  the  number  of  the  gamçs  wandng  to 
both  will  be  5,  which  being  diminished  by  unity, 
will  give  4.  We  must  then  examine  in  how  many 
different  ways  the  letters  a  and  b  can  be  combine^ 
four  and  four,  which  will  be  found  to  be  16  viz  : 

a  à  a  a    a  a  b  b  a  b  b  b 

a  a  ab    a  b  a  b  b  a  b  b 

a  a  b  a    b  a  a  b  b  b  a  b 

a  b  a  a    abba  b  b  b  a 
ka a  a     baba 
bb  a  a 

But,  of  these  1 6  combinations,  it  it  evident  there 
are  i  :;  where  a  is  found  at  least  once  ;  which  in- 
dicates that  there  are  1 5  combinations  or  chances 
favourable  to  the  first  player,  and  one  favourable  to 
the  second.  Consequently  they  ought  to  divide  the 
stake  in  the  ratio  of  r  5  to  1 ,  or  the  former  ought 
to  have  ^  of  it,  and  the  latter  -^^ 

PROliLEM    IV. 

Of  the  Genoese  Lottery. 

Ald  persons  are  acquainted  with  the  nature  of 
lotteries,  a  kind  of  inôùturion  which  originated  in 
Italy,  and  which  was  afterwards  introduced  into 
other  countries  of  Europe  It  took  its  rise  at  Genoa, 
where  it  had  long  been  customary  to  choose  annually 
by  ballot  five  members  of  t!ie  senate,  which  was 
composed  of  90  persons,  in  order  to  form  a  par- 
ticular council.  Some  idle  })ersons  took  this  oppor-! 
tunity  of  laying  bets,  that  the  lot  would  fall  on  such 
or  such  senators.  The  govern 'nent  then  seeing 
with  what  eagerness  people  interested  themselves  ij\ 
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these  bets,  conceived  the  idea  of  establishing  a 
tottery  on  the  same  principle  ;  which  was  attended 
with  'so  great  success,  that  all  the  cities  of  Italy 
wished  to  participate  in  it,  and  sent  large  sums  of 
money  to  Genoa  for  that  purpose.  ^The  same 
motive,  and  that  no  doubt  of  increasing  the  revenues 
of  the  church,''  induced  the  pope  to  establish  one  of 
the  same  kind  at  Rome,  the  inhabitants  of  which 
became  so  fond  of  this  species  of  gambling,  that 
they  often  deprived  themselves  and  their  families  of 
the  necessaries  of  life,  that  they  might  have  money 
to  lay  out  in  the  lottery  Many  of  them  also 
indulged  in  every  kind  of  foolery  that  credulity  or 
superstition  could  inspire,  in  order  to  obtain  for- 
tunate numbers. 

The  analysis  of  this  kind  of  lottery  is  reduced  to 
the  solution  of  the  following  problem. 

Ninety  numbers  being  pven^  Jive  of  whidb  are  to  be 
drawn  by  chance  ;  it  is  required  to  determine  what  pro-t 
bability  there  is  that  among  these  five  y  there  will  be  onCy 
two,  three  y  fiur^  or  Jive  numbers  ^  which  any  one  has 
chosen  from  among  the  go  ? 

It  may  be  readily,  seen,  that  if  one  determinate 
number  only  were  proposed,  and  that  if  no  more 
than  one  number  were  to  be  drawn  from  the  wheel, 
the  adventurer  would  have  only .  one  favourable 
chance  in  the  90  y  but  as  five  numbers  are  drawn 
from  the  wheel,  this  quintuples  the  chance  favour- 
able to  the  adventurer,  so  that  he  has  five  favour- 
able chance?  in  the  ninety.  His  probability  there- 
fore of  winning,  is  ^  ;  and,  to  play  an  equal  game, 
the  stakes  ought  to  be  in  the  same  ratio,  or,  what 
amounts  to  the  same  thing,  the  proprietor  of  the 
lottery  ought  to  reimburse  the  prfce  of  the  ticket 
1 8  times. 
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To  determine  what  probability  there  is,  that  two 
numbers  selected  will  both  come  up,  we  must  first 
find  how  many  combinations  may  be  produced  by 
90  numbers,  taken  two  and  two.  In  treating  on 
combinations  we  have  already  shewn,  that  in  this 
case  thev  amount  to  4005  ;  but  as  five  numbers  are 
drawn  from  thé  wheel,  and  as  these  five  numbers, 
combined  together  two  and  two,  give  10  twos,  it 
thence  results  that,  in  these  4065  chances,  there 
lire  only.  10  faVourable  to  the  adventurer.  The 
probability  therefore,  that  the  two  numbers  selected 
may  be  among  those  drawn  from  the  wheel,  will  be 
expressed  by  —j  or  -^- .  For  this  reason  the  pro- 
prietor of  the  lottter}'  ought  to  give  the  adventurer, 
in  case  he  should  win,  400  i  times  the  price  of  the 
ticket; 

To  determine  what  probability  there  is»  that  three 
.  nurnbers  selected  will  come  up  among  the  five 
drawn  from  the  wheel,  we  must  find  how  many 
ways  90  numbers  can  be  combined  three  and  three, 
or  how  many  threes  they  make.  These  combina- 
tions amount  to  11 7480;  but  as  the  five  numbers 
drawn  from  the  wheel  form  10  threes,  the  adven- 
turer has  10  favourable  chances  in  1 17480,  and  the 
probability  in  his  favour  is  tttxtt  or  rrhi'  1'^ 
risk  his.  money  therefore  on  equal  terms,  the  prize 
ought  to  be  1 1748  times  the  price  of  the  ticket. 

In  the  last  place,  it  will  be  found  that  in  51 1038 
chances,  there  is  only  one  fa\*ourable  to  the  person 
who  should  bet  that  4  determinate  numbers  will 
come  up  ;  and  i  in  43949268  favourable  to  the 
person  who  should  bet  that  five  determinate  num- 
bers will  be  the  five  drawn  ;  consequently,  in  the 
last  case,  to  risk  his  money  on  equal  terms,  accord, 
ing  to  mathematical  strictness  the  «adventurer,  shou^ 
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he  be  successful,  ought  to  receive  nearly  44  milKons 
of  times  the  money  which  he  lays  out. 

PROBLEM  V, 

A  certain  person,  whom  we  shall  call  A^  playing  at  tie 
game  of  thirteen^  betSy  that  in  turning  up  the  cards 
successively,  according  to  their  order,  ace,  deuce^  tré^ 
Efff ,  to  the  kingy  which  is  the  last^  he  will  turn  vf 
one  card  y  at  leant .  which  he  has  named  :  what  pre- 
bability  has  A  in  his  favour  ? 

To  enable  the  reader  to  comprehend  this  problem, 
it  will  be  necessary  to  explain  the  nature  of  the  gaVne 
to  which  the  author  alludes.  The  players  having 
cut  for  the  cards,  we  shall  suppose  that  A  has  them, 
and  that  the  players  are  any  number  at  pleasure.  A 
then  takes  the  pack,  consisting  of  52  cards,  and; 
when  they  have  been  shuffled,  turns  them  up  one 
after  the  pther,  calling  one  when  he  turns  up  the 
first,  two  when  he  turns  up  the  second,  and  so  on 
to  the  thirteenth,  which  is  represented  by  a  king. 
If,  in  all  this  series  of  cards,  he  turns  up  none  in 
the  order  in  which  he  named  them,  he  pays  to  each 
of  the  players  what  they  deposited,  and  resigns  the 
cards  to  the  next  person  on  his  right. 

But  if  it  should  happen  that  he  turns  up,  in  the 
series  of  15  car4s,  any  one  card  which  he  has 
named,  that  is  to  say,  if  he  turns  up  an  ace  at  the 
time  when  he  calls  out  one,  or  a  two  when  he  calk 
out  two,  and  so  on,  he  gets  the  whole  stake,  and 
beging  as-  before,  calling  out  one,  then  two,  &c. 

It  may  sometimes  happen  that  A,  after  winning 
several  times,  and  beginning  again  at  one,  has  not 
^  su%ieiit  number  of  cards  in  his  hand  to  go  dn  to 
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X3  ;  in  that  case,  when  the  cards  art  out^  they  must 
foe  shuffled  and  cut,  and  he  muse  then  take  frc  m 
the  pack  the  number  of  cards  sufficient  for  him  to 
continue  the  game,  beginning  where  he  left  off: 
that  is  to  say,  if  in  turning  up  the  last  card  he 
named  seven,  in  turning  up  the  first  of  the  new 
cards  he  must  call  out  eight,  then  nine,  and  so  on 
to  13,  unless  he  wins  before  ;  in  which  case  he 
must  begin  once  more,  calling  out  one,  then  two, 
and  so  on  as  already  explained. 

As  it  would  be  too  tedious  to  enter  into  a  com- 
plete analysis  of.  this  game,  v/e  shall  only  observe, 
that  accordmg  toMoutmort,  if  A  holds  only  two 
cards,  the  probability  of  his  winning  is  .[-  ;  if  he  has 
three,  it  is  4  ;  if  four,  it  is  ^  ;  and  in  the  last  place, 
if  he,  has  13,  it  is  ~izf~^  ;  so  that,  to  play  an 
equal  game,  A  ought  to  bet  somewhat  less  than  1 1 
to  6. 

PROBLEM  VI. 

A  and  B  playing  at  piquet  ;  A  is  first  in  hand^  and 
bas  no  ace  :  what  probabiliiy  is  there  that  he  will  get 
cne,  or  two,  or  three^  or  four  ? 

It  is  well  known  that  at  this  game  12  cards  are 
dealt  to  each  of  the  players,  and  that  8  remain  in 
the  pack,  of  which  the  first  takes  5,  and  the  last 
3.     This  being  premised,  it  will  be  found  that  A's 

chance  to  have  any  one  ace  is ^ff 

to  have  two •     .     .     .     .     ^77 

to  have  three •     •     •     •     7^ 

to  have  four •  .     .     .     ^ 

the  sum  of  all  these  is  J^-^,  which  is  equal  to  — . 

Hence  it  follows,  that  the  probability  of  his  hav- 
ing  an  ace  among  the  five  cards  he  has  to  take  in^ 
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13  jff,  the  difference  between  which  numbers  is  71, 
so  that  one  may  bet  252  to  71  that  A  will  take  in 
&ome  of  the  aces.  ,  But  let  us  suppose  that  A  is  last 
in  hand  ;  in  that  case  it  is  required  how  much  he 
may  bet  that  he  will  have  at  least  one  ace  among  his 
three  cai:d8  ? 

The  probability  of  -A  having  an  ace  among  his 

three  cards  is     .     . 1^  or*  ztI 

of  having  two  it  is .         ^* 

of  having  three 

the  sum  of  all  which  is  ~  ^  or  j-^. 

Consequently,  the  probability  that  he  will  have 
either  one,  or  two,  or  three  inde^terniinately,  is  yf . 
A  may  therefore  take  an  equal  bet  with  advantage, 
that  he  will  have  one  of  the  aces,  for  the- ratio  of 
the  stakes  \vould  be  29  to  28. 

PHOBLEM  Vir. 

jlt  the  game  of  whist,  zvbat  prcbabH/iy  is  there,  that 
the  four  ho?iours  will  not  be  in  the  hands  of  any  two 
partners  ? 

m 

Dr  MoiviiE,  in  his  Doctrine  of  Chances,  shews 
that  the  chance  is  nearly  2  7  to  2  that  the  partners, 
one  of  whom  deals,  will  not  have  the  four  honours. 

That  it  is  about  .23  to  1  that  the  other  two  part- 
ners will  not  have  them. 

.  That  it  is  nearly  8  to    i  that  they  will  not  be 
found  on  any  one  side. 

That  one  may  bet  about  1 3  to  7,  without  disad« 
vantage,  that  the  partners  who  are  first  in  hand  wiU 
not  count  honours. 

That  about  20  to  7  may  be  bfetted,  that  the  other 
two  will  not -count  them. 
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'  And,  in  the  last  place,  that  it  is  25  to  16,  that 
one  of  thé  two  sides  Mtill  count  honours,  or  that 
they  will  not  be  equally  divided. 

PROBLEM  VIII. 

Of  the  game  of  the  American  Savages. 

We  are  told  by  Baron  de  la  Hontan,  in  his  Voy^ 
0ges  en  Canada^  that  the  Indians  play  at  the  follow- 
ing game  :  they  hare  â  nuts,  black  on  the  one  side 
and  white  on  the  other  ;  these  they  throw  into  the 
air,  and  if  it  happens,  when  they  fall  to  t&e  ground, 
that  the  black  are  odd,  the  player  wins  the  stake  ; 
if  they  are  all  black,  or  all  wliite,  he  wins  the 
double  ;  but  if  there  are  an  equal  number  of  each, 
he  loses. 

M.  de  Montmort,  who  analysed  this  game,  finds, 
that  he  who  tosses  up  the  nuts,  has  an  advantage, 
which  may  be  estimaied  at  ~  ;  and  that  to  render 
the  game  equal,  he  ought  to  deposit  22  when  his 
adversary  stakes  2 1 . 

PROBLEM  IX. 

Of  the  game  of  Backgammon. 

The  game  of  backgammon  is  one  of  those  where 
the  spirit  of  combination  i^  displayed  in  a  very 
Striking  manner,  and  ^here  it  is  of  great  utility  to 
know,  at  every  throw,  what  may  be  hoped  or 
feared  from  the  succeeding  throws,  whether  your 
own,  or  those  of  your  adversary.  The  chances  in 
this  game,  like  those  in  others,  may  be  appreciated 
mathematically  ;  but  we  shall  here  confine  ourselves 
to  à  small  number  of  examples,  selected  from  those 
easiest  to  be  comprehended. 


OAM£  OF   BACKGAMMON. 


127 


.  1.  A,  being  at  play  at  backgammon,  is  obliged  to  make 
à  blot  ;  now  bis  throw  is  such,  that  he  can  make  it  W- 
tber  where  his  adversary  B  may  take  it  up  with  a  sin^ 
gle  ace,  or  where  he  can  take  it  up  by  throwing  seven  in 
any  manner  :  the  question  is,  where  should  he  make  the 
blot? 

As  the  number  of  chances  for  throwing  one  aoe 
or  more,  is  ïi,  and  the  numt)er  of  chances  for 
throwing  seven  in  any  manner,  are  but  6,  it  will 
be  safest  to  make  the  blot  "where  it  may  be  taken  up 
by  throwing  1 7. 

II.  Whether  is  it  safer  to  make  a  blot,  at  backgammon^ 
where  it  may  be  taken  up  by  an  acÇy  or  where  it  may  be 
taken  up  by  a  tré  ? 

The  number  of  chances  for  throwing  one  ace  or 
more,  and  those  for  throwing  one  tré  or  more,  arc 
each  1 1  ;  but  there  are  2  chances  for  throwing 
deux  ace,  or  3  ;  it  will  therefore  be  safer  to  make 
the  blot  where  it  can  be  taken  up  only  by  an  ace. 

The  following  table  will  shew  the  chances  of 
taking  up  a  single  blot  however  situated. 


INo.of 

points 
to  hit 

Cbaoces 

rotal       1 
chances 

I 

i 

II 

1 
II 

2 

3 

II   +  I 

1 

12 

i  II  +  2 

.13 

* 

4 

ÏI   +  3 

14 

5 

II   +  4. 

■' 

1  ^.:  ''  +5 

16 

• 

No.t>f 
points 
to  t^it 

Chances 

Total      1 
chaoces    I 

7 

6 

6 

« 

5 

8 

5 

9 

4 

4 

10 

3 

3 

1 

II 

1 

2 

2 

12 

I 

I 

)£8 
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Hence»  if  a  blot  is  liable  to  be  hit  by  any  one 

hct  of  the  die,  the  mean  probability  of  hinting  it 

II  -f  16         / 
will  be  7^;:^  zr  1;.  zi  I  nearly. 

IIL  Jf  two  blots  be  made  at  backgammon ^  so  as  to  be 
hii  by  two  différent  faces  of  the  dicj  what  is  the  proba- 
biUîy  of  hitting  one  or  both  of  them  ? 

By  the  first  table  it  will  appear,  that  the  pro- 
bability of  throwing  one  or  more,  of  any  two 
given  faces,  is  i%  But  besides  this,  one  or  both 
the  blots  may  be  at  length  hit  by  the  two  dice,  and 
the  probability  in  this  case  will  be  different,  accord- 
ing to  the  number  of  points  that  will  hit  them,  as 
in  the  following  table  : 


Faces 
to  bit 

Chances 

Total       1 
chances 

• 

1.2 
1-3 

20  +  I 

21 

20  +  2 

22 

1-4 

20  +  3 

23   i 

^•5 

20  +  4 

24 

1 

1.6 

• 

2-3 

20  +  5 

25    : 

20+1  +  2 

23    '■ 

1 

2.4 

|2.^ 

20+1+3 

-4.-  I 

20+1+4 

25 

;Faccb 

1  0  hif 

4 

ChanceiT 

Toi;.l      " 
chances 

2.6 

3-4 

20  +  1+5 

26 

20+2  +  3 

25 

.1.6 

20+2+4 

26 

20+2  +  5 

27 

4-5 

1  ^^^    ^ 

20+3+4 

27    . 

^.6  20+3+5 

28      1 

5-6 

20+4+5 

29 

Hence  ihe  probai  ility  of  hitting  two  such  blots. 


rill  be  at  a  medium 
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tV.  J^iben  ie  three  bhts,  se  situated  as  te  ie  hit  by 
ihree  firent  faces  ;  the  prriaJnkty  rf  bitting  ene  et 
fnore  cf  them  is  required? 

The  fitst  table  will  give  the  probability  of  hitting 
one  or  more  of  the  blots  with  a  single  face  or  £ioes  ; 
but  béttdes  this^  there  will  be  the  probability  of 
hitting  one  or  more  of  the  blots  with  two  dice,  the 
least  of  '^Jeh  will  be  when  the  given  faces  are  r^ 
8,  3,  vtbkh  have  i  -f^  a  r:  3  such  chances^  and 
the  greatest  when  the  given  faces  are  4,  c^  6^  whkh 
have  34*4  +  5  =  1^  such  chances  ^  the  mcdiun^ 

of-these^  viz.  ^  "^  ■■  ^  =r  V,  being  added  to  27,  will 

make  the  whole  probabihty  about  27  -f  ^  V  =  V» 
which  divided  by  the  common  denominator  36^ 
becomes  ^  zz  H* 

:  Hence,  i^  a  plaver  at  backgammon  makes  3  blots» 
wluch  are  severally  within  the  reach  of  bong  hit  b; 
a  single  hcf^of  the  diie»  it  is  almost  ^  certsiaty  that 
one  of  tt^fm  at  least  wUl  be  hit. 


tmusaehank  #f  a  cettntfyfair  amused  the  pefuUue 
with  the  foOewing  garner  be  bad  6  4b^  each  ef 
which  was  marked  only  en  ene  face^  tbejirw  with 
I,  the  second  vnth^  2>  and  te  en>to  the  sixths  itéicb 
was  marked  6  ;  the  fer^  who  flayed  gmse  ham  a 
certain  sum  ef  nmey^  askt  he  engaged  to  return  U  a 
hundreds/old,  if  in  throwing  these  sindiet^  the  six 
marked  faces  should  ceme  up  only  once  in  20  throws. 
J^  the  adventurer  lost;  the  mountebank  offered  a  new 
chance  on  the  following  conditions  :  to  deposit  a  sum 


« 
0 
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€fud  i9  tbifirmer^  mdto  receive  bêtb  the  staked  in 
erne  be  sAeuU  britig  edl  tbe  Uank  facet  in  3  succeuive 
tbrewSm 

Those  unacquainted  with  the  method  to  be  pur- 
iued  in  otder  to  resolve  such  problems,  are  liable 
to  reascm  in  an  erroneous  manner  on  dice  of  this 
Idnd;  for  obserring  that  there  are  five  times  ai 
many  blank  as  marked  Ëices^  thej  thence  conclude 
that  it  is  5  to  I  that  the  person  who  throws  them 
will  HOC  boring  any  pointé  They  are  however  vois* 
taken,  as  the  probability,  on  the  contrary,  is  near 
2  to  r  that  they  will  not  come  up  all  blanks. 

If  we  take  only  one  die,  it  is  evident  that  it  is  5 
to  I  diat  the  person  who  holds  it  will  throw  a  blank; 
but  if  we  add  à  second  die,  it  may  be  readily  seen, 
thiat  the  marked  face  of  the  first  may  combine  with 
each  of  the  blank  faces  pf  the  second,  and 'the 
marked  face  of  the  second  with  each  of  the  blank 
feces  of  the  first  ;  and,  in  the  last  place,  the  marked 
face  of  the  one  with  the  marked  face  of  the  other  : 
consequently,  of  the  36  combinations  of  the  faces 
of  these  two  dice,  there  are^  1 1  in  which  there  is  at 
least  one  marked  face.  But,  as  we  have  already 
observed^  '  this  number  1 1  is  the  difference  of  the 
squasÀ  of. 6,  the  Dumber,. of  the.fjaicçjs  of  one  die, 
aikd  of  the  square  of  the  same  number  diminislied 
by  unity,  that  is  to  sa^y  pf  .5/ 

If  a  tbdrd  die  b^ added,,  we  shall  find,  by  the  like 
analysis,  that  of  the  a  1 6  combinations  of  thic^  dice, 
thare  are  91  in  which  there  is  at  least  one  marked 
face  ;  and  91  is  the  difference  of  the  cube  of  6  or 
^16,  and  the  cube  of  5  or  185  ;  the  result  will  be 
the  same  in  regard  to  the  more  complex  cases  ;  and 
hence  we  may  conclude  (hat,  of  the  46656  com- 
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Ibmadom  of  .the  faces  of  the  6  dice  in  question,  there 
>will  be  31031  in  which  there  is.  at  least  pne  marked 
face,  aiitd  15625  in  which  all  the  faces  are  blank; 
consequently,  the  chance  is  2  to  i  that  some  point 
-at  least  .will  be  thrown  ;  whereas,  by  the  above 
reasoning,  it  would  appear  that  5  to  i  might  be 
betted  on  the  contrary  being  the  case. 

This  example  may  serve  to  shew  how  diffident  we 
ought  to  be  in  regard  to  the  ideas  which  occur  on 
the  first  consideration 'of  subjects  of  this  kind  ;  and 
it  may  be  added  that,  in  this  case,  our  reasoning  is 
tonfinned  by  experience.  But  to  return  to  the  pro- 
blem; it  is  evident  that,  of  the  46656  combinations 
of  the  faces  of  6  dice,  there  is  only  one  which  gives 
the  6 ,  marked  faces  uppermost  ;  the  probability 
therefore  of  throwing  them  at  one  throw,. is  ex- 
pressed by  4^i;^  ;  and.  as  the  adventurer  was 
allowed  20  throws,  ^e  probability  of  his  succeeding 
was  only  -irm-r»  which  is  nearly  equal  to  tttt*  To 
play  an  equal  game  therefore,  the  mountebank 
should  have  engaged  to  return  2332  times  the 
mon#y«  But  he  offered  only  100  times  the  stake, 
that  IS,  about  the  23d  part  of  what  he  ought  to 
have  offered,  to  give  an  equal  chance,  and  conse- 
quently he  had  an  advantage  of  22  to  i. 

The  chance  offered  to  those  who  might  'lose  was 
a  mere,  deception  ;  for  the  proposer  artfully  availed 
/himself  of  that  propensity  which  every  man,  who 
had  not  sufficiently  examined  the  subject^  would 
have  to  adopt  the  false  reasoning  above  mentioned  ; 
and  the  adventurer  would  have  the  less  hesitation  to 
accept  the  offer  as  it  would  seem  that  he  might  bet 
'5  to  I  on  bringing  blanks  every  throw;  whereas  it 
is  2  to  1  that  the  contrary  will  happen.  But  the 
chance  of  not  bringing  blanks  in  one  throw,  being 
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fe  that  of  bringing  them»  as  2  to  i }  it  ihcoos 
fbUows,  that  the  probability  of  not  bringing  then^ 
ûuùt  times  socoessiyelyy  is  to  that  of  bringing  them^ 
as  S  to  I.  To  play  an  equal  nme  the^sfoie,  the 
moontebank  ought  to  have  staSied  7  to  t  j  conse- 
quently^ in  the  chalice  which  he  gave  to  the  loser, 
in  a  game  where  he  had  an  advantage  of  22  to  i»  he 
had  stitt  an  advanuge  of  7  to  u 

FROBjLBM  xu 

In  b&w  many  tbtmvs  wkb  rin  diêe,smûrked  en  all  tidir 
faces,  may  a  penm  engage ^  for  an  even  bet,  $0 
tbreiw  I,  a>  3,  4f  5»  ^  ' 

We  have  just  seoi  that  there  are  46655  chances 
to  ij  that  a  person  will  not  throw  these  6  points 
with  dice  marked  only  on  <»e  of  their  faces  ;  but 
thecase  is  tery  different  with  6  dice  marked  on  all 
thcfar  faces }  and  to  prove  it»  we  need  only  observe 
diat  die  point  i^  for  example,  may  be  thrown  by 
each  of  the  dice,  as  well  as  the  2»  5»  &c  ;  which 
fenders  the  protratbifity  of  these  six  points,  i^  2,  3, 
&Cf  coming  up,  much  greater. 

But  to  analyse  the  problem  more  accurately,  we 
shairobaerve,  that  there  are  2  ways  of  throwmg  1, 
2y  with  two  dice;  viz  i  with  tne  die  A^  and  2 
with  the  die  B  ;  or  i  with  the  die  B,.  and  2  with  A« 
If  it  were  proposed  to  throw  i,  2,  3  with  3  dice  ; 
of  the  whole  of  the  combinations  of  the  faces  of  3 
dice,  there  are  6  which  give  the  points  I9  2,  3  ; 
for  1  may  be  thrown  with  the  die  A,  2  wkh  B,  and 
.3  with  C  ;  or  i  with  A,  2  with  C,  and  3  with  B  ; 
or  I  with  B,  2  with  A,  and  3  with  C  ;  or  i  with 
B>  2  with  C,  and  %  with  A }  or  i  with  C^  2  with 
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A,  and  3  y^h  B  ;  or  i  with  C»  2  with  B,  and  3 
with  A. 

It  hence  a|)pears  that,  to  find  the  number  of  waya 
in  which  i,  2,  3  can  be  thrown  with  3  dUce,  i,  2,  3 
must  be  multiplied  together.    In  like  manner,  to 
find  the  mmoiber  of  ways  in  which  i,  â,  3,  4  can 
be  thrown  With  4  dice,  we  mvst  multiply  together 
I,  a,  3,  Jh  which  will  gire  24;  and,  in  the  last 
place,  to  find  in  how  many  ways  i^  2,  3f  4r  5*  <^  ^^ 
be  thrown  with  6  dice,  we  must  multiply  together 
these  Ak  irambefs,  the  product  of  which  mil  be 
720. 
.  If  the  number  4665^,  which  is  the  eomlniSiationf 
of  the  JBk»  of  6  dice,  be  divided  Inr  y  2a,  we  shall 
have  64^  for  thé  chancei  to  t,  tnat  these  points 
will  not  come  up  at  one  throw;  consequently  a 
person  xsm  undertsdie,  for  an  even  bet,  to  bnng 
diem  in  50  throws  ;  ^md  one  may  bet  more  than  2 
to  I  that  thçy  will  come  up  in  130  throws.    In  the 
last  jdUce,  as  the  dice  may  be  thrown  130  times 
and  more,  in  a  quarter  of  an  hour,  a  person  may 
with  advantac;e  bet  more  than  2  to  t»  that  they  wiu 
tome  litr  hi  the  cours<r  of  that  time» 

Hemerefore  who  engages,  for  aq  evtn  bet,  to 
throw  these  jpoints  in  a  quarter  of  an  bour,  yfnaitr* 
takes  what  is  highly  advantageous  to  himself,  and 
eqnally  £sadvantageous  to  his  adversary. 


134  GAMES  WITH  THX 


PROBLEM    XII. 


A  origin  ptrsm  proposed  to  play  with  7  dice  y  marled^ 
an  all  their  faces ^  on  the  following  conditions  :  be  ' 
who  held  the  dice  was  to  gain  as.  many  crowns  as  he 
brot^Ét  sixes  f  but  if  he  brou£ht  rione^  he  was  to  pay 
Ù  hfs  adversMj  as  many  crowns  as  there  were  dicey 
that  is  7.    What  was  the  ratio  of  their  chances? 

m 

.  To  resolv^e  this/problcm^  we  ij^ust  aiulpe  It  in 
oràer.  Let  us  suppose  then,  that  there  is  only  one 
die:  ixL this  case  it  ia  e\idenj^  .that , as  there  is  only 
ijcnanoe  in  favour  of  tiim  who  .'holds  theéic,  and  5 
aiffainst  him,  the  ratio  of  the  ftsJces  x»ugnt  to  be  that 
of  I  to  5.  If  the  first  tiierefoiV  gave  a  crown 
every  tinté  .£e  did  not  tlirow  6^.  and  receivecjL  only 
the  same  suzn  .when  a  6  CfUne.i^  Ké 'would  play  a 
very  ijnequàl  game-         .  ^  7  "     ;      ' .     , .  .: 

X*et  us  now  suppose  2  dice.  In  the  3^  combinations, 
of  which  the  iaces  of  2  dice  are  susceptible,  there  are 
115  whichgive  no  6;  10  which  give  i,  and  i  which  gives 
a.  Hetherefore  who  holds  the  dice,  has  only  1 1  chances 
in  his  favour,  40  of  which  may  each  make  him  g^J^ 
^  crown,  s^'the  remainiiig  i  m^y  make  him  gain 
two.  '  His  ch^ce  thex^  of  tv^nning,  according  to  the 
general  rule^  will  be  f^  -f^  ^V  î  ^^  because,  if  thç 
25  chances  wÏÏich  do  not  give  a  d'shoufà  take  place, 
he  would  be  obliged  to  pay  2  crowns,  the  chance  of 
his  adversary  will  be  44.  Consequently  the  chance 
of  winning  will  be  to  that  of  losing  aç  ^  to  44^  or 
12  to  50,  or  less  than  1  to  4. 

To  determine,  in  the  more  complex  cases,  the 
chances  which  give  no  6,  those  which  give  one, 
those  which  give  two,  &c,  it  must  be  observed,  that 
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tiley  dare  a)tra1|t  expressed  by  the  different  terms  of 
the  pcmer  Of  5  +  19  the  exponent  of  which  is 
equal  to  the  number  of  the  dice,  llius,  when  there 
1»  màj  one  die,  the  number  5+1  expresses,  by 
its  first  term,  that  there  are  five,  chances  whhout  a 
6,  and  one  which  gives  a  6  ;  if  there  be  two  dice,  as 
the  product  ef  5  +  i  by  5  +  i,  or  the  square  of 
5  +  *,  ÎS25  +  >^  +  1,  the  first  term  i5  indicates 
that  there  in  95  chatnces,  in  the  36,  which  give  no 
6'i  10  whidi  give  one,  isnd  i  which  gives  two. 

In  like  manner,  as  the  cube  of  5  4-  i  is  125  + 
75  +  15  +  I,  it  denotes  that,  in  the  ai6  com- 
bination» of  the  faces  of  six  dice,  there  are  1 25  in 
which  there  is  no  6  ;  75  in  which  there  is  one  ;  15 
in  which  there  are  tpro,  ftnd  i  where  there  are  three- 

The  fourth  power  of  5 +ï  bdng'  615+500+ 1 50 
+20+1,  it  indicate8,jbi  thé  same  manner,  that  in  the 
1 296  Qombinatioas  of  the  faces  of  four  di^  there 
are  62^5  without  a  6}  500  which  give  o^  150 
which  give  two,  20  which  give  three,  and  only  i 
t^at  gives  four. 

We  shall  pass  over  the  intermedhte  cases,  and 
proceed  to  that  where  7  dice  are  employed.  In  this 
ease  then  it  will  be  founds  that  the  7th  power  of 
5  +  I  is  78125  +  109375  +  65625  +  21575  + 
4375  +  5^5  +  35  +  ^  =  279936.  In  the 
279936  combinations  of  the  faces  of  7  dice»  there  are 
78125  which  give  uo  6}  IQ9375  where  there  is 
one;  65625  where  there  are  two;  21875  where 
there  are  three,  &c»  But  as  he  who  holds  the  dice 
would  have  to  pay  7  crowns  for  each  of  the  first 
78125  chances,  should  they  take  place,  we  must 
consequently,  according  to  the  general  rule,  mul- 
tiply thait  number  by  7,  and  divide  the  product  by 
|hç  sitm  of  all  the  chances,  in  order  to  obtain  the 
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chance  agwnst  him,  whkh  is  zz  [^{Ijj,  To  fiad 
the  £ivourable  chance,  vc  must  muldplj  each  of 
the  other  terms  by  the  number  of  the  suces  it  pre- 
fcnts  ;  add  together  the  different  products,  and  di^ 
yidç  the  sum  by  the  whole  of  the  chances,  or  279936  ; 
J9  ttiis  manner  we  shall  have,  for  the  chance  in 
^vour  of  the  person  who  holds  the  dice,  j^jji;, 
Jlis  chance  of  wimiing,  therefore,  is  to  that  of 
losing,  as  515592. to  54687}  that  is  to  say,  he 
plays  a  disadvantageous  game,  or  it  is  54  to  32,  or 
47  <P  16,  or  more  than  3  ta  2,  that  he  "mil  lose. 

Sy  n  Ûke  process  it  may  be  £3und,  in  the  case  of 
idl^idioe,  that  the  chance;  of  the  person  who  holds 
:^em»  is  to  that  of  his  adversary,  as  2259488  to 
jia^opQ,  which- is  nearly  as  3^0  4. 
.  .  IttHfipte  were  nine  dice,  the  chance,  of  the  person 
whQ.faolib  them,  would  be  to  that  of  his  adversary, 
neuiy  as  151  to'175,  or  nearly  25  to  .29. 

-  {f  jthere  werp  ten  dice,  the  chance  of  the  former 
to  tlutr^  the  ktter,  W9!uI4  be  as  loi  176960  to 
97656250,  that  is  to  say,  nearly  as  10 1  to  gj-n*  The 
iuivantiige  ^^be^ftstobe  in  favour  of  aie  former, 
4>i^y*tirheo  the  number  of  the  dice  is  10  j  and,  to 
play  aii^equsd  game»  a  ^  nimber  oyght  not  to  bo 
«n;ipl<^ed» 
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To  teU  tie  number  thought  rfby  afersan. 


DESIRE  the  person^  whobas  thpuglit  of  anumberv 
to  triple  it,  and  to  take  the  exact  half  of  that  triple 
if  it  be  eiren^  or  the  greater  half  if  it  be  odd.  Then 
desire  him  to  triple  that  half,  and  aisk  him  how 
many  times  it  contains  9  ;  for  the  number  thought 
of  wl  contain  the  double  of  that  number  of  ninety 
a^d  one  more  if  it  be  odd. 

Thus  if  5  has  been  the  number  thought  of;  its 
triple  ^rill  be  15,  whicb  cannot  be  divided  by  '-% 
vûfaout  a  remainder.  The  greater  half  of  1 5'  is  8  > 
and  if  this  .half  be  multiplia  by  3,  we  shall  hatft 
04»  which  contains  9  twice:  the  nundier  thou|^ 
~af  liiU  therefore  be  4  +  i>  that  is  to  say  5^ 

.     ■    ■  • 

IL  » 

'  .      ■ 

:  Bid  die  person  nniltiply  ths  number  thought  of 
fay  itself }  then  desire  him- to  add  unity  to  the 
Bumber  thought  of,  and  to  multiply  that  sum  also 
Irjr  itself;  in  the  last  place  ask  him  to  tell  the 
dificreoce  of  these  two  products,  which  wfll  certainly 
be  in  odd  number,  and  the  least  hsdf  6f  it  mU  te 
tfaf  number  required* 


13S  SIVO^AtlON  AND 

Let  the  nmnber  thought  of,  for  example,  be  lo^ 
^  which  multiplied  by  itself  gives.  loo;  in  the  next 
place  lo  increased  by  i  is  ii,  which  multiplied  by 
ksci£jnakes  lai,  and  the  difference  of  these  two 
squares  is  ai,  the  least  half  of  which,  being  lo^  is 
the  number  thought  of. 

This  operation  might  be  varied  in  the  second  step^ 
by  desiring  the  person  to  multiply  the  number  by 
itself,  after  it  has  been  dtminishcsd  by  unity,  and 
then  to  tell  the  difference  of  the  two  squares  ;  the 
greater  half  of  which  will  be  the  number  thought  of. 

Thus,  in  the  preceding  example,  the  square  of 
the  number  thought  of  is  loo,  and  that  of  the 
same  number  less  unity  is  8i  :  the  difference  of 
diese  is  19^  the  greater  half  of  which,  or  10,  is  the 
joqnber  thought  oft 

.  IH, 

« 

^'Dârire  the  person  to  add  to  the  number  thought 
of  ks  exact  half,  if  it  be  even,  or  its  greater  half  W 
«M,  in-order  to  obtain  a  first  sum;  then  bid  himr 
add  to  this  sum  its  exact  half,  or  its  greater  half, 
aocoidiiig  as  it  is  even  or  odd,  to  have  a  second 
sum;  m>np  which  the  person  must  subtract  the 
double  of  the  number  thought  of.  Then  desire 
him  to  take  the  half  of  the  remainder,  or  its 
less  half  if  it  be  an  odd  number,  and  to  continue 
halving  the  half  till  he  comes ^o.unityu  /When  âiit 
is  done,  count  how  many  sub-divisions  have  been 
made,  and  for  the  first  division  retain  3,  for  the 
second  4,  for  the  third  8,  and  so  of  the'  rest,  in 
double  proportion»  It  is  here  necessary  to  observe, 
that  1  must  be  added  for  .each  time  that  the  least  half 
was  taken,  because,  by  taking  the  least  half,  i  always 
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remains;  and  that  i  only  must  be  retained  when 
no  sub^vision  could  be  made;  for  thus  you  will 
have  the  number,  the  halves  of  the  halves  of  which 
have  been  taken  :  the  quadfupbe  of  thkt  number 
then  will  be  the-  number  thought  of,  in  case  it  was* 
not  necessary,  at  the  beginning  to  take  the  greater: 
half,  which  wiir  happen  only  when  the  number 
thought  of  is.  eveAly  even,  or  Àinsible  by  four  ).  but 
if  the  greater  half  has  been^  taken,  at  the  first  di« 
yisk>ii,  3  must -be  subtracted  frdm  ihe  above  qua- 
druple, or  only  2  if  the  greater  half 'has  been  taken 
at  the  second  division,  or  5  if  it  has  been  taken  at 
each  of  the  two  divisions,  and.  the  Remainder  then 
will  be  the  number  thought  o&  •  - 

Thus,  if  the  number  thought  of  has  been  4;  bf 
adding  to  it  its  half,  we  shall  have  6;  and  if. to  this 
we  add  its  half  3,  we  shall  have  9  :  if  8  »  the  double 
of  the  number  thought  o^  be  subtracted,  there  mil 
remain  i,  which  cannot  be  halved,  because  we 
have  arrived  at  unity  ;  for  this  reason  we  mxM 
retain,  i,  the  quadruple  of  which,  4,  is  the  number 
thought.i)^  .  :        , 

'  If  5  has  beeft  thought  of;  by  adding  to  it  its 
greater,ha|f  ;  3»  we  shall  have  8  ;  and  if  4,  its  half» 
be  added,,  the  sum  will  be  i  a  ;  from  which  if  we  sub* 
tract  10^  the  double  of  5,  the  number  thought  of, 
the  remainder  will  be  2,  the  half  of  which  is  i  ^ 
and  aQ  vfi^  caU  no  longer  •  take*  the  half,  because 
we  hav^  arrived' at  unity,  we  must  retain  2  as  there 
has  becai.  one  sub-division.  If  from  8,  the  quadrupla 
of  f,  the  numb^  retainedy '.  We  subtract  3,  because 
}n  the  first  dlviâon  the  greater  half  i  was  takeo^  the 
remainder  5  will  be  the  nujqiber  thought  o£ 
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IV. 


Ihàgt  the  person  to  take  i  from  the  number 
dimigbt  oft  and  to  double  the  remainder  ;  then  bid 
Jiim  Jake  I  from  this  double,  and  add  to  it  the 
nnmber  thought  of.  Having  asked  the  number 
arising  from  this  addition,  add3  to  it,  and  the  third 
«f  ihe  sum  will  be  the  nutnber  required. 

Let  the  number  thoughtr  of  be  5  ;  if  i  be  taken 
from  iu  there  will  remain  4,  the  double  of  which 
8  being  deminished  by  i,  and  the  remainder  7 
being  increased  by  5>  aie  number  thought  of,  the 
resuh  will  be  12  :  iJF  to  this  we  add  3,  we  shall 
have  15,  the  third  part  of  which»  5,  will  be  the 
number  required» 


•  I 


UMARK. 

•This  method  may  be  varied  a  great  many  ways  1 
for  instead  of  douUmg  the  number  thought  of,  after 
unity  has  been  deducted  from  it,  the  person  may  hé 
désirted  to  triple  it  ;  then  after  he  has  been  desired 
to  sbbCraet  unity  from  that  triple,  and  to  add  the 
number  thought  of,  he  must  add  4  to  it,  and  the  4^ 
of  the  sum  arising  from  these  operations  will  be  the 
number  required. 

Let  the  number  required  he  si  if  unity  be  sub* 
tracted  from  it,  the  remainder  will  be  ir  —  i  ; 
midtiply  this  remainder  by  any  number  whatever,  77, 
and  the  product  will  be  n^^ — n;  agaki' subtract 
unityy  ano  we  shall  have  for  remainder  »  x —' n -—  i  ; 
if  /c,  the  number  thought  of,  be  then  added,  the 
sum  will  be  (»  +  1)  x  —  n  — i }  and  if  to  this 
sum  we  add  the  above  multiplier  increased  by^uaity» 
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that  is  to  €ay  3^  if  the  first  remainder  \i^  doubled^ 
4  if  it  was  tripled,  &c,  the  result  will  be  ^n  +  i  )  ^  î 
which  being  divided  by  the  same  number,  the 
quotient  will  be  it,  the  number  required. 

Unity,  instead  of  being  siibtracted  from  the  number 
thought  of,  might  be  added  to  it  ;  and  then,  instead 
of  adding,  at  the  end  of  the  operation,  the  multiplier 
increased  by  unity,  it  ought  to  be  subtracted,  after 
which  the  remainder  may  be  divided  as  above» 

Let  the  number  thought  of,  for  example,  be  7  ; 
if  unity  b^  added,  the  sum  will  be  8,  and  this  si^m 
triplea  will  give  14  ;  if  i  be  still  added,  we  shaH 
have  (15,  and  this  sum  increased  by  7  will  make  3a; 
from  which  if  4  be  deducted,  because  the  number 
thought  of  was  tripled  after  unity  had  been  added» 
we  £all  have  aS  ;  one  fourth  ot  which  wtll  be  the 
mumber  required. 


V, 


Deittre  the  pers<m  to  add  i  to*  the  triple  of  the 
number  thought  of,  and  to  multiply  the  sum  by  3  ; 
then  bid  Um  add  to  this  product  the  number 
thôttjriit  (df;  and  die  result  will  be  a  siim,  from 
which  if  5  be  subtracted,  the  remainder  will  be  de< 
Cttpk  4d  the  ttumber  required.  If  3  therefore  be 
taken  from  the  bst  sum,  and  if  the  cipher  on  the 
fight  be  cut  off  from  the  remainder,  the  other 
H^re  wiU  indicate  the  nymber  sought. 

Let  the  number  thought  ^  be  6  ;  the  triple  of 
which  is  18,  and  if  unity  be  added  it  makes  19  ; 
the  tr^de  of  this  last  number*  is  57,  aod  if  6  be 
added  it  makes  63,  from  which  if  3  be  subtracted 
the  rema*Qder  vriU  be  69  :  ttew  if  the  cipher  on  the 
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r^ht  be  cut  off,  the  remaining  figure  6  vnll  be  the 
suunber  required. 

REMARK. 

U  I  were  subtracted  from  the  number  thdùght 
dL  the  remainder  doubled,  and  the  number  thought 
of  again  added,  it  would  be  necessary,  after  the 
person  had  told  the  result,  which  would  always  ter« 
foinate  with  7,  to  add  3  instead  of  subtracting  it, 
ts  in  the  above  operation  ;  and  the  sum  would  then 
be  the  decuple  of  the  number  thought  of* 

PROBLEM  II. 

*  .  ■ 

Tq  till  two  #r  mpre  numbers  which  a  person  has 

ihot^bt  of» 

I. 

m 

When  each  of  the  numbers  thought  of  does  not 
exceed  9,  they  may  be  easily  found  in  the -following 
manner. 

Having  made  the  persoa  add  i  to  the  double  of 
the  first  number  thought  of,  deaire  him. to  multiply 
the  whole  by  5,  and  to  add  to  the  product  the 
second  number.  If  there  be  a  thûrd,  make  him 
double  this  first  sum,  and  add  1  to -it;  after  which 
deidre  him  to  multiply  the  new  sum  by  5,  and  to 
add  to  it  the  third  number.  If  there  b4  a  fourth, 
Tou  must  proceed  in  the  same  manner,  desiring 
him  to  double  the  preceding  sum;  to  add  to  it 
imity  ;  to  multiply  by  5,  apd  then  to  add  the  fourth 
number,  and  so  om  / 

Then  ask  the  number  arising  from  the  addition 
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0 

ef  the  last  number  thought  of,  and  if  there  wero 
MO  ûuiaberSy  subtract  5  from  it  ;  if  three,  5  c,  if 
four,  s $$9  and  so  on;  for  the  remainder  will  foe 
composed  çf  Agio-es  of  which  the  first  on  the  left 
will  be^the  £xst  number  thought  of,  the  next  the 
second,  and  so  oiF  the  rest. 

Sumxise  the  numbers  thought  of  to  be  3,  4,  6  : 
by  admng  - 1  to  6,  •  the  double  of  the  first,  we  have 
7,  which  being  multiplied  by. 5,  gives  35  ;  if  4,  the 
second  number  thought  of,  be  then  added,  we  shall 
}iave  39,  which  xloubled  gives  78,  and  if  we  add  i^ 
and  mukiplv  79,  the  sum,  by  5,  the  result  will  be 
S95«  In  me  last  place,  if  we  add  6,  the  third 
number  thought  of^  the  sum  will  be  401  ;  and  if 
55  be  deducted  from  it,  we  shall  have  for  remainder 
346  ;  the  figures  of  which  3,  4,  6,  indicate  in  order 
the  diree  numbers  thought  of. 

One  method  we  shall  here  omit,  as  we  shall  have 
ocdasibn  to  em|doy  it  in  another  amusement  of  the 
same  Idnd,  called  the  game  of  the  ring. 

n.        - 


•«  •• 


If  oneor.  m,ore  sif  the  nnmbers  thought  bf  are 
greater.diati  9, two  cases  must  be  distinguished:  ist. 
that  whetie  the  number  of  the  numbers  thought  of 
h  odd.  '  Id.. That  where  it  is  even. 

In  the  first  case,  desire  the  person  to  tell  the  sums 
of  the  first  and  the  second  ;  of  the  second  and  the 
third;  of  die  third  and  the  fourth;  &c,  as  fisur  as 
iheiaist^  and  then  the  sum  of  the  first  and  the  last. 
Having  written  down  these,  sums  in  order,  add 
together  all  those  the  places  of  which  are  odd,  as 
jbe  £rst,.  the  third,,  the  fifth,  &'c  ;  make  another 
Mm  of  all  those  the  places  of  which  are  ercOf  as  the 
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feeoodt  Ûut  fourth»  the  tùtth»  &c  ;  aubttict  this 
Ifim  firom  the  fonûfir,  aad  the  reàiaiiider.wîU  be  tb« 
èouble  of  the  fim  numberw 

Let  us  suppose»  for  eziinple,  that  the  5  ibUovrîng 
mmberi  ve  thought  of,  vias:  31  7,  13,  17»  ao^ 
which,  when  added  two  and  two,  as  above,  give 
10,  ao,  30,  37,  t^i  the  sum  o£  the  first  and 
third  and  fifths  is  63;  and  that  of  the  second 
and  fourth  is  57  :  if  C7  be  subtracted  from  63,  the 
temainder  6  will  be  uie  double  of  the  first  number 
3*  Now  if  3  bé  taken  from  10»  the  first  of  the 
tuma»  the  remainder  7'  ^1  be  the  second  number  ; 
aad»  by  proceeding  m  the  same  manner,  we  may 
£nd  all  the  rest» 

lOb  the  second  case»  that  is  to  say,  when  the 
number  of  the  numbers  thought  of  is  even  ;  ask, 
and  write  down  as  above,  the  sum  of  the  first  and 
the  second  )  that  of  the  second  and  third  ;  and  so 
on  aa  before  ;  but  instead  of  the  sum  of  the  first 
and  the  last,  take  that  of  the  second  and  the  last  ; 
then  add  together  those  which  stand  in  the  even 
places,  and  form  them  into  a  new  sum  S4>art  ;  add 
also  those  in  the  odd  places,  the  first  excepted,  and 
subtract  this  sum  from  the  former  :  the  remaikuler 
will  be  the  double  of  the  second  number;  and  if 
the  second  number  thus  found  be  subtracted  from  the 
sum  of  the  first .  and  second,  the  remainder  will  be 
the  firtt  number  ;  if  it  be  taken  from  that  of  the 
lecond  and  third,  it  will  give  the  third  ;  and  ao  of 
the  rest* 

Let  the  numbers  thought  of  be»  for  example» 
3*  7>  ^3'  ^7*  ^  tixnn  tbrmed  as  above  are  10» 
^>0f  i^  ^4  ;  the  sum  of  the  second  and  fiMirth  is 
44»  nrom  which  if  30  the  third  sum  be  subtracted» 
Ûit  remainder  wiU  be  i4f  tlie  double  of  7  the 


\ 


COMBINATIONS»  145 

Second  number.     The  first  therefore  is  3,  the  thh-d 
13,  and  the  fourth  17.  e 

•      ( 

PROBLEM    IIU 

A  person  having  in  one  hand  an  even  number  of 
shillings^  and  in  the  oth^r  an  odd,  to  tell  in  which 
hand  he  has  the  even  number. 

Desire  the  person  to  multiply  the  number  in 
the  right  hand  by  any  even  number  whatever,  such 
as  2  ;  and  that  in  the  left  by  an  odd  number,  as  3  ; 
then  bid  him  add  together  the  two  products,  and  if 
the  whole  sum  be  odd,  the  even  number  of  shillings 
,  will  be  in  the  right  hand,  and  the  odd  number  in  the 
left  ;  if  the  sum  be  even,  the  contrary  will  be  the 
case. 

Let  us  suppose,  for  example,  that  the  person 
has  8  shillings  in  his  right  hand,  and  7  in  his  left  ; 
8  multiplied  by  2  gives  16,  and  7.  multiplied  by  3 
gives  21  ;  the  sum  of  which,  37,  is  an  odd 
number. 

If  the  number  in  the  right  hand  were  9,  and  that 
in  the  left  8,  we  should  have  9  X  2  =  18,  and 
8  X  3  z:  24  ;  the  sum  of  which  two  products  is 
42,  an  even  number. 

PROBLEM  IV. 

ji  person  having  in  one  hand  a  piece  of  gold  y  and  in  the 
mtber  ,apiece  of  silver^  to  tell  in  which  band  he  has 
the  gpl4^  and  in  which  the  silver. 

For  this  purpo9e^  some  value,  represented  by  an 

'   VOL.  I.  !.. 


V  . 


146  DirmATioN  akd 

rteii  number,  such  as  8,  must  be  assigned  to  the 
gold,  and  â  value  represented  by  an  odd  number, 
.  such  as  3,  must  be  assigned  to  the  silver  :  after 
"which  the  operation  is  exactly  the  same  as  in  the 
preceding  example, 

REMARK9. 

L  To  conceal  the  artifice  better,  it  will  be  sufficient 
to  ask  whether  the  sum  of  the  two  products  can  be 
'halved  without  a  remainder  ;  for,  in  tha^  case,  the 
totat  will  be  even,  and  in  the  contrary  case  odd. 

H.  It  maybe  readily  seen  that  the  pieces,  instead 
of  being  in  the  two  hands  of  the  same  person,  may 
be  supposed  to  be  in  the  hands  of  two  persons, 
one  ot  whom  has  the  even  number,  or  piece  of  gold, 
and  the  other  the  odd  number,  or  piece  of  silver. 
The  same  operations  may  then  be  performed  in  re- 
gard to  these  two  persons  as^  are  performed  in  regard 
to  the  two  hands  of  the  same  person,  calling  the  one 
privately  the  right,  and  the  other  the  left. 

PROBLEM    V. 

The^  Game  of  the  Ring. 

This  game  is  nqthing  else  than  an  application  of 
one  of  the  methods  employed  to  tell  several  numbers 
thought  of,  and  should  be  performed  in  a  company 
not  exceeding  9,  in  order  that  it  may  be  less  com- 
plex. Desire  any  one  of  the  company  to  take  a  ring, 
and  to  put  it  on  any  joint  of  whatever  finger  he  may 
think  proper.  The  question  then  is  to  tell  what 
person  has  the  ring,  and  on  what  band,  what  finger,^ 
and  what  joint* 
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For  this  purpose,  call  the  first  person  i,  the  second 
v2,  thie  third  3,  and  so  on  j  also  call  the  right  hand  i, 
and  the  left  2  :  the  first  finger  of  the  hand,  that  is 
to  say  the  thumb,  must  be  denoted  by  i ,  the  second 
by  2,  and  so  on  to  the  little  finger  ;  and  the  first 
joint  of  each  finger,  or  that  next  the  extremity,  must 
be  called  i,  the  second  2,  and  the  third  3. 

Let  us  now  suppose  that  the  fifth  person  has  taken 
the  ring,  and  put  it  on  the  first  joint  of  the  fourth 
finger  of  his  left  hand.  To  resolve  the  problem, 
nothing  is  necessary  but  to  discover  these  numbers  5, 
2,  4, 1,  which  may  be  done  in  the  following  manner. 

Desire  some  one  to  double  the  first  number  5, 
which  will  give  10,  and  to  subtract  i  from  it  ;  desire 
him  to  multiply  9,  the  remainder,  by  5,  which  will 
give  45  ;  to  this  product  bid  him  add  the  second 
number  2,  which  will  make  47,  and  then  5  which 
will  make  5  2  :  desire  him  to  double  this  number, 
and  the  result  will  be  1 04,  and  to  subtract  i  ,^which 
will  leave  103.  Desire  him  to  multiply  this  re- 
mainder by  5,  which  will  give  515,  and  to  add  to 
the  product  the  third  number  4,  or  that  expressing 
the  finger,  which  will  give  519:  then  bid  him  add 
5,  which  will  make  524,  and  from  1048,  the  double 
of  this  sum,  let  him  subtract  i,  which  will  leave 
1047  :  then  desire  him  to  multiply  this  remainder 
by  5>  which  will  give  5235,  and  to  add  to  this 
product  I,  the  fourth  number,  or  that  expressing 
the  joint,  which  will  make  5236;  in  the  last  placé 
bid  him  a?ain  add  5,  and  the  sum  will  be  5241,  the 
figures  of  which  will  indicate,  in  order,  the  person 
who  has  the  ring,  and  the  hand,  finger,  and  joint, 
on  which  it  was  put. 

It  is  evident,  tha:  all  these  -operations  amount,  ia 
reality,  to  nothing  else  than  multiplying  by  ig,  the 
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number  y^hich  expresses  the  person;  then  adding 
that  which  expresses  the  hand;  multiplying  again 
by  lo,  and  so  on*.  But  as  this  artifice  is  too  easily 
detected,  it  might  be  better  to  employ  the  method 
taught  in  Prob.  IL  No.  i,  to  discover  any  number 
of  numbers  thought  of  at  pleasure  ;  for,  on  account 
of  the  number  which  must  be  subtracted,  the  ope- 
ration will  be  more  difficult  to  be  comprehended. 

The  problem  might  be  proposed  in  the  following 
manner,  and  be  resolved  by  the  same  process. 

Three  or  more  persons  having  each  selected  a  card^ 
the  number  of  the  spots  of  which  does  not  exceed  9,  to 
tell  the  number  of  the  spots  of  each. 

Desire  the  first  person  to  add  i  to  double  the 
number  of  the  spots  of  his  card  ;  to  multiply  the  sum 
by  5,  and  to  add  to  the  product  the  spots  of  the  card 
of  the  second  person:  then  desire  him  to  double 
that  sum  ;  to  add  unity  to  it,  to  multiply  the  whole 
by  5,  and  to  add  to  this  product  the  spots  of  the  card 
of  the  third  person:  by  subtracting  from  the  last 
result  55,  if  the  number  of  the  persons  be  3  j  555?  if 

•  For  the  sacisfection  and  information  of  the  reader,  we  shall  htrc 
give  the  following  demonstration. 

Let  the  four  numbers  tg  be  guessed  be  x,  y,  z,  u:  according  to  the 

above  niethod,  we  must  double  Xy  which  will  give  ix-,  if  i  be  then 

subtracted  we  shall  have  zx — i,  and  multiplying  by  5,  the  result 

will  be  lOX^S'    If  y»  the   second  number,  be  added,  we  shall  have 

jo^r — 54-/,  and. 5  added  to  this  sum  will  make  10^ -f-. ^S  ^^'^h  being 

doubled  will  give  sojr-^iy;  if   i  be  subtracted,  there  will  remafn 

iojr-f-a>' — I,  which  multiplied  by  5  will  give  ioo.r-{-  loj — 5;  to  this 

prod  ct  if  the  third  number  Zy  and   5  be  added,  the  sum  win  be 

^lOOA*.-^  ic^'-|-x(  ;  and  if  unity  be  taken' from  the  double  of  this  sum,  the 

result  will  be  2Coa'  +  20)'-|-2S —  i  ;  if  we  then  mult'ply  by  5,  xve  shall 

•Tiave  for  product  looojr  -f-  looy  -4-  to  s  —  ^  ;  and  by  adding  5  and  the 

last'  number,  u^  the  sum  will   be  icoojr  -j-  «oo>f  +  «o»  -f-  »•     if  a*, 

V,  z^  u  represent  'numbers,  below   10,  as  5,  1,  4,   i,  the  sum  will  be 

5Ooo-j-*O(>4-40-j-i  or  5241.     If  the  numbers  were  9,  6^  5,  4,  the  sum 

•for  the^ame  reason,  would  be  9654^  which  is  a  dmohstratien  of  tl.e 

process  above  indicated. 
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J t  be  4  ;  5555,  if  it  be  5,  the  figures  which  compose 
the  remainder  .will  indicate,  in  order,  the  spots  01  the 
cards  selected  by  each  person. 

This  process  may  be  demonstrated  with  as  much 
ease  as  the  former  ;  let  the  numbers  to  be  guessed, 
less  'than  10,  be  x^y^  z:  we  confine  ourselves  to 
three,  for  the  sake  of  brevity.  If  i  be  added  to  the 
double  of  the  first  number,  we  shall  have  2  ;e  -f  i, 
and  multiplying  by  5,  the  product  will  be  10  at  +  5; 
if  the  second  number  y  be  added,  the  sum  will  be 
ÏO  ^  +  5  +  7>  ^^d  I  added  to  th«  double  will  make 
20  x+  IQ  -|-  2j^4-i>  wbich  multiplied  by  5  gives 
100  ^  +  50  4-  10  ^^  +  5  ;  if  we  then  add  the  third 
number  z,  we  shall  have  100  at  +  50  +  10  jf  +  j; 
+  z  or  100  X  +  10  y  +  z  +.55:  if  ^,  7,  z  are, 
for  example,  5,  6,  7,  this  expression  will  be  s^7  '^ 
55,  or  612.  From  this  last  surti  therefore,  if  we 
.deduct  55,  the  remainder  will  be  ^6y^  which  indi- 
cates in  order  the  three  numbers  to  be  guessed. 

For  the  sake  of  brevity,  we  shall  not  give  any 
other  example,  as  the  reader  may  recur  to  that 
before  given  in  Prob.  li. 


PROBLEM  VI* 


To  guess  the  number  of  spots  on  any  cardy  which  a 
person  has  drawn  frs?n  a  whole  pack. 

Take  a  whole  pack,  consisting  of  52  cards,  and 
desire  some  person  in  company  to  draw  out  any  one 
at  pleasure,  withou-t  shewing  it.  Having  assigned 
to  the  different  cards  their  usual  value,  according 
to  their  spots,  call  the  knave  1 1,  the  queen  12,  and 
he  king  1  3.     Then  add  the  spots  of  the  first  card 
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to  those  of  the  second  ;  the  last  sura  to  the  spots  of 
the  third,  and  so- on,  always  rejecting  13,  and  keep- 
ing the  remainder  to  add  to  the  following  card.  It 
inay  be  readily  seen  that  it  is  needless  to  reckon  the 
kings,  which  are  counted  1 3.  If  any  spots  remain 
at  die  last  card,  subtract  them  from  13,  and  the 
remainder  will  indicate  the  spots  of  the  card  that 
has  been  drawn  :  if  the  remainder  be  11 ,  it  has  been 
a  knave  ;  if  1 2  it  has  been  a  queen,  but  if  nothing 
remains,  it  has  been  a  king.  '  The  colour  of  the 
king  may-  be  known  by  examining  which  one  among 
the  cards  is  wanting. 

If  you  are  desirous  of  employing  only  32  cards, 
the^  number  used  at  present  for  piquet,  whçn  the 
cards  are  added  as  above  directed,  f eject  all  the  tens; 
then  add  4  to  the  spots  of  the  last  card^  and  a  sum 
will  be  obtained,  which  taken  from  10,  if  it  be  less, 
or  from  20  if  it  exceeds  10,  the  remainder  will  be 
^  the  number  of  jthe  card  that  has  been  drawn  ;  so 
that  if  2  remains^  it  has  been  a  knave,  if  3  a  queen, 
if  4  a  king,  and  so  on. 

If  the  pack  be  incomplete,  attention  ^must  be  paid 
to  those  deficient,  in  order  that  the  number  of  the 
spots  of  all  the  cards  wanting  may  be  added  to  the 
last  sum,  after'  as  many  tens  as  possible  have  been 
subtracted  from  it  ;  and  the  sum  arising  from  this 
addition,  must,  as  before,  be  taken  from  lo  or  20 
according  as  it  is  greater  or  less  than  ic.  It  is  evi- 
dent that  by  again  looking  at  the  cards,  the  one 
which  has  been  drawn  may  be  discovered,  ^ 

The  demonstration  of  this  rule  is  as  follows: 
smce,  in  a  complete  pack  of  cards,  there  are  13  of 
each  sylt,  the  values  of  which  are  i,  2,  3,  &c,  to  13, 
the  sum  of  all  the  spots  of  each  suit,  calling  the  knave 
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II,  the  queen  la,  and  the  kmg  13,  k  seven  times 
13,  or  91,  which  is  a  muhiple  of  13;  consequently 
the  quadruple  of  this  sum  is  a  multiple  of  13  also  : 
if  the  spots  then  of  all  the  cards  be  added  together, 
always  rejecting  1 3,  we  must  at  last  find  the  remain^ 
der  equal  to  nothing.     It  is  therefore  evident  that  if 
a  card,  the  spots, of  which  are  less  than  13,  has  been 
drawn  from  the  pack,  the  difference  between  these 
spots  and  13,  will  he  what  is  wanting  to  complete 
that  number:  if  at  the  end  then,  instead  of  reach- 
ing ''3*  we  reach  only  10,  for  example,  it  is  evident 
that  the  card  wanting  is  a  three  ;  and  if  we  reach 
13,  it  is  also  evident  that  the  card  wanting  is  one  of 
those  equivalent  to  13,  or  a  king. 
.    If  two  cards  have  been  drawn  from  the  pack,  we 
may  tell^  in  like  manner,  the  number  of  spots  which 
they  contain  both  together  :  that  is,  how  much  is 
wanting  to  reach  13,  or  that  deficiency  increased  by 
1 3  ;  and  to  know  which  two,  nothhig  is  necessary 
but  to  count  privately  how  many  times  13  has  been 
completed,  for  with  the  whole  of  the  cards  it  ought 
to  be  counted  28  times:  if  it  be  counted  therefore 
only  ^7  times,  with  a  remainder,  as  7  for  example, 
the  5pots  of  the  two  cards  drawn  amount  together 
to  6:  if  13  be  counted  only  26  times,  with  the  same 
remainder,  it  may  be  concluded  that  the  two  cards 
form  together  13  +  6,  or  1 9. 

The  demonstiation  of  the  rule  given  when  the 
same  number  of  cards  is  used,  as  that  employed  for 
the  game  of  piquet^  viz  32,  calling  the  ace  i,  the 
knave  2,  the  queen  3,  the  king  4,  and  assigning  to 
the  other  cards  the  value  of  their  spots,  is  attended 
with  as  little  difficulty  ;  for  in  each  suit  there  are  44 
spots,  making  all  together  176,  which,  as  well  as  44, 
h  a  multiple  of  11,  we  may  therefore  always  count 
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to  II,  rejecting  ii,  and  the  number  wanting  to 
reach  ii^will  be  the  yalue  of  the  card  which  has 
been  drawn. 

But  the  same  number  1 76,  if  4  were  ad^ed  to  it, 
would  be  a  multiple  of  10  or  of  20;  and  hence  a 
demonstration  also  of  the  method  which  has  been 
taught. 

PROBLEM    Vll. 

A  person  having  an  equal  number  of  counters^  or  pieces 
if  money ^  in  each  hand^  to  find  how  many  he  has 
altogether. 

Desire  the  person  to  convey  any  number,  as  4, 
for  example,  from  the  one  hind  to  the  other,  and 
then  ask  him  how  many  times  the  less  number  is 
contained  in  the  greater.  Let*,  us  suppose  that  he 
says  the  one  is  triple  of  the  other;  in  this  case  mul- 
tiply 4,  the  number  of  the  counters  conveyed  from 
one  hand  into  the  other,  by  3,  and  add  to  the  pro- 
duct, the  same  number  4,  which  will  make  16. 
In  the  last  place,  from  the  number  3  subtract  unity, 
and  if  16  be  divided  by  2,  the  remainder,  the  quo- 
tient 8  will  be  the  number  contained  in  each  hand, 
and  consequently  the  whole  number  is  1 6. 

Let  us  now  suppose  that  when  4  counters  are  con- 
veyed from  one  hand  to  the  other,  the  less  number 
is  containi^d  in  the  greater  2^  times  :  in  this  case  we 
must,  as  before,  multiply  4  by  2-^-,  which  will  give 
9^;  to  which  if  4  be  added,  we  shall  have  131,  or 
Y;  if  unity  be  then  taken  from  24-,  the  remainder 
will  be  I -J-,  or  ^,  by  which  if  ^^  be  divided,  the  quo- 
tient, 10,  will  be  the  number  of  counters  in  each 
hand,  as  may  be  easily  proved  on  trial. 
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PROBLEM    VIII. 

Several  cards  being  shewn  to  a  person^  to  tell  that 

which  he  has  thought  of. 

Having  taken  any  number  of  cards  at  pleasure, 
from  a  whole  pack,  display  them  in  order  on  the 
table^  that  the  person  may  choose  one.  When  this 
ÎS  done,  place  them  carefully  one  above  the  other, 
beginning^ with  the  lower  one,  and  desire  the  person 
to  remember  the  number  expressing  the  order  of  the 
card  he  thought  of,  viz  i,  if  he  thought  of  the  first, 
a  if  of  the  second,  and  so  on;  but,  at  the  same  time, 
count  privately  the  number  of  cards  shewn  to  the 
person,  which  we  shall  suppose  to  be  12,  and  sepa- 
rate them  dexterously  from  the  remainder  of  the 
pack.  Then  place  these  cards  on  the  remainder  of 
the  pack  in  an  inverted  position,  beginning  with  that 
first  displayed  on  the  table,  and  ending  with  that 
which  was  last.  Having  then  asked  the  number  of 
the  card  thought  of,  which  we  shall  suppose  to  be 
the  fourth,  lay  your  cards  on  the  table  with  their 
faces  uppermost,  one  after  the  other,  beginning  with 
that  at  the  top,  to  which  you  must  assign  4,  the  num- 
ber of  the  card  thought  of,  calling  the  next  card 
which  follows,  or  the  second,  5,  the  third  6,  and  so 
on,  until  you  come  to  1 2,  the  number  of  the  cards 
you  at  first  assumed;  for  the  card  on  which  that 
number  falls  will  be  the  card  thought  of. 

PROBLEM    IX. 

Several  cards  being  presented,  in  succession,  to  several 
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personsy  that  they  may  each  choose  one  at  pleasure f  t$ 
ptess  that  which  each  has  thought  of. 

Shew  as  many  cards  to  each  person  as  there  are 
persons  to  choose  ;  that  is  to  say  3*  to  each  if  there 
are  3  persons.  When  the  first  has  thought  of  one, 
lay  aside  the  three  cards  iji  which  he  has  made  his 
choice.  Present  the  same  number  to  the  second 
person,  to  think  of  one,  and  lay  aside  the  three  cards 
in  the  like  manner.  Having  done  the  same  in  regard 
to  the  third  person,  spread  out  the  three  first  cards 
with  their  faces  upwards,  and  place  above  them  the 
next  three  cards,  and  above  these  the  last  three,  that 
all  the  cards  may  thus  be  disposed  in  three  heaps, 
each  consisting  of  three  cards.  Then  ask  each  per- 
son in  which  heap  the  card  is  which  he  thought  of, 
and  when  this  is  known  it  will  be  easy  to  tell  these 
cards,  for  that  of  the  first  person  will  be  the  first  in 
the  heap  to  which  it  belongs  ;  that  of  the  second  will 
be  the  second  of  the  next  heap,  and  that  of  the  third 
will  be  the  third  of  the  last  heap. 

PROBLEM   X. 

Three  cards  being  presented  to  three  persons  ^  to  guess  that 

which  each  has  chosen. 

.  As  it  is  necessary  that  the  cards  presented  to  the 
three  persons  should  be  distinguished,  we  shall  call 
the  first  A,  the  second  B,  and  the  third  C  ;  but  the 
three  persons  may  be  at  liberty  to  choose  any  of  them 
at  pleasure.  This  choice,  which  is  susceptible  of 
six  diifercnt  varieties,  having  been  made,  give  to  the 
first  person  12  counters,  to  the  second  24,  and  to 
the  third  '^^-n  then  desire  the  first  person  to  add  to» 
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gether  the  hall  of  the  counters  of  the  person  who  has 
chosen  the  card  A,  the  third  of  those  of  the  person 
who  has  chosen  B,  and  the  fourth  part  of  those  of 
the  person  who  has  chosen  C,  and  ask  the  sum, 
which  must  be  either  23  or  24;  25  or  27;  28  or 
29,  as  in  the  following  table: 


First 

Second 

Third 

Sun 

12 

24 

36 

A 

B 

C 

23 

A 

C 

B 

24 

B 

A 

C 

25 

C 

A 

.  B 

27 

B, 

C 

A    . 

28 

C 

B 

A 

29 

This  table  shews,  that  if  the  sum  be  25,  for  exam- 
ple, the  first  person  must  have  chosen  the  card  B, 
the  second  the  card  A,  and  the  third  the  card  C; 
and  that  if  it  be  28,  the  first  person  must  have  chosen 
the  card  B,  the  second  the  card  C,  and  the  third  the 
card  Ai  and  so  of  the  rest. 

'       PROBLEM    XI. 

jd  person  having  drawn ,  from  a  complete  pack  of  fifty -tuv 
cards ^  one,  iwOy  three^four^  or  more  cards^  to  guess 
the  whole  number  of  the  spots  which  they  contain. 

Assume  any  number  whatever,  such  as  15,  for 
example,  greater  than  the  number  of  the  spots  of 
the  highest,  card,  counting  the  knave  11,  the  queen 
12,  and  the  king  13,  and  desire  the  person  to  add. 
as  many  cards  from  the  pack,  to  the  first  card  he 
has  chosen,  as  will  make  up  1 5,  counting  the  spots 
of  that  card*^  let  him  do  the  same  thing  in  regard  to 
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the  second,  the  third^  the  fourth,  &c  ;  and  then  desire 
him  to  tell  how  many  cards  remain  m  .the  pack* — 
When  this  is  done,  proceed  as  follows  :       ' 

Multiply  the  above  number  1 5,  or  any  other  that  • 
may  have  been  assumed,  by  the  number  of  cards 
drawn  from  the  pack,  which  we  shall  here  suppose 
to  be  3;  to  the  product,  45,  add  the  number  of 
these  cards,  which  will  give  48 }  subtract  the  48 
from  52,  and  take  the  remainder  4  from  the  cards  , 
left  in  the  pack:  the  result  will  be  the  number  of 
spots  required. 

Let  us  suppose,  for  example,  that  the  person  has 
drawn  from  the  pack  a  7,  a  10,  and  a  knave,  which 
.  is  equal  to  11:  to  make  up  the  number  1 5  with  a  7, 
eight  cards  will  be  required  ;  to  make  up  the  same 
cumber  with  a  10,  will  require  five;  and  with 
the  knave,  which  is  equal  to  1 1 ,  four  will  be  neces- 
sary. The  sum  qf  these  three  numbers,  with  the 
3  cards,  makes  20,  and  consequently  32  cards  re- 
main m  the  pack.  To  find  the  sum  of  the  numbers 
7,  10,  II,  multiply  15  by  3,  which  will  give  45; 
and  if  the  .number  of  the  cards  drawn  from  the  pack 
be  added,  the  sum  will  be  48,  which  taken  from  52, 
leaves.  4.  If  4  then  be  subtracted  from  32,  the  re- 
mainder, 28,  will  be  the  sum  of  the  spots  contained 
on  the  three  cards  drawn  from  the  pack,  as  may  be 
easily  proved  by  trial. 

Another  Example. 

Let  us  suppose  two  cards  only  drawn  from  the 
pack,  a  4  and  a  king,  equal  to  13;  if  cards  be  added 
to  these  to  make  up  1 5,  there  will  remain  in  the 
pack  37  cards. 

If  15  be  multiplied  by  2,  the  product  will  be  30, 
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to  which  if  Î;  the  number  of  the  cards  drawn  from 
the  pack,  be  added,  we  shall  have  32  ;  and  if  32  be 
taken  from  52,  the  remainder  will  be  20.  In  the 
last  place,  if  20  be  subtracted  from  37,  the  number 
of  the  cards  left  in  the  pack,  the  remainder,  17,  will 
bç  the  number  of  the  spots  of  the  2  cards  drawn  from 
the  pack. 

REMARKS. 

I.  If  4  or  5  cards  are  drawn  from  the  pack,  it  may 
sometimes ,  happen  that  a  sufficient  number  will  not 
be  left  to  make  up  the  number  1 5  ;  but  even  in  this 
case  the  operation  may  be  still  performed,  tor  ex- 
ample, if  5.ca'rds,  the  spocs  contained  on  which  are 
I,  2,  3,  4,  5,  have  been  drawn;  to  -complete  with 
each  of  these  cards  the  number  15  would  require, 
together  with  the  5  cards,  at  least  6^  ;  but  as  there 
are  only  52,  there  are  consequently  13  too  few.  He 
wiio  counts  the  pack  must  therefore  say  that  1 3  ai:e 
wanting. 

On  the  other  hand,  he  who  undertakes  to  tell  the 
number  of  the  spots,  must  multiply  15  by  5,  which 
.  makes  75;  and  to  this  if  5,  the  number  of  the  cards, 
be  added,  it  will  give  80;  that  is  to  say,  28  more 
than  52:  if  13  then  be  subtracted  from  28,  the  re- 
Tiiainder  r.5  will  be  the  number  of  the  spots  con- 
tained on  these  5  cards. 

But  if  we  suppose  that  the  cards  left  in  the  pack 
are,  for  example,  22,  which  would  be  the  case  if 
the  five  cards  drawn  were  the  8,  9,  10,  knavezii  i, 
and  queen  rr  1 2,  it  would  be  necessary  to  add  these 
22  to  the  excess  of  5  times  15  +  5?  over  52,  that 
is  to  say  to  28,  and  we  should  have  50  for  the  spots 
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of  these  5  cards»  which  is  indeed  the  exact  number 
of  them. 

IL  If  the  pack  consists  not  of  52  cards,  but  of 
*40f  for  example,  there  will  still  be  no  difference 
ÎSL  the  operation  ;  the  number  of  the  cards,  which 
remain  of  these  40,  must  be  taken  from  the  sum 
produced  by  multiplying  the  made  up  number,  by 
Ihat  of  the  cards  drawn,  and  adding  to  the  product 
thé  number  of  these  cards. 

Let  us  suppose,  for  example,  that  the  cards 
drawn  are  9,  lo,  11,  that  the  number  to  be  made 
up  is  12,  and  that  the  cards  left  in  the  pack  are  3 1 . 
1  hen  1 2  X  3  1=  36,  and  3  added  for  the  3  cards, 
makes  39,  which  subtracted  from  40  leaves  i.  If 
I  then  be  taken  from  31,  the  remainder  30  will  be 
the  number  of  the  spots  required. 

UL  Different  numbers  to  be  made,  up  with  the 
spots  of  each  card  chosen  might  be  assumed  ;  but 
the  case  would  still  be  the  same,  only  that  it  would 
be  necessary  to  add  these  three  numbers  to  that  of 
the  cards,  instead  of  multiplying  the  same  number 
by  the  number  of  cards  drawn,  and  then  adding 
the  number  of  the  cards.  In  this  there  is  so  little 
difficulty,  that  ah  example  is  not  necessary. 

IV.'  The  demonstration  of  this  method,  which 
some  of  our  readers  perhaps  may  be  desirous  of 
seeing,  is  exceedingly  simple,  and  is  as  follows. 
Let  a  be  the  number  of  cards  in  the  pack,  c  the 
numt^r  to  be  made  up  by  adding  cards  to  the  spots 
of  each  card  drawn,  and  b  the  cards  left  in  the 
pack;  let  x,  y,  %  express  the  spots  of  the  cards, 
which  we  shall  here  suppose  to  be  3,  and  we  shall 
then  have,  for  the  number  of  the  cards  drawn, 
f — X  -^  c  —  y  +  c  — z  +  3;  which  with  the  cards 
left  in  the  pack  b^  must  be  equal  to  the  whole  pacH» 


i^- 
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Then  3^+3  —  »f  —  ^  —  z  +  b  zz  a,  or  x  +  y 
+  zzz;ic  +  ^+b  — a  or  =b  —  C^  — 3c  — ^). 
But  X  -i-  y  +  z  is  the  whole  number  of  the  spots; 
b  is  the  number  of  cards  left  in  the  pack,  and 
a  —  3  ^  —  3  is  the  whole  number  of  cards  in  the 
pack,  less  the  product  of  the  number  to  be  com- 
pleted by  the  number  of  the  cards  ilrawn,  minus 
that  number.     Therefore,  &c. 
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T/jree  things  being  privately  distributed  to  three  pcr^ 
sons  ;  to  guess  that  zc'hich  each  has  got. 

Let  the  three  things  be  a  ring,  a  shilling,  and  a 
glove.     Call  the  ring  A,  the  shilling  E,  and  the 
glove  I  ;  and  in  your  own  mind  distinguish  the  per- 
sons  by  calling  them  first,  second,  and  third.  Tken 
take  twenty-four  counters,  and  give  one  of  them  to 
the  first  person,  two  to  the  second,  and  three  to  the 
third.     Place  the  remaining   18  on  the  table,  and 
then  retire,  that  the  three  persons  may  distribute 
among  themselves  the  three  things  proposed,  with- 
out your  observing  them.     When  the  distribution 
has  been  made,  desire  the  person  who  has  the  ring 
to  take  from  the  18  remaining  counters  as  many  as 
he  has  already  ;  the  one  who  has  the  shilling  to  take 
twice  as  many  as  he  has  already,  and  the  person 
who  has  the  glove  to  take  four  times  as  many  j  ac- 
cording  to   the  above  supposition  then,  the  first 
person  has  taken   i,  the  second  4,  and  the  third 
r2^  consequently    i   counter  only  remains  on  the 
table.    When  this  is  done,  you  may  return,  and  by 
the  number  left  can  discover  what  thing  each  has 
got,  by  employing  the  following  words  : 
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I       2    '   3        5       6  7^ 

Par  far  César  jadis  devint  si  grand  prince  ■ 

To  make  use  of  these  words,  you  must  recollect, 
that  in  all  cases  there  can  remain  only  i  counter,  or 
2,  3,  5,  6,  or  7,  and  never  4  :  it  must  be  likewise 
observed  that  each  syllable  contains  one  of  the 
vowels,  which  we  have  made  to  represent  the  three 
things  proposed,  and  that  the  above  liiie  must  be 
considered  as  consisting  only  of  six  words  :  the  first 
syllable  of  each  word  must  also  be  supposed  to  re- 
present the  first  person,  and  the  second  syllable  the 
second.  This  being  "  comprehended,  .if  there  re- 
mains only  1  counter,  you  must  employ  the  first 
word,  or  rather  the  two  first  syllables,  par  fer^ 
the  first  of  which,  that  containing  Â,  shews  that 
the  first  person  has  the  ring  represented  by  A  ;  and 
the  second  syllable,  that  containing  E,  shews  that 
the  second  person  has  the  shilling,  represented  by 
E  ;  from  which  you  may  easily  conclude  that  the 
third  person  has  the  glove.  If  two  counters  remain, 
you  must  take  the  second  word  César^  the  first  syl- 
lable of  which,  containing  E,  will  shew  that  the 
first  person  has  the  shilling,  represented  by  E,  and 
the  second  syllable,  containing  A,  will  indicate  that 
the  second  person  has  the  ring,  represented  by  A  : 
you  may  then  easily  conclude  that  the  third  person 
has  the  glove.  In  general,  whatever  number  of 
counters  remain,  that  word  of  the  verse,  which  is 
pointed  out  by  the  same  number,  must  be  employed. 

REMARKS. 

Instead  of  the  above  French  verse,  the  following 
Latin  one  might  be  used  : 
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Suive  ccrta  aninia  semita  vita  quies. 

This  problem  might  be  proposed  in  â  manner  some* 
What  different,  and  might  be  applied  to  more  than 
three  persons  :  those  who  are  desirous  of  farther 
information  on  the  subject,  may  consult  Bachet  in 
the  25th  of  his  Probiémes  plaisant  et  délectables, 

PROBLEM  XIII. 


"Several  numbers  being  disposed  in  a  circular  form,  ac^ 
cording  to  their  natural  series,  to  tell  that  which  any 
one  has  thought  of. 

The  first  '  ten  cards  of  any  suit,  disposed  in  a 
circular  form,  as  seen  in  the  figure  below,  may  be 
employed  with  great  convenience  for  performing 
what  is  announced  in  this -problem.  The  ace  is  here 
represented  by  the  letter  A  annexed  to  i,  and  thé 
ten  by  the  letter  K  joined  to  i  o. 


2 

B 

3 
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4 
D 

1  A 

E5 

10  K 

F6 
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Having  desired  the  person,  who  has  though^  of  a 
number  or  card,  to  touch  also  any  other  number  or 
card,  bid  him  add  to  the  number  of  the  card 
touched,  the  number  of  the  cards  employed,  which 
in  this  case  is  10.  Then  desire  him  to  count  that 
sum  in  an  order  contrary  to  that  of  the  natural 

VOI-.  I,   -  M 
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numbers,  beginning  at  the  card  he  touched,  and 
assigning  to  that  card  the  number  of  the  one  which 
he  thought  of  ;  for  by  counting  in  this  manner,  he 
will  end  at  the  number  or  card  which  he  thought 
of»  and  consequently  you  will  easily  know  it. 

Tbps,  for  example,  if  the  person  has  thought  of 
the  number  3,  marked  C,  and  has  touched  6,^ 
marked  F  ;  if  10  be  added  to  6,  it  will  make  16  ; 
if  1 6  be  then  counted  *  from  F,  the  number 
touched,  towards  E,  D,  C,  B,  A,  and  so  on  in  the 
retrograde  order,  counting  3,  the  number  thought 
of,  on*F,  A  on  E,  5  on  D,  6  gn  C,  and  so  round  . 
to  16,  the  number  16  will  terminate  on  C,  and 
shew  that  the  person  thought  of  3,  which  corre- 
'  sponds  to  Ct 

REMARKS. 

\ 

9 

I.  A  greater  or  less  number  of  cards  may  be  em- 
ployed at  pleasure.  If  there  are  1 5  or  8  cards,  1 5 
or  8  must  be  added  to  the  number  of  the  card 
touched. 

IL  To  <:onceal  the  artifice  better,  you  may  invert 
the  cards,  so  as  to  prevent  the  spots  from  being 
seen,  but  you  must  remember  the  natural  series  of 
the  cards,  and  the  place  of  the  first  number,  or  the 
;ice,  that  you  may  know  the  number  of  the  card 
touched,  in  order  to  find  the  one  to  which  the  per- 
son ought  to  count, 

^  It  is  to  be  observed  that  the  person  must  not  count  this  suid 
alo^d,  but  privately  in  hii  own  mind. 


-  jfc-^ 
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PROBLEM  XIV. 


Two  persons  agree  to  take  alternately  numbers  less  than 

a  given  7iumber^  fir  example  1 1 ,  and  to  add  them  to^^ 

gether  till  one  of  them  has  reached  a  certaip^  sum, 

J     juch  as  loo  ;  by  what  îueans  can  one  of  them  infaU 

libly  attain' to  that  nwnber  before  the  pî her  F 

The  whole  artifice  of  this  problem,  consists  in 
immediately  making  choice  of  certain  numbers, 
which  we  shall  here  point  out.  Subtract  ii,  for 
example,  from  loo,  the  number  to  be  reached,  as 
many  times  as  possible, .  and  the  remainders  will  be 
89»  78»  67,  56,  45,  34,  23,  12,  and  I,  wJiich 
must  be  remembered;  for  he  who  by  adding  his 
number  less  than  11,  to  the  sum  of  the  preceding, 
shall  count  one  of  these  numbers  before  his  adver- 
sary, will  infallibly  win,  without  the  other  being 
able  to  prevent  him. 

These  numbers  may  be  found  also,  with  still 
greater  ease,  by  dividing  1 00  by  11,  and  addmg  1 1 
continually  to  i,  the  remainder,  which  will  give  j, 
12,  23,  34,  &c. 

Let  us  suppose,  for  example,  that  the  first  per- 
son, who  knows  the  game,  takes  i  for  his  number  : 
h  is  evident  that  his  adversary,  as  he  must  count 
^  less  than  1 1,  can  at  most  reach  1 1  by  adding  10  to 
it.  The  first  will  then  take  i,  which  will  make  12; 
if  the  second  takes  8,  which  ,will  make  20,  the  first 
will  take  3,  which  will  make  23  ;  and  proceeding 
in  thp  manner  successively  he  will  first  reach  34, 
4S>  56,  67,  78,  89.  When  he  attains  to  the  last 
number,  it  will  be  impossible  for  the  second  to  prer 
«ent  him  from  getting  first  to  icoj  for  whatever 
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niunber  the  second  takes,  he  can  attain  only  to  99, 
after  wEich  the  first  mav  say,"  and  i  makes  ico.** 
If  the  second  takes  i  after  89,  it  will  make  90  ;  and 
hit  adyersary  may  finish  by  saying,  '^  and  i  à  make 

It  IS  evident  that  when  two  persons  are  equally 
well  acquainted  with  the  game,  he  who  begins  must 
necessarily  win. 

But,  if  the  one  knows  the  game,  and  the  other 
does  not,  the  latter,  though  first,  may  not  win  ;  for 
he  will  think  it  highly  advantageous  to  take  the 
^eatest  number  possible,  that  is  to  say  10  ;  and  in 
that  case  the  .other,  acquainted  with  the  nicety  of 
the  game,  will  take  2  which  with  10  will  make  12, 
one  of  the  numbers  he  ought  to  secure.  But  he 
may  even  neglect  this  advantage,  and  take  only  i 
to  make  1 1  ;  for  the  first  will  probably  still  take  i  o, 
which  will  make  2 1 ,  and  the  second  may  then  take 
^^  which  will  make  23  ;  he  may  then  wait  a  little  ' 
longer  to  get  hold  of  some  of  the  following  num» 
bers  34,  45,  s^-^  &c.  - 

If  the  first  is  desirous  to  win,  the  least  number 
proposed  must  not  be  a  measure  of  the  greater;  for 
in  that  case  the  first  would  have  no  infallible  rule  to 
direct  him  in  his  operations.  For  example,  if  i  o, 
which  measures  100,  were  assumed,  instead  of  11, 
by  subtracting  16  from  100  as  many  times  as  pos«- 
sible,^  we  should  have  the  numbers. 10,  20,  30,  40, 
50,  60,  70,  80,  90,  the  first  of  which,  10,  could 
not  be  taken  by  the  first  ;  for  being  obliged  to  em- 
ploy a  number  less  than  10,  if  the  second  were  as 
well  acquainted  with  the  game,  he  might  take  the 
complement  to  10;  and  would  thus  have  an  infal- 
lible rule  for  winning» 
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PROBLEM  XV. 


Sixteen  counters  being  ditposed  in  two  rowi^   to  Jind 
that  which  a  person  has  thought  of* 

» 

The  counters  being  arranged  in  two  rows^  as  A 
and  B,  desire  the  person  to  think  of  one^  and  to 
observe  well  in  which  row  it  is. 
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Let  us  suppose  that  the  counter  thought  of,  is  in 
the  row  A  ;  take  up  that  whole  row,  in  the  order 
in  which  it  stands,  and  dispose  it  in  two  rows  C  and 
D,  on  thé  right  and  left  of  the  row  B,  but  in  ar- 
ranging them,  take  care  that  the  first  of  the  row  A 
may  be  the  first  of  the  row  Ç  ;  the  second  of  the 
row  A,  the  first  of  the  row  D  j  the  third  of  the  row 
A,  the  second  of  the  row  C^  and  so  on';  then  ask 
again  in  which  of  the  vertical  rows,  C  or  D,  the 
counter  thought  of  is.  Suppose  it  'to  be  in'  C  :  take 
1^  that  row  as  well  as  the  row  D,  putting  the  last 
at  the  end  of  the  first,  without  deranging  the  orcler  of 
the  counters,  and,  observing  the  rule  already  given, 
form  them  into  two  other  rows,  as  seen  ^t  £  and 
F  ;,  then  ask,  as  before,  in  which  row  the  counter 
thought  of  is.    Let  us  suppose  it  to  be  in  £  ;  take 
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up  this  row,  and  the  row  F,  as  above  directed,  and 
form  them  into  two  new  rows,  on  the  right  and  left 
of  B.  After  these  operations,  the  counter  thought 
of  must  be  the  first  of  one  of.  the  perpendicular- 
rows,  H  and  I  ;  if  you  therefore  ask  in  which  row 
it  is,  you  may  easily  point  it  out  ;  and  as  it  is  here 
suf^osed  that  each  of  the  counters  has  some  distin- 
guishing mark,  you  may  desire  them  to  be  mixed 
together,  and  still  be  able  to  tell  the  one  thought 
of,  by  observing  the  mark. 

It  may  be  readily  seen  that,  instead  of  counters, 
sixteen  cards  may  be  employed  ;  and  when  you 
have  discovered,  by  the  above  means,  the  one 
thought  of,  you  may  cause  them  to  be  mixed,  which 
will  better  conceal  the  artifice. 

REMARK. 

If  a  greater  number  of  counters  or  cards,,  ar- 
ranged in  two  vertical  rows,  be  supposed,  the  counter 
or  card  thought  of  will  not  necessarily  be  the  first 
in  the  rbw  to  which  it  belongs,  after  the  third  trans- 
position: if  there  be  32  counters  or  cards,  four 
transpositions  will  be  necessary  ;  if  there  are  64, 
five  ;  aiid  so  on,  before  it  can  be  said,  with  confi- 
dence, that  the  counter  or  caid  thought  of  occupies 
the  first  place  in  its  row  ;  for  if  this  counter  or  card 
were  at  the  bottom  of  the  perpendicular  row  A, 
supposing  16  counters  in  each  row,  or  32  altogether, 
it  would  not  arrive  at  the  first  place  till  after  four 
transpositions  :  if  there  were  64,  or  32  in  each  row, 
it  would  require  five }  and  so  on,  as  may  be  easily 
proved  by  trial. 
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PROBLEM  XVI. 

,    A  certain  number  of  cards  being  shewn  to  a  person^  to 
X  guess  t/jot  which  he  has  thought  of. 

» 

To  perform  this  trick,  the  number  of  the  cards 
must  be  divisiblp  by  3;  and  to  do  it  with  more 
convenience,  the  number  must  be  odd. 

The  first  condition,  at  least,  being  supposed,  de- 
sire the  person  to  think  of  a  card  ;  then  place  the 
cards  on  the  table  with  their  faces  downward  ;  and, 
taking  them  *  up  in  order,  arrange  them  in  three 

,  heaps,  with  their  faces  upward,  and  in  such  a  man- 
ner, that  tjie  first  card  of  the  packet  shall  be  the 
first  of  the  first  heap  ;  the  second  the  first  of  the 
second,  and  the  third  the  first  of  the  third  ;  the 
fourth,  the  second  of  the  first,  and  so  on:  When 
the  heaps  are  completed,  ask  the  person  in  which 
heap  is  the  card  thought  of,  ajid  when  told,  place 
that  containing  the  card  thought  of  in  the  middle  ; 
then  turning  up  tlie  packet,  form  three  heaps,  as 
before,  >  and  again  ask  in  which  is  the  card  thought 
of.  Place  the  heap  containing  the  card  thought  of 
still  in  the  middle,  and,  having  formed  three  new 
heaps,  ask  which  of  them  contains  the  card  thought 
of  When  this  is  known,  place  it  as  before  be- 
tween the. other  two  ;  and  again  form  three  heaps, 
asking  the  same  question.  Xhen  take  up  the  heaps 
for   the  last  time;  put  that   containing  the   card 

^  thought  of  in  the  middle,  and  placing  the  packet 
ï)n  the  table,  with  the  faces  of  the  cards  downward, 
turn  up  the  cards  till  you  count  half  the  number  of 
thoie  contained  in^  the  packet  ;  1 12  for  example  if 
there  be  24,  in  which  case  the  1 2th  card  will  he  the 
one  the  person  thought  of. 


^ 
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If  the  number  of  the  cards  he,  at  the  same  time, 
odd,  and  divisible  by  3,  as  15,  21,  27,  &ê,  the 
trick  will  become  much  easier  ;  for  the  card  thought 
of  iinll  always  be  that  in  the  middle  of  the  heap  in 
which  it  is  found  the  third  time  ;  so  that  it  may  be 
easily  distinguished  without  counting  the  "^cards  : 
notmng  will  be  necessary  for  this  purpose,  but  to 
remember,  while  you  are  forming  the  heaps  the  third 
time,  the  card  which  is  the  middle  one  of  each.  Let 
us  suppose,  for  example,  that  the  middle  card  of 
the  fir^t  heap  is  the  ace  of  hearts  ;  that  of  the  secoi)d 
the  king  of  hearts,  and  that  of  the  third  the  knavo 
of  «spades  j.  it  is  evident,  if  vou  are  tçld  that  the 
heap  containing  the  required  card  is  the  third,  that 
this  card  must  be  the  knave  of  spades.  You  may 
therefore  cause  the  cards  to  be  shuffled,  without 
touching  them  any  more,  and  then,  looking  them 
over  for  V  the  sake  of  form,  may  name  the  knave  of 
spades  wiien  it  occurs. 

PROBLEM   XVI][, 

fifteen .  Chr'utians  and ff teen  Turks  being  at  sea  in  the 
same  vetsely  a  dreadfid  storm  came  on,  which  obliged 
them  to  throw  all  their  merchandise  overboard  ;  this 
btrwever  not  being  sufficient  to  lighten  the  ship,  the 
captain  informed  them  that  there  was  no  possibility  of 
its  being  saved j  unless  ,  half  the  pctssengers  were 
thrown  overboard  also.  Having  therefore  caused  them, 
all  to  arrange  themselves  in  a  rowj  by  counting  from 
g  to  9,  and  throwing  e^ocfy  ninth  person  into  the  sea  y 
beginning  again  at  the  first  of  the  ro^  when  it  had 
been  counted  to  the  cnd^  it  was  found  that  afier  fifteen 
persons  had  been  thrown  overboard^  the  fifteen  Chris* 
tians  remained.  How  did  the  captain  arrange  these^ 
thirty  persons  so  as  to  save  the  Christians*. 
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The  method  of  arranging  the  thirty  persons  irtay 
be  deduced  from  these  two  French  verses  : 

Mort^  tu  ne  failliras  pas 
En  me  livrant  le  trepa^. 

Or  from  the  following  L^tîn  one,  which  is  not  sd 
bad  of  its  kind  : 

Popideam  virgam  mater  repnaferehaU 

Attention  must  be  paid  to  the  vowels^  A,  E,  I,  O, 
U,  contained  in  the  syllables  of  these  verses  j  ob- 
xserving  that  A  is  equal  to  i,  R  to  2,  I  to  3,  O  to 
4,  and'U  to  5.-  You  must  begin  then  by  arranging 
4  Christians  together,  because  the  vowel  in  ^é  first 
syllable  is  O  ;  then  5  Turks,  because  the  vowel  in 
the  second  syllable  is  U  ;  and  so  on  to  the  end.  By 
proceeding  in  this  manner,  it  will  be  found,  taking 
every  ninth  person  circularly^  that  is  to  say,  begin- 
ning at  the  first -of  the  row,  after  it  is  ended,  that 
the  lot  will  fall  entirely  on  the  Turks. 

The  solution  of  this  problem  may  be  easily  ex- 
tended still  ferther.  Let  it  be  required,  for  example, 
to  make  the  lot  fall  upon  10  persons  in  40,  counting 
from  12  to  12.  Arrange  40  ciphers  in  a  circular 
form,  as  below  ; 

tt    t    t 

00, opooo  0000  00000 

O  '  Q 

10  o 

o  X       of 

o  -     -  ot 

ooooooooàooooooo 

t  t  t    ^  t  : 

then,  begiiming  at  the  first,  niark  every  lath  one 
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with  a  cross  ;  continue  in  this  manner,  taking  care 
to  pass  over  those  already  crossied,  still  proceeding 
circularly,  till  the  required  number  of  plac€;s  has 
been  marked  ;  if  you  then  count  the  places  of  the 
marked  ciphers,  those  on  which  the  lot  falls  will  be 
easily  known  :  in  the  present  case  they  are  the  7th, 
the  8th,  the  10th,  the  12th,  the  21st,  the  2 2d,  the 
24th,  the  34th,  the  35th,  and  the  36th. 

A  captain,  obliged  to  decimate  his  company, 
might  employ  this  expedient,  to  make  the  lot  fall 
upon  those  most  cul{)able. 

It  is  related  that  Josephus,  the  historian,  saved 
his  life  by  means  of  this  expedient.  -  Having  fled 
for  shelter  to  à  cavern,  with  forty  other  Jews,  after 
Jotapat  had  been  taken  by  the  Romans,  his  compa^. 
nions  resolved  to  kill  each  other  rather  than  sur- 
render. Josephus  tried  to  dissuade  them  from  their 
horrid  purpose,  but  not  being  able  to  succeed,  he 
pretended  to  coincide  with  their  wishes,  and  re- 
taining the  authority  he  had  over  them  as  their  chief, 
to  avoid  the  disorder  which  would  necessarily  be  the 
consequence  of  this  cruel  execution,  if  they  should 
kill  each  other  at  random,  he  prevailed  on  them  to 
arrange  themselves  in  order,  and,  beginning  to 
CQjant  from  one  end  to  a  certain  number,  to  put  to 
death  the  person  on  whom  that  number  should  fall, 
until  there  remained  only  one,  who  should  kill  him- 
self. Having  all  agreed  to  this  proposal,  Josephus 
arranged  them  in  such  a  manner,  and  placed  him- 
self in  such  a  position,  that  when  the  slaughter  had 
been  continued  to  the  end,  he  remained  with  only 
one  more  person,  whom  he  persuaded  to  live. 

Such  is  the  story  related  of  Josephus  by  Hege- 
sippus;  but  we  are  far  from  warranting  the  truth  of 
it.     However,  by  applying  to  this  case  the  method 
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above  indicated,  and  supposing  that  every  third 
person  was  to  be  killed,  it  will  be  foupd  that  the 
two  last  places  on  which  the  lot  fell  were  the  1 6th  ' 
and  31st;  so  that  Josephus  must  have  placed  him- 
self in  one  of  these,  and  the  person  he  was  desirous 
of  saving,  in  the  other- 

PROBLEM   XVIII. 

fl 

A  man  has  a  wolf^  a  goat,  and  a  cabbage,  to  carry  onjcr 

*  a  river  ;  but  being  obliged  to  transport  them  one  by 

one,  on  account  of  the  smallness  of  the  boat,-  in  ivhat 

nmnner  is  this  to  be  done,  that  the  wolf  may  not  be 

left  with  the  goat,  nor  the  goat  with  the  cabbage  ?  ^ 

He  must  first  carry  over  the  goat,  and  then  re- 
turn for  the  wolf;  when  he  carries  over  the  wolf, 
he  must  take  back  with  him  the  goat^  and  leave  it, 
in  order  to  carry  over  the  cabbage  ;  -he  may  then 
return,  and  carry  over  the  goat.  By  these  means, 
the  wolf  will  never  be  left  with  the  goat,  nor  the 
goat  with  the  cabbage,  but  when  the  boatman  is 
present. 

PROBLEM  XIX. 

Three  jealous  husbands^  with  their  wives,  having  to 
cross  a  river  at  a^  ferry,  find  a  boat  without  a  boai^ 
man  ;  but  the  boat  is  so  snmll  that  it  can  contain  no 
more  than  two  of  them  at  once.  How  can  these  six 
persons  cross  the  river,  two  and  two,  so  thatjnane  of 
the  women  shall  be  left  in  company  with  any  of  the 
men,  unless  when  her  husband  is  present  ? 

The  solution  of  this  problem  is  contained  in  the 
two  following  Latin  distichs  :      : 
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b  dufkx  muKer^  redit  una^  vehitque  manentem^ 
Afue  una  ;  uhmtur  tunc  duo  puppe  viri* 

Par  ^jodit  et  redeunt  bini^  mulierque  sororem 
Advehit  ;  ad  propriam  Jine  nmritus  abit.    ' 

That  îs  :  "  two  women  cross  first,  and  one  of 
them,  rowing  back  the  boat^  carries  over  the  third 
woman.  One  of  the  three  women  then  returns 
with  the  boat,^  and  remaining,  suffers  the  two  men, 
whose  wives  have  crossed,^-  to  go  over  in  the  boat. 
One  of  the  men  then  carries  back  his  wife,  and 
leaving  her  on  the  bank,  rows  over  tj|e  third  man. 
In  the  last  place,  the  woman  who  |iad  crossed  enters 
the  boat,  and  returning  twee,  carries  over  the  other 
two  women." 

.  This  question  is  proposed  also  under  the  title  of 
the  three  masters  and  the  three  valets.  The  masters 
agree  very  well,  and  the  valets  also  ;  but  none  of 
the  masters  can  endure  the  valets  of  the  other  two  ; 
ao  that  if  any  one  of  them  were  left  with  any  of  the 
other 'two  ,valets,  in  the  absence  of  his  master,  he 
would  in&llibly  cane  him. 

PROBLEM  XX. 


j[n  what  fnmrner  can  counters  be  disposed  in  the 
eight  external  cells  of  a  ^squarCy  so  that  there 
may  be  aboays  9  in  each  rmr,  and  yet  the  whole 
number  shall  vary  from  20  /o  32  ? 

OzANAM  proposed  this  problem  in  the  following 
manner^  with  a  view  no  doubt  to  excite  the  curio- 
sity  of  his  readers  : 
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A  certain  convent  consisted  of  nîne  cells,  one  of 
which  in  the  middle  was  occupied  by  a  blind  abbess, 
and  the  rest  by  her  nuns.  The  good  abbess,  to  as^ 
sure  herself  that  the  nuns  did  not  violatetheir  vows, 
visited  all  the  cells,  and  finding  3  nuns  in  each, 
which  made  9  in  every  row,  retired  to  rest.  Four 
nuns  however  went  out,  and  thé  abbess  returning  at 
midnight  to  count  them,  still  found  9  in  each  row, 
and  therefore  retired  as  before.  The  four  nuns  thea 
came  back  ;  each  with  a  gallant^  and  the  abbess  on 
paying  them  another  visit,  having  again  counted  9 
persons  in  each  row,  entertained  no  suspicion  of 
what  had  taken  place.  But  4  more  men  were  intro- 
duced, and  the  abbess  again  counting  9  persons  in 
each  row,  retired  in  the  full  persuasion  that  no  one 
had  either  gone  out,  or  come  in.  How  was  all  this 
possible  ? 

This  problem  may  be  easily  solved  by  inspecting 
the  four  following  figures  ;  the  first  of  which  repre- 
sents the  original  disposition  of  the  counters  in  the 
cells  of  the  square  ;  the  second  that  of  the  same 
counters  when.  4  are 'taken  away  ;  the  third  the 
manner  in  which  they  must  be  disposed  when  these 
4  are  brought  back  with  4  others  ;  and  the  fourth 
that  of  the  same  counters  with  thé  addition  of  4 
more.  It  is  here  evident  that  there  arie  always  9  in 
each  external  row  ;  and  yet,  in  the  first  case,  the 
whole  number  is  24,  while  in  ^he  second  it  is  20, 
in  the  third  28,  and  in  the  fourth  32. 
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It  would  seem  that  Ozanam  had  not  observed 
that  these  variations  might  have  been  carried  still 
Êuther:  that  4  men  more  might  have  been  intro- 
duced into  the  convent,  without  the  abbess  perceiv- 
ing it  ;  and  that  all  the  men  might  have  afterwards 
gone  out  with  six  nuns,  so  as  to  leave  only  18,  in- 
stead of  the  24  who  were  in  the  cells  at  first.  The 
possibility  of  this  will  appear  by  inspecting  the  two 
following  figures. 
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It  is  almost  needless  to  explain  in  what  manner  the 
illusion  of  the  good  abbess  arose.  It  is  because  the 
numbers  in  the  angular  cells  of  the  square  were 
counted  twice;  these  cells  being  common  to  two 
rows.  The  more  therefore  the  angular  cells  are 
filled,  by  emptying  those  in  the  middle  of  each  band, 
these  double  enumerations  become  greater;  on  which 
account  the  number,  though  diminished,  appears 
always  to  be  the  same;  and  the  contrary  is  the  case 
in  proportion  as  the  middle  cells  are  filled,  by  emp- 
tying the  angular  ones,  which  renders  it  necessary 
to  add  some  units  to  have  9  in  each  band. 

,        PROBLEM    XXI. 

A  gentleman  has  a  bottle^   contai?ii?jg  S  fints^  0/  choice 
wine^  and  wishes  to  make  a  present  of  one  half  of  it  tQ 
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a  friend;  but  as  he  has  nothing  to  measure  it,  except 
two  other  bottles^  one  capable  of  containing  5  and  the 
other  3  pints,  I^w  must  he  manage^  so  as  to  put 
exactly  4  pints  into  the  bottle  capable  of  containing  5^ 

To  enable  us  to  resolve  this  problem,  we  shall  call 
the  bottle  containing  the  8  piïits.  A;  that  of  5  pints, 
Bj  and  that  of  3  pints,  C;  svipposing  that  there  are  . 
8  pints  of  wine  in  the  bottle  A,  and  that  the  other 
two  are  empty,  as  seen  at  D.  Having 
filled  the  bottle  B  with  wine  from  the 
bottle  A,  in  which  there  will  remain 
no  more  than  3  pints,  as  seen  at  E,  fill 
the  bottle    C  from  B, ,  and  conse- 
quently   there   will   remain  .only   1 
pints  in  the  latter,  as  seen  at  F:  then 
pour  the  wine  of  C  into  A,  which  will 
thus  contain  6  pints,  as  seen  at  G, 
and  pour  the  2  pints  of  B  into  C,  as  seen  at  H.     In 
the  last  place,  having  filled  the  bottle  B  from  ^he  bot- 
tle A,  in  which  there  will  remain  only  i  pint,  as  seen 
at  I,  fill  up  C  from  B,  in  which  there  will  remain 
4  pints,  as  seen  at  Kvj  and  thus  the  problem  is  solved, 

REMARK. 

If  you  are  desirous  of  making  the  four  pints  of 
wine  remain  in  the  bottle  A,  which  we  have  supposed 
to  be  filled  with  8  pints,  instead  of  remaining  in  the 
bottle  B,  fill  the  bottle  C  with  wine 
from  the  bottle  A,  in  which  there  will 
remain  only  5  pints,  as  seen  at,D; 
and  pour  the  ^  pints  of  C  into  B, 
which  will    consequently  contain  3 
pints,  as  seen  at  £  :  having  then  filled 
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C  from  4.^  îa  which  ÛkertvfillTtthdin  G  2  5  î 
no  more  than  2  pints,  as  seen  at  F;  H  7  o  i 
fill  up  B  from  C9  which  will  thus  con-  I  7  i  o 
tain  odly  i  pint,  as  seen  at  G.  In  K  4  i  3 
fhe  last  place,  having  poured  the  wine  of  the  bottle 
B  into  the  bpttle  A,  which  will  thus  have  7  pints,  as 
seen  at  H  ;  pour  the  pint  of  wine  which  is  in  C  into  B, 
consequently  the  latter  will  contain  i  pint,  as  seen  at 
1}  and  then  fill  up  C  from  A,  iij  which  there  will  re- 
main  only  4  pints^  as  was  proposed,  and  as  seen  at  K. 

PROBLEM    XXII. 

jl  gentleman  has  a  bottle,  containing  12  pints  of  wine, 
six  (f  which  he  is  desirous  of  giving  to  a  friend;  but 
as  be  has  nothing  to  measure  ir,  except  two  other  bot- 
tles ^  one  of  y  pints,  and  the  other  of  5,  bow  must  he 
manage,  to  have  the  6  pints  in  the  bottle  capable  of  con* 
taming  y  pints  ? 

This  problem  is  of  the  same  nature  as  the  preced- 
ing, and  may  be  solved  in  the  like  manner.  Let  T 
represent  the  twelve-pint,  S  the  seven-pint,  and  F  the 
five-pint  bottle.  The  bottle  T  is  full,  and  the  other 
two,  S  and  V,  are  empty,  as  seen  at  G.  Fill  the 
bottle  F  with  wine  from  1l\  so  that  T  shall  contain 
only  7  pints,  as  seen  at  H  ;  then  127  5 
pour  into  S  the  wine  contained  in  F,  TSF, 
which  will  remain  empty,  and  the  G  12  o  o 
bottle  S  will  contain  5  pints,  as  seen  H  7  o  5 
at  I;  having  filled  F  from  T,  the  latter  I  7  5  o 
will  contain  only  2  pints,  the  bottle  S  K  2  5  5 
will  contain  5,  and  the  bottle  F  will  L  2  7  3 
be  full,  as  seen  at  K  :  in  the  next    M   9    30 


placfî  fill  S  frotri  F,  and  T  will  still  N  4  7  i 
contain  only  a  pints,  while  S  con>  On  i  o 
tains  7,  and  F  3.  as  seen  at  1,;  then  P  6  6  o 
empty  S  into  T,  and  F  into  S,  by 
which  means  T  will  contain  g  pînts,and  S  3,  FretnaJn- 
ing  empty,  as  seen  at  M  :  fill  F  from  T,  and  pour 
from  F  into  S  as  much  as  will  fill  it,  so  that  there  will 
then  be  4  pints  in  T,  7  pints  in  S,  and  i  pint  in  F, 
as  seen  at  N  :  pour  the  7  pints  fitom  S  into  T,  and  the 
pint  contained  tn  F  into  S,  after  which  T  will  con- 
tun  1 1  pints,  S  1,  and  F  will  be  empty,  as  seen  at 
O.  In  the  last  place,  having  filled  the  five-pint 
bottle  F  from  the  bottle  T,  and  poured  these  5 
pints  from  F  into  S,  which  already  contains  i,  it 
will  be  found  that  T  contains  6  pints,  and  that  S. 
contas  6  also  ;  80  that  the  desired  result  has  been 
obtained. 

PKOBLEM  XX III. 

To  tnoÂg  the  knight  move  irito  all  the  squares  if  the  chess 
board  J  in  succession^  without  passing  twice  over  the 


As  the  reader  perhaps  may  be  unacquainted  with 
the  movement  of  the  knight  at  the  game  of  chess, 
we  shall  here  explain  it  :  The  knight,  being  placed 
in  the  square  A,  cannot  move 
into  any  of  those  immediately 
surrounding  it,  as  i,  2,  3,  4, 
5,6,7,3;  nor  into  the  squares 
9,  10,  II,  12,  which  are 
directly  above  or  below,  and 
on  each  side  of  it  ;  nor  into 
the  squares  1^  14,  15,  16, 
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vhich  are  ni  the  diagoaals  ;  but  only  into  one  t^ 
those  wbicht  in  die  annexed  6gure,  are  empty. 

Serenl  eminent  men  have  amused  thenuelves 
with  this  problem,  such  as  Montmort,  Demoivre, 
and  Mairan,  and  each  of  these  has  given  a  solution 
of  it.  In,  those  of  the  two  former,  the  knight  i» 
supposed  to  be  placed  at  first  in  one  of  the  angular 
squares  of  the  diess-board  ;  in  that  of  the  third,  he 
is  supposed  to  begin  to  move  from  one  of  the  four 
centred  squares;  b\U  in  our  opinion  it  was  not 
known,  tUI  witÛn  these  few  years,  that  placing  the 
kiught  in  any  square  whoever,  he  may  be  made  to 
traverse  the  whole  chess  boart^  and  even  in  such  a 
manner  that,  without  returning  the  same  way,  be 
shall  pass  a  second  time  over  the  board  under  the 
like  conditi<ui8.  For  this  last  solution  we  are 
indebted  to  M.  W  ,  a  captam  in  the  Kinski 
riment  of  dragoons,  in  the  imperial  service. 

We  shall  here  give  four  tables,  representing 
these  four  solutions,  with  an  explanation  and  some 
remarks. 
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Of  these  four  ways  of  resolving  the  problem, 
that  of  Demoivre  is  doubtless  the  easiest  to  be 
remembered  ;  for  the  principle  of  his  method 
consists  in  fUUng  up,  as  much  as  posâble,  the  t#o 
exterior  bands,  which  form  as  it  were  a  border,  and 
not  entering  the  third,  till  there  is  no  other  method 
of  moving  the  knight  from  the  place  where  he  is, 
to  one  of  the  two  hrst,  a  rule  which  in  the  clearest 
manner  sut^ects  the  movement  of  the  knight  to  a 
certain  necessary  progress,  from  his  hrst  step  to  the 
joth,  and  beyond  it  ;  for  from  the  cell  marked  50 
there  is  no  choice  in  placing  him»  except  on  those 
marked  51  and  63  ;  but  the  cell  51  being  nearer 
the  band,  ought  to  be  preferred,  and  then  the 
movement  must  necessarily  be  through  52,  53,  54, 
55i  5^1  57»  5^'  59i  ^O'  ^^*  When  he  arrives  at  61, 
It  is  a  matter  of  indifference  whether  he  be  placed  in 
the  cell  marked  64  for  he  may  thence  proceed  to  the 
last  but  one  6j,  and  end  at  63  :  or  be  placed  in  62, 
to  proceed  to  6^,  and  end  at  64.    It  may  therefore 
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be  said  that  the  movement  of  the  knight  in  this 
solution  is  ahnost  constrained. 

The  case  is  not  the  same  with  the  fourth,  which 
it  is  difficult  to  practise  in  any  other  manner  than 
from  memory;  but  it  is  attended  with  one  very 
great  advantage,  which  is,  that  you  may  begin,  as 
already  said,  at  any  cell  at  pleasure;  because  the 
author  took  the  trouble  to  bring  the  knight  at  the 
conclusion  to  a  place  from  which  he  can  pass  into 
the  first.  His  movement  therefore  is  in  some 
measure  circular,  and  interminable,  by  adhering  to 
the  condition  of  nqt  passing  twice  over  the  same  cell, 
till  after  64  steps. 

It  may  be  readily  seen,  that  to  make  the  knight 
perform  this  movement  without  confusion,  the  cell 
tie  has  quitted  must  be  marked  at  each  step.  For 
this  purpose  a  counter  may  be  placed  in  each  cell, 
and  removed  as  the  knight  passes  over  it,  or,  what 
will  be  still  better,  a  counter  may  be  placed  in  each 
cell  when  he  has  passed  it. 

PROBLEM  XXIV. 

To  distribute  among  3  persons j  1 1  casks  of  zvinCy 
7  of  them  fully  7  of  them  empty  ^  and  7  halffull^ 
30  that  each  shall  have  the  same  quantity  ^winCy 
and  the  same  number  of  casks. 

This  problem  admits  of  two  solutions,  which 
may  be  clearly  comprehended  by  means  of  the  two 
following  tables  : 


Persons 

full  casks 

empty 

half  full 

r  ISt 

2 

2 

3 

I.  ^2d 

2 

2 

3 

Od 

3 

3    ' 

1 
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■  full  cask*  empty  half  foil 

3  3  I         . 

3  3  I 

1  I  S 

It  16  evident  that,  in  these  two  combinations,  each 
person  will  have  7  casks,  and  3I  casks  of  wine. 

But  it  may  be  easily  seen  that  the  whole  number 
of  the  casks  must  be  divisible  by  the  number  of 
persons,  otherwise  the  thing  required  would  be 
impossible. 

It  will  be  found,  in  like  manner,  that  if  24  casks 
were  to  be  divided  among  3  persons,  under  the 
same  conditions,  we  should  have  three  different 
solutions,  as  follows  : 

Fenons  full  casks  empty  half  fiiQ 

3  3  * 

33a 

234 

224 

2  2  4 

4  40 

I  I  6 

3  3  « 

440 

If  there  should  be  27  casks  to  be  divided,  there 
would  be  three  solutions  also  : 


Kersons 

full  casks 

empty 

half  fuU 

rist 

3 

3 

3 

I.^2d 

3 

3 

3 

C3<1 

3 

a 

3 

Btrfoof  full  casks  emptj  hilffiill 

I£*{ad  4  4  I 

4  4  I 


^  ^  5 

m  -5:^4.  .3  3  3 

4  4  1 
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€h(ataimngiS(mie.eufidiia  Arithmetical  Ff^^ 

PROBLEM  I. 

A  gentleman^  nihis  wiltj  gœce  orders  thatf  his  pro- 
perty  should  be  divided  among  his  chitdnen  in  the 
Jolkkoing  manner:  the  eldest  to  tak^Jrom  the 
whole  looo/;  and  the  jthpart  of  what  remained; 
the^  second  2qoo£  and  âe  yihpart  of  the  re- 
mainder ;  the,  third  sooc^f  and  the  fih  part  of 
U'kgit  was  left;  and  so  on  to  the  last^  alfvays  in^ 
Cttffsing  by  i  qoof,.  The  children  haxjfingfolknved 
thC:.disposition.qf  the  testqtor^  it  wasjàund  that 
they  had  each  got  an  equal  portion  :  haw  many 
cfiif^^f  wsife^  Ihere^  mhat^  was  the  fa  thefts 
property ,  and  to  hmmùç^did  ihe^  share  of  each 
^  child  amount  ? 

It.  will  be  found  by  analysis,  that  tbc.  father's 
prop^ty  was  36000/  ;  that,  there  were  6  children, 
and  t^at  the  sha^e  o?  each  \ras  6ooo;C« 
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Thus,  if  the  first  takes  i  ooo^,  the  remainder  of 
the  property  will  be  35000/^,  the  7th  part  of  which 
Sooo£j  together  with  iooO;£',  makes  6ooo£.  The 
remainder,  after  deducting  the  first  cliild'd  portion, 
is  30000;^ ,  from  which  if  the  second  takes  2000/", 
the  remainder  will  be  aSooO;^,  but  the  7th  part  of 
this  sum  is  4000;^»  which  if  added  to  the  above 
2ooOj^,  will  make  6o9o£y  and  so  on. 

PROBLEM  II. 

A  gentleman  meeting  a  certain  number  of  beggar s^ 
and  being  desirous  to  distribute  among  them  all 
the  mofiey  he  had  about  him^  finds  that  if  he 
gifve  sixpence  to  each  he  would  kofoe  ash  too 
little  ;  but  that  by  giving  each  a  groat j  he  Toould 
have  2sh  Bd  acer;  haw  many  beggars  were  there, 
and  what  sum  had  the  gentleman  in  hh  pocket  ? 

ThbrA  were  28  begi^ars,  and  the  gentleman  had 
in  bis  pocket  iz  shillings;  for  if  28  be  multipled 
by  6,  the  product  will  be  168,  from  v^hich  if  28h  or 
24  pàice,.  be  subtracted,  as  he  wanted  24  pence  to 
be  able  to  give  each  sixpence,  the  remaiïidet  will  be 
144  pence  zr  la  shillings  %  but  by  giving  each  of 
the  beggara  4  pence,  .he  had  occaaon  only  for  111 
pencci,  or  4  times  28  ;  consequently  he  had  3  4 
pence,  oi^  28h.  8d.  remaining. 

PROBLBM   nié 

A  gentlemofi  purchased  for  iio£  a  ht  of  wlne^ 
consisting  0/'  roo  bottles  of  B^gtmdyj  and  80 
6^  Chaéipagne  ;  tmd  another  purchased  at  thé 
samtpthcrfor  Me  sufUlofg^Cj  ^S  buttles  tf  thé 
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former^  and  70  of  the  latter  :   what  was  the 
price  of  each  Kind  of  wine? 

It 'will  be  found  that  the  Burgundy  cost  losh  per 
bottle,  and  the  Çh^unpagne  i  fsh,  ^  may  be  easily 
prove(l. 

PROBI^EM  IV, 

A  gentleman^  on  his  death  bed^  gave  orders  in  his 
will^  that  if  his  ladyy  who  reus  then  pregnant^ 
brought  forth  a  son^  he  should  inherit  two 
thirds  of'  his  property^  and  the  xvidaw  the  other 
third;  but  that  if  she  brought  forth  a  daughter ^ 
tly*  mother  should  inherit  two  thirds^  aful  the 
daughter  one  third;  the  lady  hawecer  was 
delivery  of  two  children^  a  boy  and  a  girl^ 
what  wets  the  portion  of  each  ? 

The  only  difficulty  in  this  problem,  is  to  dis*- 
cover  in  what  manner  the  testator  would  have  dis- 
posed of  his  property,  had  he  foreseen  that  his  lady 
would  have  been  delivered  of  two  children.  It  has 
generally  been  explained  in  the  following  manner  : 
4s  the  testator  desired  that  if  his  wife  brought  forth 
a  boy,  the  latter  should  have  two  thirds  of  his 
property,  and  the  mother  the  other  third,  it  hence 
follows  that  his  intention  was  to  give  the  son  a 
portion  double  to  that  of  the  mother  ;  and  as  he 
gave  orders'  that  in  case  she  brought  forth  a 
daughter,  the  mother  was  to  have  two  thirds  of  the 
propjsrty,  and  the  daughter  the  other,  there  is 
rçsison  to  conclude  .that  he  intended  the  portion  of 
the  mother  to  be  double  that  of  the  daughter.  Con- 
sequently, (o  combine  (hcse  two  conditions,  thç 
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property  must  be  divided  in  such  a  manner^  that 
the  son  may  have  twice  as  much  as  the  mother,  and 
the  mother  twice  as  much  as  the  daughter.  If  we 
therefore  suppose  the  property  to  be  30000^^,  the 
share  of  the.  son  will  be  171424^,  that  of  the 
mother  8571^,  and  that  of  the  daughter  42854.)^. 

As  a  supplement  to  this  problem,  another  is 
differently  proposed.  In  case  the  mother  should  be 
delivered  of  two  sons  and  a  daughter,  in  what 
manner  must  the  property  be  divided  ? 

In  our  opinion,  no  other  answer  can  be  given  to 
this  question,  than  what  would  be  given  by  the 
gentlemen  pf  the  bar  ;  that  the  will,  in  such  a  case, 
would  be  void  ;  for  a  child  having  been  omitted  in 
the  virill,  all  the  laws  with  which  we  are  acquainted 
would  pronounce  its  nullity  :  ist  Because  the  law 
is  precise,  and  2d  Because  it  is  impossible  to  deter- 
mine what  would  have  been  the  disposition  of  the 
testator,  had  he  had  two  sons,  or  had  he  forçscen 
that  his  wife- would  be  delivered  of  two. 

PROBLEM  Y0 

^  brazen  liorty  placed  in  the  middle  of  a  reservoir^ 
throws  out  water  from  its  mouthy  its  eyes  and 
its  right  foot.  fVhen  the  water  flows  from  its 
mouth  alone,  it  fllls  the  reservoir  in  6  hours  ; 
.  from  the  right  eye  it  fllls  it  in  2  days;  from  the 
left  eye  in  3,  and  from  the  foot  in  4.  In  zchat 
time  will  the  bason  be  fllled  by  the  watçr  flowing 
from  all  these  apertures^  at  once  ? 

To  solve  this  problem  it  must  be  observed,  that 
as  the  lion,  when  it  throws  the  water  from  its 
piouth,  alls  the  bason  in  6  hours,  it  can  fill  i  of  it 
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m  an  hour  ;  and  that  at  it  fills  it  in  2  days  whien  it 
throws  the  water  from  its  right  eye,  it  can  fill  ^  of 
it  in  an  hour.  It  will  be  found,  in  like  mannef, 
that  it  am  fill  .^  of  it  in  an  hour  when  the  watef 
tows  from  its  IdEt  eye,  and  ^  when  it  flows  from 
its  fix>t.  By  throwing  the  water  from  all  these 
apertures  at  once,  it  furnishes  in  an  hour  4.  -|-  ^  4- 
^  +  •^,  and  these  fractions  added  together  are 
equal  to  ./^.  We  must  therefore  make  the  follow* 
ing  proportion  :  If  -^^  are  filled  in  one  hour  or  60 
minutes,  how  many  minutes  will  the  whole  bason, 
or  4-Vt»  f^uire  :  Or,  as  61  is  to  288,  so  is  i  hour, 
to  the  answer^    iriikh  will  be  4IU  43RU    16^4 

9R0BLllf  YU 

m 

Jf  mule  and  an  ass  travelling  together,  the  ass 
kgan  to  et/M^m  that  her  burthen  was  too 
keaoy.  ^^  Lazy  animaly'^  said  the  mule,  ** you 
kaoe  little  reason  to  complain  ;  for  if  I  take  one 
of  your  bagSy  I  shall  have  twice  as  many  as  you, 
and  if'  I  give  you  one  of  minCy  we  shall  then  have 
&nfy  an  equal  number.'^'^fVith  haw  many  bags 
was  each  loaded  f 

Tht»  problem,  which  is  one  of  those  commonly 
proposed  to  beginners  in  algebra,  is  taken  from  a 
collection  of  Greek  epigrams,  known  under  the 
name  of  The  Anthology;  and  has  been  translated, 
almost  literally,  into  Latin  as  follows  : 

« 

Z^rn  cum  mulo  vinum  portabat  asella^ 

Atque  suo  graviter  sub  pondère  pressa  gemebat^ 
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Talibus  at  âictis  max  increpat  ipse  gemenfem  : 
Mater ^  quid  luges,  tenene'de  more  puellœ  ? 
Dupla  tuU,  si  des  mensuram^  pondéra  gesto  ; 
At  si  mensuram  accipias,  œqualia  porto. 
Die  mihi  mensuras,  sapiens  geometer^  istas  ? 

The  analysis  of  this  problem  has  also  been  ex- 
pressed in  lodyùSei'ent  Ladn  verses^  which  we  shall 
here  give»  to  gratify  the  reader's  curiosity. 

Unam  asina  accipiensj  amittens  mulam  et  ufiam 
Si  fiant  (egui,  certe  utrique  ante  duobus 
Distabant  a  se»     Accipiat  si  mulus  at  unam^ 
Anuttatque  asina  unam^  tunc  distantia  fiet 
inter  eos  quatuor.    Mali  at  cum  pondéra  dupla 
Sint  asime^  huic  simplex j  mulo  est  distantia  dupla. 
JEvS^  habet  kœc  quatuor  tantum^  mulusque  habet 

OCtOk 

Unam.  asinœ  si  addasy  si  reddat  mulus  et  unam, 
Mensuras  quinque  fuec  et  septem  mulus  habebunt. 

That  is  :  ^  As.  the  mule  and  the  ass  will  both 
hsyie.  equal  burdiens  when  the  £3rmer  gives  one  of 
his  measures,  to  the  htt^er^  it  is  evident  that  the 
difienence  betsweoL  the  measin'es  which  they  carry  is 
equal  to  2*  Now  if  the  mule  receives  one  from 
die  a^s,  the  diflbrence  will  be  4  ;  but  in-  that  case 
the  mule  will  have  double  the  number  of  measures 
that  the  ass  has  ;  consequently  the  mule  will  have 
8,  and  the  ass  4.  If  the. mule  then  gives  one  to  the 
ass,  the  latter  will  have  5  and  the  former  7'':  these 
wem  the  number  of  the  measures  with  which  each 
was  loaded^  and  which^  solve  the  problem. 

This  pfoUem,  which  might  be  expressod  in  a 
great,  vanetsf  of  fonm^  it  not  the  only  one  furnished 
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by  the  Greek  Anthobey.  The  following  are  a  few 
more,  translated  into  the  Latin  verse  by  Bachet  de 
Metiriacy  who  inserted  them  in  a  note  to  one  of 
the  problems  of  Diophantus. 

I. 

9 

• 

jturcM  mala  ferunt  ChariteSy  œqualia  cuique 
Mala  insunt  calatho  ;  Musarum  his  obvia  tûrba 
Mala  petunty  Charités  cunctis  œqualia  donant; 
Tunc  aqualia  très  contingit  habere^  fiovemque. 
Die  quantum  dederint  numerus  sit  ut  omnibus 
idem  ? 

That  is  :  "  The  three  Graces,  carrying  each  an 

anal  number  of  oranges,  were  met  by  the  nine 
uses,  who  asked  for  some  of  them  ;  and  each 
Grace  having  given  to  each  Muse  the  same  number, 
it  was  then  found  that  they  had  all  equal  shares  ; 
How  many  had  the  Graces  at  first  ?" 

The  least  number  which  will  answer  this  problem, 
is  1 2  ;  for  if  we  suppose  that  each  Grace  gave  one 
to  each  Muse,  the  latter  would  each  have  threes 
and  there  would  remain  3  to  each  Grace. 

The  numbers  24,  36,  48,  &c,  will  also  answer 
the  question  ;  and,  after  the  distribution  is  made, 
each  of  the  Graces  and  Muses  will  have  6,  or  9, 
or  12^  &c« 

n. 

Dtf»  Htliconiadum  decus^  6  sublime  Sororum 
Pythagora  !  tua  quot  tyrones  tecta fréquentent. 
Qui  y  sub  te  J  sophiœ  sudant  in  agone  magistro? 
jPicam;  tuquç  animo  mea  dicta  j  Poly  crates  hauri  ; 
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Dimidia  horum  pars  prœclara  mathemata  discU, 
Quarta  ivimortçlem  naturam  nôsse  laborat, 
Septinuij  scd  tacite j  sedet  atque  audita  rccolvit; 
Très  suntfœminei  sexûs. 

**  Tell  me,  illi^strîous  Pythagoras,  how  many 
pupils  frequent  thy  school  ?  One  half,  replied  the 
philospher^  study  mathematics,  one  fourth  natural 
philosophy,  one  seventh  observe  silence,  and  there 
are  three  females  besides/' 

The  question  here  is,  to  find  a  number,  the  4> 
-J-  and  4.  of  which  +  3,  shall  be  equal  to  that 
number.  It  ipay  be  easily  replifsd  that  this  number 
is  28. 

iir. 

Die  quota  nunc  hora  est  ?  Superest  tanthm  ecce 

diei 
Quantum  bis  gemini  evactà  de  luce  trientes. 

•^  A  person  being  asked  what  o'clock  it  was,  re- 
plied, the  hours  of  the  day  which  remain,  are 
equal  tp  -J-  of  those  elapsed." 

if  we  cUvide  the  day,  as  the  ancients  did,  into  1 2 
equal  portions,  the  question  will  be  to  divide  that 
number  into  two  such  parts,  that  \  of  the  first  may  be 
equal  to  the  second  :  in  this  case  the  result  will  be 
54  for  the  number  of  the  hours  elapsed  ;  and  con* 
sequently  for  the  remainder  of  the  day  6f  hours. 


.  ••  V  - 


* 
9 


^* 
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W. 


Uic  Diaphantus  habet  tumulum^  qui  t  empara  vitœ 

lUius  mira  dénotai  arte  tibi. 
Egit  seriantemjuvenis,  lanugine  malas 

Veêtire  hinc  cœpit  parte  duodecimal 
Sif  tante  uxori  post  nœc  sociatur  et  anno 

Formosus  quinto  nascitur  indepuer. 
Semissem  œtatis  postquam  attigit  ille  patemœ^ 

Infeliv  subitâ  morte  peremptus  obit. 
Quatuor  testâtes  genitor  lugere  superstes 

Cogitur,  hinc  annos  tllius  assequere. 

**  This  is  the  epitaph  of  the  celebrated  mathema- 
tidan  Diophantus.  It  tell  us,  that  Diophantus 
passed  die  sixth  part  of  his  life  in  childhood,  and 
the  twelfth  part  in  the  state  of  youth  ;  that  after  a 
seventh  part  of  his  life  and  five  years  more  were 
dapsed,  he  had  a  son,  who  died  when  he  had  at- 
tained to  half  die  age  of  his  father,  and  that  the 
latter  survived  him  only  four  years." 
'  To  resolve  this  problem,  we  must  find  a  number, 
the  ^  -jij-,  4.  and  4.  of  which  +5+4,  shall  be 
equal  to  the  number  itself.    This  number  is  84. 


V. 

Quijaculamur  aquas  très  hic  adstamus  Amores  ; 
S^  varié  liquidas  Euripo  immittimus  undas  : 
'Jiexter  ego^  summis  et  quœ  mihi  manat  ab  alis 
'Asum  lympha  replet  solo  sextante  diei  ; 
Quatuor  ast  horis  lœvus  versa  influit  urnâ  ; 
Dimidiatque  diem  médius  dumfundit  ab  area  :  . 


•  • 
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I^f  ^^)  çrei/îm  paucu  Euripum  implebimus  horis^ 
Ex  area  simul  atque  alts  urnâqUe  Jluaites  ? 

^^  Three  Cupids  pour  water  into  a  bason,  but 
not  equal  quantities  in  equal  times.  One  of  them 
can  fiU  it  in  the  sixth  of  a  day,  another  ia  four 
hours,  and  the  third  in  half  a  day.  How  long  will 
they  require  to  fill  it  when  they  all  pour  water  into 
it  at  the  Same  time  ?'' 

This  problem  is  of  the  same  nature  as  that  re- 
specting the  brazen  lion,  of  which  a  solution  bas 
been  given.  If  we  suppose  the  day  to  be  divided 
into  1 2  hours,  it  will  found  that  the  three  Cupids 
can  fill  the  bason  in  ^  of  a  day»  or  a  little  more 
than  an  hour. 

P]iOBL£M   VXK 

The  sum  of  500^  hcpoing  been  divided  among  four 
perÉonSy  it  was  found  that  the  shares  of  the 
firêt  tfûû  amount &i  to  2%^  ;  those  of  the  second 
and  third  to  220^^;  those  of  the  third  and  fourth 
to  2 1  5jC  ;  and  that  the  share  of  the  first  was  to 
that  of  the  last  as  4  to  3.  fvhat  was  the  share 
(^ each?    >  I 

The  solution  of  this  problem  is  exceedingly  easy. 
The  first  hid  160^,  the  second  125;^,  £e  third 
9S£y  and  the  fourth  1 20;^. 

It   is    to  f>c   observed,    that  without   the   last 
mentioned  condition,  or  a  fourth  one  of  some.kind 
or  other,   the   problem  would  be  indeterminate^: 
thtt  is  to  say,  would  be  susceptible  of  a  great  ii^jl 
answers  :  the  last  condition  however  limits  it  to  one 
only» 


1$2  AVUSIKO 


PROBLEM  Vlir. 


A  labourer  hired  himself  to  a  gentleman  on  the 
foUomng  conditions:  for  every  day  he  worked 
he  was  to  receive  ash  6dy  but  for  every  day  he 
remained  idle  he  was  to  forfeit  ish  3^  :  after 
40  days*  service  he  had  to  receive  2£  i^sh.  How 
many  days  did  he  work  y  and  haw  many  remain  idle  ? 

Hb  worked  28  day^  of  the  40,  and  remamed 
idle  12. 

PROBLEM  IX. 

A  bill  of  exchange  J  of  aooo^f ,  was  paid  with  half 
guineas  and  crowns  ;  '  and  the  number  of  the 
pieces  of  money  amounted  to  4700;  haw  many  of 
each  sort  were  employed? 

There  were  3000  half  giiineas  and  1700  crowns. 

PROBLEM  X. 

A  gentleman^  having  lost  his  purscj  could  not  tell 
the  exact  sum  it  contained^  but  recollected  that 
when  he  counted  the  pieces  two  by  two^  or  three 
by  three  J  or  five  by  Jive^  there  always  remained 
one  ;  and  that  when  he  counted  them  seven  by 
seven,  there  remained  nothing.  What  was  the 
nfiipber  of  pieces  in  his  purse  f 
:••  •• 

It  may  be  readily  seen  that,  to  solve  this  problem, 
nothmg  is  necessary  but  to  find  a  number  which 
when  divided  by  7  shall  leave  no  remainder  ;  and 
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which  when  dîyided  by  2,  3,  or  5,  shall  always 
leave  i*  Several  methods  maybe  employed  for  this 
purpose  ;  but  the  simplest  is  as  jbllows  : 

Shice  nothing  remains  when  the  pieces  are  counted 
seven  by  seven,  the  number  of  them  is  evidently 
some  multiple  of  7  ;  and  since  i  remains  when  they 
are  counte:d  t\ï^  by  two,  the  cumber  must  be  an 
odd  multiple  :  it  must  therefore  be  some  ^f  the  series 
7»  21,  35,  49,  6^,  77,  91,  105,  &c* 

This  number  also  when  divided  by  3  must  leave 
unity;  but  in  the  above  series  7,  49  and  91,  which 
increase  arithmetically,  their  difference  being  42 5 
are  the  only  numbers  that  have  the  above  property* 
It  appear^  likewise,  that  if  91  be  divided  by  c,  there 
will  remain  i  j  and  we  may  thence  conclude  that 
the  first  number  which  answers  the  question  is  91  ; 
for  it  is  a  multiple  of  7,  and  being  divided  by  2,  3 
or  5,  the  remainder  is  always  i. 

Several  more  numbers,  which  answer  this  qiies- . 
tion,  may  be  found  by  the  following  means  :  con- 
tinue the  above  progression,  in  this  manner  :  7,  49^ 
9^  133»  ^75^  217,  259,  301,  until  you  find  an- 
other term  divisible  by  5,  that  leaves  unity  ;  this 
term  will  be  301,  and  will  also  answer  the  condi- 
tions of  ^he  problem  ;  but  the  difference  between  it 
and  91  is  lio,  from  which  it  may  be  concluded, 
that  iJF  we  form  the  progression  : 

9i>  301^  511^721,  931,  1141,  &c, 

all  these  numbers  will  answer  the- conditions  of  the 
problem  also. 

It  would  therefore  be  still  uncertain  what  money 
was  in  the  purse,  unless  the  owner  could  tell  nearly 
the  sum  it  contained.     Thus,  for  example,  if  he 

TOL.  I;  o 


194  AMUsmo 

• 

should  say  that  there  were  about  500  pieces  in  it^ 
we  might  easily  tell  him  that  the  number  was  51 1. 

Let  us  now  suppose  that  the  owner  had  said^  that 
when  he  counted  *  the  pieces  two  by  two  there  re- 
mained I  ;  that  when  he  counted  them  three  by 
three  there  remained  2  ;  four  by  four,  3  ;  five  by 
five»  4  ;  six  by  six,  5  ;  and,  in  the  last  place,  that 
when  be  counted  them  seven  by  seven,  nothing  re- 
mained. 

It  is  here  evident  that  the  number,  as  before, 
must  be  an  odd  multiple  of  7,  and  consequently 
one  of  the  series  7,  21,  35,  49,  63,  77,  91,  105, 
&c*  But  the  numbers  35  and  77,  of  this  series, 
answer  the  condition  of  leaving  2  as  a  remainder 
when  divided  by  3,  and  their  difference  is  42.  For 
this  reason  we  must  form  a  new  arithmetical  pro- 
gression» the  difference  of  which  is  42,  viz» 
35»  77^  ii9>-i6i,  203,  245,  287,  &c. 

We  must  then  seek  for  two  numbers  in  it,  which 
when  divided  by  4,  shall  leave  3  as  remainder.  Of 
this  kind  are  the  numbers  35,  119,  203,  287  ;  and* 
therefore  we  must  form  a  new  progression,  the  dif- 
ference of  the  terms  of  which  is  84. 

35,  119,  203,  287,  371,  455»  539>  623,  &c. 
In  this  new  progression  we  must  seek  for  two  terms, 
which  when  divided  by  5,  shall  leave  4  ;  and  it  will 
be  readily  seen  that  these  numbers  are  119  and  539, 
the  difference  of  which  is  420.  A  series  of  terms 
therefore  which  answer  all  the  conditions  of  the 
problem  except  i,  is 

i*i9>  539»  959»  ^379y  ^799»  2219,  2639,  &c. 
But  the  last  condition  of  the  problem  is,  that  the 
required  number  when  divided  by  6,  leaves  5  as  re- 
mainder.     This  property  belongs  to    119,    959, 
1799,  &c,  always  adding  840  j  consequently  the 


liuhiber  sought,  is  one  of  those  in  that  progression. 
For  this  reason,  as  soon  as  we  know  nearly  within 
what  limits  it  is  contained,  we  shall  be  able  to  de- 
termine ité 

If  the  owner  therefore  of  the  purse  had  said,  that 
it  contained  about  loo  pieces,  the  number  required 
would  be  119;  if  he  had  said  there  were  nearly 
1000,  it  would  be  959,  &c. 

REMARK. 

The  solution  of  this  problem,  according  to  the 
method  taught  by  Ozanam,  woul4  be  imperfect. 
!Por  after  finding  the  smallest  number  which  answers 
the  conditions  of  the  problem,  viz.  119,  he  would 
merely  say,  that  to  obtain  the  other  numbers  which 
answer  them,  the  numbers  2,  3,  4,  5,  6,  7,  ought 
to  be  successively  multiplied  together,  and  their  pro- 
duct 5040  added  to  119,  the  first  number  found  : 
this  would  give  the  number  5159,  which  would  an- 
swer the  proposed  conditions  also.  But  it  may  be 
readily  seen,  that  there  are  several  other  numbers, 
between  119  and  5159,  which  ianswer  these  condi- 
tions, viz.  959,  1799,  2639,  3479,  4319. 

In  treating  of  chronology,  we  shall  give  the  so- 
lution of  another  problem  of  the  same  kind  ;  viz. 
To  find  any  year  of  the  Julian  period,  the  golden 
number,  cycle  of  the  sun,  and  cycle  of  indiction, 
for  that  year,  being  given. 

PROBLEM  xr. 

A  sum  of  money ^  placed  out  at  a  certain  interests 
increased  in  %  months^  to  3616/  13^  4^.  And  in 
tzvo  years  and  a  half  it  amounted  to  3937/  losfi. 
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fThat  }^  tJiC  origiiutlùapifal,  atid  at  what  rat€ 
iff  xnttrut  was  it  placed  out  ? 

That  young  algebraists  may  have  an  opportunity 
of  éurçî^ing  their  own  ingenuity,  we  shall  here  give 
the  answer  only  of  this  piioblenu  By  employing 
the  proper  means  of  analyâs,  they  will  find  that  the 
capital  was  35001^  an4  the  rate  pf  interest  5  per 
cent*  / 

PROBLEM  XII. 

Three  women  tvent  to  nwrket  to  sell  eggs  ;  the  first 
of  whom  sold  I  o,  the  second  2^^  and  the  third  30, 
all  at  the  sa^ne  price.  As  they  were  ri^uvmng 
they  began  to  reckon  how  much  momy  they  car- 
ried backj  and  it  xoas  found  that  each  had  the 
same  sum  :  haa^  many  eggs  did  they  sell^  and  at 
what  price  ? 

It  is  evident  that  to  make  what  is  announced  m 
this  problem  possible,  these  women  must  have  sold 
their  eggs  at  two  different  times,  and  at  different 
prices  ;  for  if  the  one  who  had  the  least  number  of 
eggs  sold  a  very  small  number  at  the  lowest  price, 
and  the  remainder  at  the  highest,  while  the  one  who 
had  the  greatest  number  sold  the  greater  part  at  the 
lowest  price,  and  could  sell  only  a  very  sniall  num- 
ber at  the  highest,  it  may  be  easily  seen  that  they 
might  have  got  equal  sums  of  money. 

The  question  then  is,  to  divide  each  of  the  num- 
bers 10,  25,  30,  into  two  such  parts,  that  if  the 
fast  part  of  each  be  multiplied  by  the  first  price, 
and  the  second  by  the  second,  the  sum  of  the  two 
products  shall  be  equal. 
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■  This  problem  is  mdetcrmmate,  and  susceptible  of 
ten  diflferent  solutions.'  It  is,  in  the  first  place; 
necessary  that  the  diflference  of  thé  prices  of  the  first 
and Jthé  second  sale  shall  fee  an  exact  divisor  pf  15, 
20,  5.  the  differences  of  the  three  numbers  giVeiv  ; 
but  the  least  divisor  of  these  three  numbers  is  c, 
and  for  this  reason  the  prices  must  be  6  and  i,  or 
7  arid  2,  or  8  and  3,  &c. 

If  tve  suppose  the  two  prices  to  be  6  and  i,  we 
shall  have  seven  different  solutions,  as  seen  in  the 
follo3«ting  table  :  * . 


I 


n 


VI 


2  ft-  sale 

ad.  sale 

total  ainount 

4  eggs  at  6d. 

6  at  id. 

30 

I 

%4 

'30 

0 

'3°        ■ 

30 

5 

5 

35 

2 

23 

•  35 

I 

29 

35 

6   . 

4' 

40 

3 

22 

40  - 

2 

a8 

40 

1. 

.   3 

45 

4 

21 

1 

45 

3    . 

*7.      : 

45  ,. 

8 

2 

.   50 

5  ^ 

120 

50 

^L                                              •  •'^ 

26 

•    50 

9 

I 

SS 

6 

«9 

55 

5 

25     ■  ..  . 

55 

10 

0 

60 

7 

18 

60 

6 

24 

60 
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If,  we  suppose  the  two  priceë  to  be  7  and 
have  ^^MO  ^c  three  foUoijring  solutions  : 


I 


n 


Women          zit.  sale 

'  ist.        8  eggs  at 
|2d«        2 

.3*-        9 

74. 

sd.  ^               total  araonnt 
2  at  2d.          60 

23                   .60 

3?                 ^ 

I8t.        ~  9 
2d.            3 

.34»            Ï 

I          65 

22                        65 

29                 ,65 

ist;.       10 

2d.         4 

.$àf        2 

0                 70 

21                          70 

29                70 

m 


It  would  be  needkfis  to  try  8  and  3,  or  any  other 
number,  as  no  solution  could  be  obtained  from  them^ 
for  reasons  which  will  be  seen  hereafter. 

*  •  *  ' 

HEMARKS, 

We  are  told  by  M*  de  Lagny,  in  the  second  part 
©f  his  Arithmetiguc  Universelle,  p.  456,  that  this 
question  is  susceptible  of  no  more  than  six  solutions; 
but  the  author  is  mistaken,  for  we  have  here  pointed 
out  ten.  As  it  may  afford  pleasure  to  thq^ç  who 
are  studying  algebra,  to  be  made  acquainted  with 
the  niethod  employed  for  obtaining  them,  we  thii^k 
]l  our  duty  Ijere  to  give  it. 

We  shall  pall  the  price  at  which  the  women  sold 
the  first  time  u  ;  and  that  ;^t  which  they  sold  the 
second  time  /^.        • 

If  X  then  ]be  the  number  of  the  eggs  sold  by  the 
first  woman,  at  th^  price  Uy  the  number  of  those 
sold  at  the  price  p,  will  be  10  —  x  ;  the  money 
arising  from  the  first  sale  will  be  2'  Uy  that  of  the 


^ 
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second  wîUbe  to p-^px^  and  the  sum  total  will  be 
o^tt  +  lop  —  px.  ii^z  be  the  number  of  eggs 
sold  by  the  second  woman,  at  the  first  sale;  we 
shall  have  u  z  for  the  money  arising  from  the  first 
sale,  and  2Sp'^pz  for  that  arising  from  the  se-, 
cond,  making  together  zu  +  2^p  — pz. 

In  like  manner,  if  y  represent  the  number  of  eggs 
sold»  die  first  time,  by  the  third  woman,  we  shall 
have  uy  for  the  money  arising  from  the  first  sale, 
30  p  —  J^y  for  that  of  the  second,  and  for  the  total 
of  die  two  sales  m^  +  30  p  — py.  But,  by  the 
supposition,  these  three  sums  are  equal  ;  ccmse- 
quently  »rfi  +  10 p  — />.riz^w  +  25 p  — pz  ::: 
uy  +  30/)  — pyy  from  which  we  obtain  the  three 
following  new  equations  : 

xu  —  px  11  zu  —  pz  +  IS  P 
xu — pxzuuy — py  +  2op 
zw^pzzzuy — py-^SP 

And)  dividing  tne  whole  by  u  -*-  /^,  we  have  these . 

three  others,  viz, 

z  zz  y  +  "^^ 

•7    •    ti  —  p  I 

from  which  it  may  be  concluded,  that  u  — :  j&  must 

be  a  divisor  of  15,    20,  and  5,  otherwise   --£7-5 

^     P 

-^^5  "^I~^  ^ould  not  be  integral  numbers,  which 

it  is  necessary  they  should  be.    But  the  only  num- 
ber which  is  a  divisor  of  15,  20,  and  5  is  5,  which 
shews  that  the  prices  of  the  two  sales  could  be  only 
5  and  o,  6  and  i,  7  and  2,  5  and  3^  &c. 
It  may  be  easily  seen,  that  the  supposition  of  5 


and  Q  will  nçt  aosw^  the  condirions,  since  in  that 
case  tlvere, would  have  been  only. one  sale. 

We  must  therefore  try  the  second  supposition,  6 
^d  I,  vi^  u  zz  6  and  Jizz  i,  which  gives  for  the 
two.last  equations,  >r  =  j/  +  4»^  — \y  +  x. 

But  v/p  have  here  three  unknown  quantities,  and 
pnïy.twp'çqufttionôî  for  which  reason  one  of  these 
lunknown  quantities  mu^t  be.  assumed  at  pleasure. 
Lei  us  take  j/,  and  first  suppose  it  =  o, 
•    This .  will  give  .v  zz  4,  and  ;:  z:  i ,  and  we  shall 
have  jhe  first  solution,  which  shews  that  the  first 
^qm^  sold  the  fir§t  tiipe  4  eggs  at  6  p<:nce  each, 
^nd  consequently,  the  second  time  6  at  i  penny 
f^h^  ivhiléthe  second,  sold  i  the  first  time  at  6 
pence,  and  the  other  24  at  i  penny  each,  and  the 
third  sold  all.  her  eggs  at  the  second  price  :  they 
would  then  all  have  30  pence  each». 
By  makings  zi  i,  we  shall  have  the  second  solution, 
3y  'm%\f:fiigy  iz  2,  we  shall  have  the  third. 
By  making  ^  z:  3,  we  shall  have  the  fourth.. 
By  making \y  zz  4,  we  shall  have  the  fifth. 
By  making  ^  z:  5,  we  shall  have  the  sixth. 
By  making\y  zz  6,  we  shall  have  the  seventh. 

We  cannot  suppose  y  to  be  greater  than  6,  be* 
cause  then  we  should  have  .r  z:  10  ;  which  is  im- 
possible, as  the  first  woman  has. only  10  egçs  to  sell. 

We  must  therefore  proceed  to  the  following  sup- 
position, viz.  ti  zz  7,  and  p  zz  tt^  which  gives  two 
equations,  x  zz  y  +  %  )  z  zz  y  +  2. 

If  y  here  be  first  made  zz  o,  we  shall  have'  x  zz 
8,  and  z  zz  2^  which  gives  the  eighth  solution. 
By,  nxaking  y  zz  i ,  we  shall  have  the  ninth. 
By  making  y  =  2,  we  sl^all  have  the  tenth. 

But  y  cannot  be  made  gi-eater,  for  then  x  would 
be  greater  than  i  o,  which  iâ  impossible. 
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It  would  be  useless  also  to  try  for  the.  values  of 
u  and  /;,  8  and  3  ;  for  these  would  aecessarily.  give 
to  .t'  a  valtt^  greater  than  xo^  which  cannot  be  the 


We  may  therefore  rest  assured,  that  the  problem 
is  susceptible  of  no  more  solutions  thaa  the  tea 
above  mentioned» 

PROBLE»!  X1V# 

To  fnd  the  number  and  the  ratio  of  tJie  wâghts 
with  which  any  number  of  pounds,  from  imity 
to  a  given  number^  can  be  weighed  in  t lie  simplest 
manner.     '  • 

Though  this  problem  on  the  fir^  view  seems  to 
belong  to  mechanics,  it  may  be  readily  ^een  that  it 
is  only  aa  arithmetical  question  :  for,  to  solvie  it, 
nothing  is  necessary  but  to  find  a  series  of  numbers 
beginning  with  Hinity,'  whiich  added  or  subtr^icted 
from  each  other  in  every  way  possible,  shall  form 
all  the  numbers  from  unity  to  the  greatest  proposed. 

It  may  be  solved,  two  ways  ;  either  by  addition 
alone,  or  by  addition  combined  with  subtraction* 
In  the  first  case^  the  series  of  weights  which  answers 
the  problem,  ie  that  of  the  numbers  increasing  in 
double  progression;  in  the^secûnd,  it  is  that  of 
those  in  the  triple progressiom- 

ïhus,  for  example,  with  weights  of  i  pound, 
%  pounds,  4  pounds,  8  pounds,  and  1 6  pounds,  we 
can  weigh  any  number  of  pounds  up  to  31  :  for, 
with  2  and  I  we  can  form  3  pounds.  ; 'with  4  and  i, 
5  pounds  ;  with  4  and  2,  6  pounds  ;  with  4,  2  and 
I,  7  pounds,  &c.  With  thd^Kidition  of  a  weight 
of  32  pounds^  we  can  weigh '4s  far  as  6^  pounds; 
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and  80  on,  doubling  the  last  weight,  and  deducting 
from  that  double  unity. 

Bot  by  employing  weights  in  the  triple  progres- 
•ion,  1 1  3,  9,  27,  8 1,  all  weights  from  i  pound 
to  lai  can  be  weighed  with  them:  for,  with  the 
second  less  the  first,  that  is  to  say  putting  the  first 
into  one  scale  and  the  second  into  the  other,  we  can 
make  2  pounds  ;  by  putting  both  in  the  same  scale, 
we  can  form  4  pounds  ;  by  pjutting  9  on  the  one 
side  and  3  and  i  on  the  other,  5  poimds  ;  by  9  on 
the  one  side  and  3  on  the  other,  6  pounds  ;  by  9 
and  I  on  die  one  side  and  3  on  the  other^  7  pounds  ; 
and  so  on* 

It  is  herç  evident  that  this  last  method  is  the  sim- 
plest, being  that  which  requires  the  least  number  of 
«fiffisrent  weights. 

Both  these  progressions  are  more  advantageous 
than  any  of  the  arithmetical  ones,  as  will  appear  on 
trial  ;  lor  if  the  increasing  arithmetical  weights,  i, 
^9  3fAy  &<^9  ^61^  emjdbyed,  15  would  be  neces* 
tarr  to  weigh  1 20  pounds  ;  to  weigh  121  with 
weights  in  the  increasing  progression  i»  3,  5,  7, 
&C,  II  would  be  required.  No  other  progression 
WcmM  make  up  all  the  weights  possible,  from  i 
pomid  to  the  greatest  resulting  from  the  whole  of 
the  weights.  The  triple  proportion  therefore  is  the 
most  convenient  of  all. 

The  solution  of  this  problem  may  be  of  the 
greatest  utility  in  commerce,  and  the  ordinary  con- 
cerns of  life,  as  it  affords  the  means  of  weighing 
any  weight  whatever  with  the  least  possible  number 
of  different  weights. 
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PROBLEM  XVt 

A  country  woman  carrying  eggs  to  s  a  garrison, 

where  she  hfld  three  guards  to  pass,  sold  at  the 

Jirst  half  tf{e  number  she  had  and  half  an  egg 

*  mor^  ;  at  thè^  second,  the  half  of  what  remained 
and  half*  an  egg  more  ;  and  at  the  third,  the  half 
of  the  remainder  and  half  an  egg  more  :  when 
site  arrived  at  the  market  place,  she  had  three 
doi&en  still  to  sell  :  haw  was  this  possible,  without 
breaking  any  of  the  eggs  ? 

* 

It  would  appear»  on  the  first  view,  that  this  prob- 
lem is  impossible  ;  for  how  can  half  an  egg  be  sold 
without  breaking  any?  The  pbssitnlity  of  it  how^ 
«ver  will  be  évident  when  it  is  considered,  that  hf 
taking  the  greater  half  of  an  odd  number,  we  take 
the  «xact  half  +  \.  It  will  be  found  therefore  that 
the  woman,  before  she  passed  the  last  guard,  had 
73  eggs  remaining,'  for  by  selling  37  of  them  at 
that  guard,  which  is  the  half  +  4,  she  would  have 
36  remaining.  In  like  manner,  before  she  came  to* 
£he  second  ffuard  she  had  147  ;  and  before  she 
came  to  the  nrst,  295. 

This  problem  might  be  proposed  also  in  a  diflfer- 
cnt  manner  ak  follows  : 

A  gentleman  went  out  with  a  certain  number  of 
gmneas,  in  order  to  purchase  necessaries  at  differ^- 
ent  shops..  At  the  first  he  expended  half  hh 
guineas  and  half  a  guinea  more  ;  at  the  second, 
half  the  remainder  and  half  a  guinea  more  ;  and 
so  at  the  third  :  IVhen  he  returned  he  found  that 
he  had  laid  out  all  his  mofiey,  without  hàxfing 

.    received  any  changf.    Hotv  was  this  possible  f 


He  had'  7  guineas,  and  at  the  first  shop  ex- 
pended 4,  at  the  second  1,  and  at  the  third  i  ;  for 
4  is  the  half  of  seven  and  4  niore  ;  the  remainder 
beipg  3,  its  half  is  i^^  and  4^  more  makes  2  ;  but 
à  taken  from  3  leaves  i,  the  half  of  which  is  4, 
snd  T  makes  i  ;  consequently  nothing  more  remains. 
/    ■ 
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If  the  nHmber  of  places  at  which  the  gentleman 
expended  all  his  money  were  greater,  nothing 
would  be  necessary  but  to  raise  2  to  such  "a  power, 
that  the  exponent  should  be  equal  to  the  liumber  of 
pbcesy  and  to  diminish  it  by  unity.  Thus,  if  there 
«ere  4,  as  the  fourth  power  of^2  is  16,  the  re- 
qbined)  cumber  would  'be  15  ;  if  there  were  5,  the 
fifth  .power  of  a  being.  3a,  the  ^required  number 

would  be  31; 

.■«,.■  •  • 

PROBI*ERr    XVII. 

.1 

'Tkrce^persom  hate  each  such  a  number  of  crowns, 
that  if  the  first  gives  to  the  other  hvo  as  vianff 
as  they  each  have  ;  ami  if  Jhe  second  and  third 
ifo  the  same  ;  they  will  then  all  have  an  equal 
number,  naynely  8.    Haa>  many  has  each  ? 

The  first  has  13,  the  second  7, and  the  third  4 
as  may  be  easily  proved,  by  distributing  the  crowns 
of  each  as  announced  in  the  problem» 

PROBLEM    XVIII, 

A  vAne  merchant  rcho  has  only  txvo  soi^ts  of  winc^ 
one  of  which  he  sells  at  losh^  and  the  other  at 


PROBLEMS* 


^s 


'  Ssh^f^^tH^  being  asked  for  somt  at  ish^  per 
bottle  J  uisbes  to  know  hirwrnany  bottles  of'  each 
kind  he  nmst  tiiix  together^  to  form  wine  worth- 
Ssh  per  iotilef 

* 

The  difierence  between  the  highest  price  lorfi,  • 
and  the  mean  price  required,  is  2  ;  and  that  betweea 
the  mean  price  and  the^  lowest  is  3  ;  which  shews 
that  he  must  take  3  bottles  of  the  wine  at  the  highest 
price,  and  2  of  that  at  the  lowest.  This  mixture 
wiU  form  5  bottles,  worth  8sh  each. 

In  problems  of  this  kind,  in  general,  as  the  dif* 
ference  between  the  highest  price  and  the  mean 
price,  is  to  the  dilFerence  between  the  mean  price 
and  the  lowest,  so  is  the  number  of  measures  at  the 
lowest  price,  to  that  of  those  at  the  highest,  which 
must  be  mixed  together  to  have  a  similar  measure 
at  the  mesm  priqe. 

•  PROBLEM  xix. 

A  gaitieman  is  desirqus  of  sinking  looooojT^  which 
together  zvith  the  interest  is  to  become  ejctinct  at 
the^end  of  20  years j  on  condition  ofreceiviiig  a 
certain  annuity  dunng  that  time.  What  sum 
must  the  gentleman  feccive  annually  y  supposing 
interest  to  be  at  the  rate  of  five  per  cent  ? 

The  sum  whicK  the  gentleman  ought  to  recdvç 
annually,  is  8014I.  igsh.  2d.  1^7  farth. 

If  the  number  of  years  were  small,  for  example 
^,  this  problem  might  be  resolved,  without  algebra, 
by  the  retrograde  method,  and  false  position  ;  for 
if  we  suppose  the  sum,  which  at  the  last  year  ex- 
hausts the  cajjîtal  and  interest,  to  be  loooOjCf  we 
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shall  find  that  the  capital  alone  at  the  tomAtnee^ 
ment  of  that  year  was  952344^  ;  and  if  we  add 
the  looop^y  which  were  paid  at  the  end  of  the  year 
preceding  the  last,  the  sum»  195^344^9  viU  ^  the 
capital  increased  with  the  interest  of  the  4th  vear  ; 
conaequehtly  the  capital  at  the  beginning  01  that 
vear»  was  only  18594^^:^7^  ;  whence  it  follows,  that 
before  the  payment,  at  the  end  of  the  third  year, 
the  ;iumwas  28594^,îr^,  which  represented  the  ca- 
pital increased  '  with  the  interest  of  the  third  year. 
By  thus  going  back  to  the  commencement  of  the 
first  year,  the  original  capital  will  be  found  to  be 
43294^.  iSsh.  4d*  We  must  then  make  the  fol- 
k>wing  proportion  :  As  this  capital,  is  to  the  sup* 
'posed  sum  of  loooo;^,  so  is  the  sum  to  be  sunk,  on 
the  above  conditions,  to  the  annuity,  or  sum  to  be 
received  every  year. 

But  it  may  be  readily  percdved,  that,  in  the  case 
of  ao  w  30  years,  this  method  would  require  vfery 
long  calculations,  which  are  greatly  shortened  by 
algebra** 

PROBLEM  XX. 

Tf^hat  is  the  interest  with  which  any  capital  what-' 
ever  would  be  increasedy  at  the  end  of'  a  year,  if 
the  interest  due  at  every  instant  of  the  year  werç 
itself  to  become  capital  and  to  bear  interest  ? 

*  If  il  be  the  capital»  m  the  înterest,  and  n  the  number  of  yeari  ;  thf 
annuity  or  turn  to  be  received  every  year,  will  be  » 

which  in  the  case  of  to  years,  and  allowing  interett  to  be  at  5  per  cen^ 

Cm  being  then  tz  ao)  will  be  found  =  ii  x  *-fA 
*^  33'i68o 


,-.  -^ 


This  problem^  to  foe  well  understood,  has  need 
of  explanation.  A  person  might  place  ottt  fak 
money  under  this  condition,  that  the  interest  due  at 
die  end  of  a  month,  which  at  the  interest  of  5  per 
cent  would  make  a  6oth  of  the  capital,  should  be 
added  to  the  capital,  and  bear  interest  the  following 
month  at  the  same  rate  ;  that  at  the  e2q>iration  of 
this  month,  the  interest  of  the  above  sum,  wfaidi 
would  be  a  6oth  +  y^^is-  of  the  original  capital, 
should  be  still  added  to  the  capital,  increased  foy 
the  interest  of  the  first  month,  and  bear  interest  dit  * 
following  month,  and  so  on  to  the  end  of  the  year. 

What  is  ,done  here  in  regard  to  a  month,  mighn 
be  done  in  regard  to  a  day^  an  hour,  à  minute,  or 
even  a  second,  which  may  be  considered  as  a  part 
of  the  day  infinitely  çmall  :  the  question  then  is  ta 
know,  what  in  this  case  would  be  the  interest  pro- 
duced by  the  capital  at  the  end  of  the  year,  the 
interest  of  the  first  second  being  at  the  rate  of  five 
per  cent,  or  -iVth. 

It  might  be  supposed,  on  the  first  view,  that  this 
compound  and  super-compound  interest,  would 
greatly  increase  the  5  per  cent,  and  yet  it  will  be 
found  that  it  produces  an  increase  scarcely  sensible  ; 
for  if  the  capital  be  1 ,  the  same  capital  increased 
with  simple  interest,  at  five  per  cent,  will  be  i  +  tV 
or  1  +  loSo  ^ïid  when  increased  with  the  interest 
accumulated  every  second,  it  will^  be  i-row  ^ 
rather  when  expressed  more  exactly  i  tw^,VV 
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A  dishanest  butler^  eoery  time  he  went  into  hit 
master^ s  cellar^  stqle  a  pint  from  a  particular 
{;ask^  which  contained  100  pi?its,  and  supplied  its 
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place  hy  an  equal  quantity  ofu^ater.  At  the  end 
cf^o  days,  the  theftbeiug  discovered,  the  butler 
ttas  discharged.  Of  xvhat  quautity  of  whie  did 
he  rob  his  master ^  a  fid  lunc  much  remained  in 
the  cask  ? 

It  may  be  readily  seen  that  the  quantity  of  wîne 
which  the  butler  stole,  did  not  amount  to  30  pints; 
for  the  second  time  that  he  drew  a  pint  from  the 
cask,  taking  the  himdreth  part  of  what  it  contained, 
it  had  already  in  it  a  pint  of  water,  and  as  he  each 
day  substituted  for  the  liquor  he  stole  a  pint  of  water, 
he  every  day  took  less  than  a  pint  of  wine.  To 
resolve,  therefore,  the  problem,  nothing  is  neces- 
sary but  to  determine  in  what  progression  the  wine 
which  he  every  day  stole  decreased. 

For  this  purpose,  we  must  first  observe,  that 
after  the  first  pint  of  wine  was  drawn,  there  re- 
msdned  in  the  cask  no  more  than  99  pints,  and  the 
pint  of  water  which  had  been  added.  When  a 
pint  therefore  was  drawn  from  the  mixture,  it  was 
only  44rT  of  21  pii^^  of  wine;  but  before  the  pint  was 
drawn  the  cask  contained  99  pints  of  wine;  conse- 
quently, after  it  was  drawn,  there  remained  99 
pints  —  t2^,  that  is  to  say  V^^  or  98  pints  4-  ^^  • 
When  the  third  pint  ^^-as  drawn,  the  wine  contained 
in  it  would  be  only  -,Vp-  +  t;t4  err,  which  being 
taken  from  the  quantity  of  wine  in  the  cask,  viz  98 
T-J^  pints,  would  leave    VVA'V^    or   97  pints    + 
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It  must  here  be  remarked,  that  V.^V  îs  the  square 
of  99  divided  by  100  ;  and  that  V^yVrV  îs  the  cube 
of  99  divided  by  the  square  of  100,  and  so  on  ;  conse- 
quently, when  the  second  pint  is  drawn,  the  wine 
remaining  will  be  the  square  of  99  divided  by  the 


ï 


PROBLEMS.  Sfi9 

first  power  of  loo  ;  after  the  thirds  h  will  be  the 
cube 'of  99  divided  by  the  square  of  loo,  &c. 
Whence  it  follows,  that  after  the  30th  pint  is  drawn, 
the  quantity  of  wine  remaining  will  be  the  30th 
power  of  99  divided  by  the  29th  power  of  loo.  But 
it  may  be  found,  by  logarithms,  that  this  quantity 
'  ^73-rfnn  consecjuently  the  quantity  of  wine  stolen  is 
6.3..*. 

PROBLEM    XXII. 

A  and  B  can  perform  a  certain  pi^ce  of  work  in  8 
days^  A  and  C  can  do  it  in  9  ditys^  and  B  and  C 

'  in  10  days;  bow  many  days  will  each  of  them  re^ 
quire  to  perform  the  same  work,  when  they  îabottr 
separately  ? 

A  will  perform  it  in  1 4I4  days  ;  B  in  1 7^4-  days, 
Wd  C  in'  23-jZr  days. 

PROBLEM    XXIH. 

An  Englishman  owes  a  Frenchman  i£  iish  ;  but  has 
no  other  money  to  pay  his  debt  than  seven  shillings 
piecesj  and  the  Frenchman  has  only  French  crowns, 
valued  at  fi*ve  shillings.  How  many  seven  shillings 
pieces  must  the  Englishman  give  to  the  Frenchman, 
and  bow  many  crowns  must  the  latter  give  to  the 
former,  that  the  difference  shall  be  equal  to  31 

*  If  the  usual  method  of  calculation  were  employed,  it  would  be 
necessary  to  find  the  3Qth  power  of  Q9,  which  would  contain  not  less 
than  59  figures  ;  and  to  divide  it  by  unity  followed  by  5S  ciphers  i 
whereas,  iflo^nthms  be  used,  nothing  i^  necessary  but  to  multiply 
the  logarithm  of  99  bv  30t  which  will  give  598690560,  and  to  sub- 
tract the  product  of  the  logarithm  of  100  muKiplied  by  29»  which  is 
5Sooo«ooo.  The,  remainder  iS69056«,  i«  the  logarith  m  of  the  re- 
quired quatttty.1  which,  io  the  tables»  will  be  found  to  be  nçarlj 
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thiUhgs^  in  favKir  cf  the  Frencbman,  so  thai  tbt 
ddknufffbefmdf 

Thb  umplest  numbers  that  answer  this  question^ 
are  8  aeven  shillings  pieces^  aad  5  crowns  ;  for  S 
seven  shillings  pieces  make  $6  shillings,  and  5 
crûwni  make  25  ;  consequently  their  difference,  of 
which  the  Frenchman  has  the  advantage  in  this 
Idnd  of  exchange,  is  3 1  shillings» 

This  problem  is  suscq>tible  of  an  infinite  number 
of  solutions;  for  it  will  foe  found  that  the  same 
result  may  be  obtained  with  i^  seven  shillings 
pieces  and  12  crowns;  18  seven  shrilings  pieces  and 
10  crowns;  alwaysincreasing  the  number  of  the  seven 
smUings  pieces  by  5,  and  that  of  the  crowns  by  7. 
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Tor  the  sake  of  young  algebraists,  we  shall  here 
l^e  the  analytical  solution  of  this  problem.  Let  x 
TCfn^esent  the  number  of  the  seven  shillings  pieces, 
and  y  that  of  the  crowns  ;  /  ^  then  will  be  the  sum 
diven  by  the  Englishman,  and.  that  given  by  the 
Frenchman  wiU  be  =  5  y.  But  as  the  difference  of 
these  two  sums  must  l^  equal  to  31,  we  shall  have 
7  AT  -^  5  y  aa  31  shillings  ;  consequently  7  ;if  =i=  31 

+  sy^  and x^ ^^y^=  4  +  ^^  shillings.  But 
HT  is  a  whole  number^  and  4  bdng  one  also,  idLH 

must  likewise  be  a  whole  number.  We  shall  sup- 
pose it  equal  to  u  ;  then  7  «  =  3'  +  5  y,  and  y  =«? 
12:^1  w=:u  +  ""^^-    But  y  and  «^  by  the  suppo- 

tttion,  are  whole  numbers,'  *-i^  must  be  one  also: 

u  then  must  be  of  such  a  nature,  that  when  multi-» 
plied  by  2,  ahd  the  product  diminished  by  3,  the 

remwder  shall  be^  .divisible  by  5*    But  ^e  first 
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number  which  has  thîs  property  îs  4  ;  for  its  pro- 
duct by  2  is  8,  and  8  diminished  by  3  is  5,  which 
is  divisible  by  5  ;  and  the  quotient^  i  added  to  u  or 
4,  gives  j;  for  the  value  of  y.  It  will  now  be  easy 
to  discover  the  value  of  x^  by  observing  that  x  =  4, 
4.  Ijrsy  J  for  if  we  here  substitute  for  y  the  value 

of  it  already  found,  that  is  to  say  5,  we  shall  have 
8  for  the  value  of  x. 

The  second  value  of  a,  which  answers  the  re- 
quired conditions,  is  9  ;  for  2  times  9  is  18,  and 
1 8  less  3  is  =  15,  which  divided  by  5  gives  3  ;  the 
second  value  therefore  of  y  is  12,  and  the  corre- 
sponding value  of  ;c  will  be  found  to  be  13. 

The  third  value  of  Uj  which  resolves  the  question, 
b  14,  which  gives  for  the  corresponding  values  of 
y  and  4^,  1 9  and  1 8.  ,  The  numbers  of  crowns  there- 
fore, which  resolve  the  question  ad  infinitum,  are  5, 
12,  19,  26,  33,  40,  &c.  And  the  corresponding 
nmnbers  of  seven  shillings  pieces  are  8,  13,  18,  23., 
28,  33,  &c. 


CHAPTER  XIL 

Of  Magic  Squares» 

THE  name  magic  square,  is  given  to  a  square 
divided  into  several  other  small  equal  squares  or 
cells,  filled  up  with,  the  terms  of  any  progression  of 
numbers,  but  generally  an  arithmetical  one,  in 
such  a  manner,  that  these  in  each  band,  whether 
horizontal,  or  vertical,  or  diagonal,  shall  always 
form  the  same  sum. 

There  are  also  squares  in  which  the  product  of 
all  the  terms  in  each  horizontal,  or  vertical,  or  di- . 
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agonal  band»  ii  always  die -same.  We  shall  speak 
of  these  also^  "hut  .ip.  a  cursorv  manner,  because 
they  are  attended  with  as  lutle  difficulty  as  the 
former. 

These  squares  have  been  called  magic  squares^ 
because  the  andents  ascribed  to  them  great  virtues  ; 
vid  because  this  disposition  of  numbers  formed  the 
bases  and  principle  of  many  of  their  talismans. 

Accorduiff  to  this  idea,  a  square  of  one  cell^ 
.filled  up  wiui  unity,  was  the  symbol  of  the  deity, 
on  account  of  the  unity  and  immutability  of  God  ; 
for  thiey  remarked  ^t  this  square  was  by  its  nature 
unique  and  immutable  ;  the  product  of  unity  by 
itMtt  being  always  unity. 

The  square  or  the  root  2  was  the  symbol  of  im- 
perfect matter,  both  on  account  of  the  four  elements^ 
and  of  the  impossibility  of  arranging  this  square 
magically,  as  will  be  shewn  hereafter. 

4-  square  of  9  cells  was  assigned  or  consecrated 
to  Saturn}  that  of  16  to  Jupiter;  that  of  25  to 
Mars  ;  that  of  36  to  the  Sun;  that  of  49  to  Venus; 
that  oif  64  to  Mercury^  ^$1  that  gf  81,  or  nine  on 
each  side,  to  the  Moon. 

Those  who  can  find  any  relation  between  the 
planets  and  such  an  arrangement  of  numbers,  must 
no  doubt  have  minds  strongly  tinctured  with  super- 
stition ;  but  such  was  the  tone  of  the  mysterious 
philosophy  of  Jamblichus,  Porphyry,  and  their 
disciples.  Modem  mathematicians,  while  they 
amuse  themselves  with  these  arrangements,  vààcn 
require  a  pretty  extensive  knowledge  of  combina- 
tion, attach  to  them  no  more  importance  than  they 
really  deserve. 

Magic  squares  are  divided  into  even  and  odd.  Tl^p 
fojjùst  are  those  the  roots  of  which  are  even  num* 
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bers,  as  a,  44  6,  8,  &c  ;  the  latter  of  those  the 
roots  of  which  are  odd,  and  which  by  a  necessary 
consequence,  have  an  odd  number  of  cells  ;  such 
are  the  squares  of  3,  5,  7,  9,  &c.  As  the  arrang- 
ment  of  the  latter  is  much  easier  than  that  of  the 
ibrmer,  we  &hall  first  treat  of  them. 

SI- 

Of  Odd  Ma^c  Squares. 

There  are  several  rules  for  the  constructioa  o^. 
these  squares  ;  but,  in  our  opinion,  the  simplest 
and  most  convenient,  is  that  which,  according  to 
M.  de  la  Loubere,  is  employed  by  the  Indians  of 
Surat,  among  whom  magic  squares  seem  to  be  held 
in  as  much  estimation  as  they  were  formerly  among 
the  ancient  visionaries,  before  mentioned. 

We  shall  here  suppose  an  odd  square,  the  root 
of  which  is  5,  and  that  it  is  required  to  fill  it  up  with 
the  first  25  of  the  natural  numbers.  In  this  case, 
begin  by  placing  unity  in  the 
middle  cell  of  the  horizontal 
band  at  the  top  ;  then  pro< 
ceed  from  left  to  right,ascend- 
ing  diagonally,  and  when  you 
go  beyond  the  square,  trans- 
port the  next  number  a  to  the 
lowest  cellofthatverticalband 
to  which  it  belongs;  set  3  in  the 
next  cell,  ascendmg  diagonally  frem  left  to  right,  and 
as  4  would  go  beyond  the  square,  transport  it  to 
the  most  distant  cell  of  the  horizontal  band  to 
which  it  belongs  ;  set  5  in  the  nest  cell,  ascending 
diagonally  from  left  to  right,  and  as  t^e  following 
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cdl,  ithen  6  vnld  &11,  is  already  occufôed  fay  t, 
placfe  ^5  hnmedîatelj  below  5  ;  place  7  and  8  in  the 
tiro  next  cells,  ascmdîng  dugonally,  as  seen  jn  the 
fîniK  ;  and  dien,  in  consequence  fif  ^  first  rule 
of  mnlqioartioD,  set  9  at  the  bottom  of  the  last 
Tertical  band;  dien  10,  in  consequence  of  the 
second,  in  the  last  cell  on  the  left  of  the  second 
hotïzontal  band;  then  ti  below  it,  according  to 
the  third  nde:  after  which  continue  to  fill  up-the 
diagonal  with  the  numbers  n,  13,  14,  15;  and 
a  you  can  ascend  no  farther,  place  the  following 
number  16  below  15  ;  if  you  then  iaY>G<ed  in  dbe 
same  manner, -the  remaining  cells  of  the  square 
may  be  filled  up  without  any  (Ufficulty,  as  seen  ia 
the  aboyç  figure. 

ILe  iollowing  are  the  squares  of  3  and  7  filled 
up  by.  the  aame  method;  and  as  these  examples  will 
be  sufficient  to  exercise  such  of  our  readers  as  hare 
a  taste  for  amusements  of  this  kind,  we  shall  proceed 
to  a  few  general  remarks  on  the  properties  of  a 
square  arranged  according  to  this  prmciple. 
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I  St.  According  to  this  disposition,  the  most  regular 
of  all,  the  middle  number  of  the  progression  oc* 
cupies  the  centre,  as  5  in  the  square  of  9  cells,  13 
in  that  of  25,  and  25  in  that  of  49  p  but  this  is  not 
necessary  in  the  arrangement  of  all  magic  squares. 

2d.  In  each  of  the  diagonals,  the  numbers  which 
occupy  the  cells  equally  dSstant  from  the  centre,  are 
double  that  in  the  centre  :  thus  30  +  20  zr  47  +  3 
=  28  +  22  =5=  24  +  26,  &c,  are  double  the 
central  number  25. 

3d.  The  case  is  the  same  with  the  cells  centrally 
opposite,  that  is  to  say,  those  similarly  situated  ia 
regard  to  the  centre,  but  in  opposite  directions  both 
laterally  and  perpendicularly  :  thus  3 1  and  1 9  are  cells 
centrally  opposite,  and  the  case  is  the  same  in  regard 
to  48  and  2,  13  and  37,  14  and  36,  32  and  i8# 
But  it  happens  that,  according  to  this  magic  arrange- 
ment, those  cells  opposite  in  this  manner,  arc 
always  double  the  central  number,  being  equal  to 
50,  as  may  be  easily  proved. 

4th.  It  may  be  readily  seen,  that  it  is  not  neces- 
sary that  the  progression  to  be  arranged  magically, 
should  be  that  of  the  natural  numbers  i,  2,  3, 4,  &c: 
any  arithmetical  progression  whatever,  3,  6,  9,  12, 
&c,  or  4,  7,  10,  13,  16,  &c,  may  be  arranged  in 
the  same  manner. 

5th.  Nor  is  it  necessary  that  the  progression 
should  be  continued  :  it  may  be  disjunct,  and  the 
rule  is  as  follows.  If  the  numbers  of  the  progression, 
arranged  according  to  their  natural  order  in  the  cells 
of  the  square,  exhibit  in  every  direction,  vertical 
and  horizontal,  an  arithmetical  progression,  they 
are  susceptible  of  being  arranged  magically  in  the 
same  square,  and  by  the  same  process.  Let  us  take, 
for  example,  the  series  of  numbers  i,  2,  3>  4>  55  7^ 
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8,9,  io,iiî  *3»i4*  iSi  ï6» 
17,  ig,  20,  »i»  22,  43  i  as, 
a6,  27,  »8,  ag;  as  these,  when 
-  ananged  in  the  cells  of  a 
square,  every  where  exhibit 
gj^  ûithmedcal  progression, 
they  may  be  arranged  ma- 
gically Ï  and  indeed,  accord- 
uig  to  die  above  rule,  they  may  be  formed  into  the 
annexed  magic  square. 

In  like  manner,  and  for  the 
tame  reason,  the  numbers  i, 
6,  ll|  i6,  21;  2,  7,  12,  17, 
"î  3,8,  13,  18,  23;  4.  9» 
14,  19, 14;  5,  10,  15,  20,  25, 
may  be  arranged  magically  by 
the  same  process,- as  m  the  an- 
nexed figure,  and  give  a  square 
of  25.  Of  the  variations  of  the  same  square  we 
shall  speak  hereafter. 

We  have  Hkewise  the  rule 
of  Moscopulus,  a  modem 
Greek  author,  and  that  of 
Bachet,  who  invented  one, 
though'unacqiiainted  with  any 
of  the  above.  With  these  we 
shall  make  the  -  reader  ac 
quainted  also. 

Moscopulus  places  unity  immediately  below  the 
central  cell  ;  then  sets  the  following  numbers, 
descending  from  left  to  right,  and  when  a  number 
goes  without  the  square,  he  carries  it  to  the  highest 
cell  of  the  vertical  band  to  which  it  belongs  ;  he  then 
continues  descending  obUquely  from  left  to  right. 
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anJ  when  a  number  goes  be- 
yond the  square  on  the  right, 
he  carries  it  to  the  most  dis- 
tant celt  on  the  left,  from 
which  he  continues  according 
lb  the  first  rule  :  if  he  meets 
with  a  cell  already  filled  up, 
he  carries  his  figure  two  cells 
.below  that  last  written;  and  when  he  arrives  at 
the  end  of  the  diagonal,  he  carries  the  following 
number  as  high  as  possible  in  the  same  vertkiu 
band.  In  the  last  place,  when  a  number,  which 
ought  to  be  carried  two  cells  lower  than  the  one  last 
placed,  goes  beyond  the  square,  he  carries  it  to  the 
top  of  the  same  band.  This  description  of  his  me- 
thod, together  with  an  example,  will  be  sufficient  to 
give  a  proper  idea  of  it  j  but  it  is  somewhat  more 
complex  than  the  Indian  method. 

Bachet'sruleis  A 

as  follows  :  raise 
uponeachsideof 
the  given  square 
cells  in  the  form 
of  steps,asseenin 
the  figure  ;  and 
then,  beginning 
at  the  lughest 
cell,  inscribe  all 
the  numbers  of 
the  progression, 
descendmg  dia- 
gonally as  seen 
irom  I  to  5,  and 
from6toio,&c.  '^ 

"WTien  this  is  done,  transpose  into  the  cell  «,  the 
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next  below  die  centre,  the  highest  number  ;  and  iti 

like  manner  transpose  25  into  h^  the  next  above  the 

centre;  let  5,  for  the  same 

Teason^be  transposed  to  r^  and 

21  to^;  then  transpose  6  to 

<>,  and  24  toy^  20  to  fn,  and 

a  to  If  &c.     By  these -means 

you  wilt  obtain  the  annexed 

magic  square,  in  the  sum  of 

each  band,  whether  vertical,  or 

borizontaij  or  diagonal,  will  make  65. 

This  rule,  thouj^h  different  from  that  of  Mosco- 
pulus,  gives  absolutely  the  same  resul'. 

But  all  these  methods  are  inferior  to  the  follow- 
ing, invented  by  M.  Poignard,  canon  of  Brussels, 
and  improved  and  enlarged  by  M,  de  la  Hire  ;  for 
the  preceding  are  limited,  whereas  the  one  here  al- 
luded to  is  capable  of  ^ving  an  almost  infinite 
number  of  combinations. 

Let  it  be  required,  for  example,  to  fill  up  a 
square  having  an  odd  root,  such  as  5.  Having 
constructed  the  square  of  " 
cells,  place  in  the  first-  hori- 
zontal row  at  the  top,  the  five 
first  numbers  of  the  natural 
{trogression,  in  any  order,  at 
pleasure,  which  we  shall  here 
Suppose  to  be  i,  3,  5,  2,  4; 
then  make  choice  of  a  num- 
ber,  which  is  prime  to  the  root  5,  and  which  when 
"diminished  by  unity  doéS  not  measure  it:  let  this 
number  be  3  ;  and  for  that  reason  begin  with  the 
third  figure  of  the  series,  and  count  from  it  to  fill 
up  the  second  horizontal  band  5,  2,  4,  i ,  3  ; 
then  begin  again  by  the  next  third  figure,  including 


1  I  3  5  2  4 
5  2  4(1  3 
4  13  5  2. 
3  i      2     4  I 

2  4       13  5 


SQUARES. 


fil9 


-  the  5,  that  is  to  say  by  4,  which  will  give  for  the 
third  band  4,  i,  3,  5,  2  ;  by  following  the  same 
process,,  we  shall  then  have  the  series  of  number» 
3,  5,  2,  4,  I,  to  fill  up  the  fourth  band  :  continue 
in  this  manner,  always  beginning  at  the  third  figure, 
the  -preceding  included,  until  the  whole  square  is 
filled  up.  lois  square  wilt  be  one  of  the  compo- 
nents of  the  required  square,  and  will  be  magic  ; 
for  the  sum  of  .eac^h  band,  whether  horizontal,  or 
vertical,  or  diagonal,  is  the  same  as  the  five  num- 
bers of  the  progression  are  contained  in  each  with- 
out the  same  figure  being  ever  repeated. 

Now  construct  a'  second  geometrical  square  of  25 
cells,  in  the  first  band  of  which  inscribe  the  multi- 
ples of  the  root  5,  beginning  with  a  cipher,  viz.  o, 
St  lOi  i5i  30,  and  in  any, 
order  at  pleasure,  such  for  ex- 
ample as  Ç,  o,  15,  10,  20: 
then  fill^up  the  square  accord- 
ing to  the  same  principle  as 
b«bre,  taking  care  not  to  as- 
sume the  same  number  in  the 
series  always  to  begin  with. 
Thus,  for  example,  as  itt  the 
former  square,  the  third  figure  in  the  series  was 
taken,  in  the  present  one  the  fourth  must  be  as- 
sumed ^  and  thus  we  shall  have  a  square  of  the  mul- 
tiples, as  seen  in  the  annexed  figure.  This  is  the 
second  component  ef  the  required  magic  square, 
and  is  itself  magic,  since  the  sum  of  each  band  in 
every  direction  is  the  same. 

Now  to  obtain  the  ma^c  square  required,  nothing 
is  necessary  but  to  inscribe  in  a  third  square,  of  25 
cells,  the  sum  of  the  numbers  found  in  the_  cor-  ~ 
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responding  cells  of  the  pre- 
ceding two  ;  for  example  5 
-I-  I,  or  6,  in  the  first  on 
the  left,  at .  the  top  of  the  re- 
quired square;  O  +  3  or  3  til 
die  second,  and  so  on;  by 
these  means  we  shall  have  the 
annexed  square  of  25  cells, 
which  will  necessarily  be  magic. 

By  these  means,  any  of  the  numbers  may  be 
nade  to  fall  in  any  cells  at  pleasure,  for  example 
I  in  the  central  cell  ;  nothing  is  necessary  for  this 
purpose,  but  to  fil  up  the  middle  band  with  the  sf  ries 
of  numbers  in  such  a  manner, 
that  I  may  be  in  the  Centre, 
as  seen  in  the  annexed  figure  ; 
and  then  to' fill  up  the  rest  of 
the  square  according  to  the 
above  principles,  beginning  at 
the  highest  band,  when  the 
lowest  has  been  filled  up. 

To  form  the  second  square, 
,  place  a  cipher  in  the  centre, 
as  seen  In  the  annexed  figure, 
and  fill  up  the  remaining  cells 
in  the  same  manner  as  before, 
taking  care  not  to  assume  the 
same  quantities  as  in  the  form- 
er for  beginning  the  bands. 
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In.  the  last  place,  form' 
a  third  square  by  adding 
together  the  numbers  in 
the  similar  cells,  and  you 
will  have  the  annexed  square, 
where  i  will  necessarily  oc- 
cupy the  centre. 
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REMARKS. 


I.  "We  must  here  observe,  that  when  the  num- 
ber of  the  root  is  not  prime,  that  is  if  it  be  9,  1 5, 
21,  &c,  it  is  impossible  to  avoid  a  repetition  of  some 
of  the  numbers,  at  least  in  one  of  the  diagonals  ; 
but  in  that  case  it  must  be  arranged  in  such  a  man- 
ner, that  the  number  repeated  in  that  diagonal  shall 
be  the  middle  one  oi  the  progression  ;  for  example 
5,  if  the  root  of  the  square  be  g  ;  8  if  it  be  15  ; 
and  as  the  square  formed  of  the  multiples  will  tw 
liable  to  the  same  acifident,  care  must  be  taken,  in 
filling  them  up,  that  the  opposite  diagonal  shall  con* 
tain  ttte  mean  multiple  between  o  and  the  greatest  ; 
for  example  36  if  the  root  be  9  j  105  if  it  be  15. 

II    The  same  thing  may  be  done  also  in  squares  . 
which  have  a  prime  number  for  their  root.     By  way 
of  example  we  shall  here  form  a  magic  square  of 
the  first  two  of  the  following  ones  ; 
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în  the  first  of  which  3  is  repeated  in  the  diagonal 
,  descending  from  right  to  left,  and  in  the  second  10 
Û  repeated  in  the  diagonal  descending  from  left  to 
right  This  however  does  not  prevent  the  third 
square^  formed  by  their  addition,  from  being  magic. 

§.  n. 

0/  Even  Magic  Squaret- 
.  The  construction  of  these  squares  is  attended 
with  more  difficulty  than  that  or  the  odd  squares, 
and  the  degree  of  difficulty  is  différent,  according 
as  they  are  evenly  even,  or  oddly  even  :  for  this 
reason  we  must  divide  them  into  two  classes. 

Squares  evenly  even,  are  those  the  root  of  which 
■when  halved  is  even,  or  can  be  divided  by  4  without 
remainder  j  of  this  kind  are  the  squares  of  4,  8, 12, 
lie.  The  oddly  even,  are  those  the  root  of  which 
when  halved  gives  an  odd  numljer  ;  as  those  of  6, 
10,  14,  &c. 

As  the  ancients  have  left  us  no  general  rule  on 
this  subject,  but  only  some  examples  of  even  squares 
magically  arranged,  we  shall  here  give  the  best  me- 
thods inveAted  by  the  moderns,  and  shall  begin 
with  squares  evenly  even. 

Let  us  suppose  then,  that  the  annexed  square 
ÂB  C  D  is  to  be  filled  up  magically,  with  the  first 
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1 6  of  the  natural  numbers  :  fill  up  first  the  tw6 
diagonals  ;  and  for  that  purpose  begin  to  count  the 
natural  numbers,  in  order,  i,  2,  3,  4,  &c,  ontbe 
Cells  of  the  first  horizontal  band,  from  left  to  righli 
then  proceed  to  the  second 
band,  and  when  you  come  to 
the  cells  belonging  to  the 
diagonals,  inscribe  the  num- 
bers counted  as  you  iàll  upon 
them  ;  by  which  means  you 
will  hare  the  arrangemoit  re- 
presented in  the  annexed  figure.  '  ^  " 
When  the  diagonals  have  been  thus  filled,  to  fill 
up  the  cells  which  1  emain  vacant,  begin  to  count  the 
same  numbers,  proceeding  from  the  angle  D  in  the  ' 
cells  of  the  lower  band,  going 
from  right  to  left,  and  then  in  the 
next  above  it,  and  when  any  cells 
are  found  empty,  fill  them  up  with 
the  numbers  that  belong  to  them: 
in  this  manner  you  will  have  the 
square  16  filled  up  magically,  as 
seen  in  the  annexed  figure,  and  the  sum  of  each 
band  and  each  diagonal  will  be  34. 
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I.  The  case  is  here  the  same  as  in  regard  to  the 
odd  squares  :  every  progression  of  numbers  which, 
when  arranged  in  order  in  a  geometrical  square,  ex- 
hibits in  every  direction,  horizontally  and  verti- 
cally, an  arithmetical  progression,  wi;l  be  suscep- 
tible of  being,  arranged  magically  in  the  same  square. 

II.  It  is  not  even  necessary,  in  the  vertical  direc- 
tion, that  the  arithmetical   proportion  should   bç 
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continued  :  it  'may  be  disjunct  ;  for  example,  if  the 
numbers  i,  2,  3,  4,  5,  6,  7,  8  ;  sy^  58,  59,  60, 
61,  61,  63,  64,  when  arranged  according  to  thdr 
natui^l  order,  in  a  square  or  i  2  3  4 
16  cells,  exhibit  the  arithmeti-  5678 
cal  proportions  i,  5,  57,  61  ;  57  58  59  60 
s»  6»  S""»  62»  &c  ;  only  in  61  62  63  64 
the  vertical  direction,  they  may  be  '  ~~' 
arranged  magically  in  the  same 
square,  as  seen  in  the  following 
figure,  where  the  sum  of  each  di- 
agon^  band  is  130. 

We  shallj now. proceed  to  sijuares 
evenly  even. 

Ride  far  Squares  Evenly  Even. 

We  shall  suppose  that  a  square  of  8  on  a  àde,  o 
.6'4  cells,  is  to  be  filled  up,  with  the  first  64  num~ 
bers  of  the  natural  progression. 

First  write  down  these  64  numbers,  as  seen  in 
the  two  lower  lines  of  the  four  following  periods  : 
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The  preceding  series  make  32  couples^  each  of  which 
forms  65. 

Then  form  the  arithnjietical  progression  i>  2,  3, 
&c,  which  must  be  continued  as  ^r*as  the  number 
that  expresses  the  half  of  the  root  ;  in  this  case  it 
will  be  I,  tf  3,  4,  after  which  form  the  following 
three,  4,  i,  2,  3  ;  3,  4,  i,  2  ;  2>  3,  4,  i  Î  in- 
scribe,  in  order,  each  of  these  series  of  numbers 
over  the  first  terms  of  each  of  the  above  periods  of 
numbers,  and  as  these  figures  will  extend  only  to 
the  first  four,  an^  as  there  is  twice  that  number, 
they  must  be  written  in  an  inverse  order,  over  the 
remaining  four. 

When  this  preparation  has  been  made,  nothing 
will  be  necessary  but  to  write  down  in  order  all 
these  numbers,  in  the  cells  of  the  square,'  taking 
care,  1st.  When  the  couple  of  numbers  have  over 
them  an  odd  number,  to  write  down  die  upper 
number  :  of  this  kind  are  the  numbers  i,  3,  6,  8, 
I  o  }  but  when  the  couple  have  over  them  an  even 
number,  the  lower  number  must  be  written  down. 
2d,  When  you  continue  by  33,  34,  35,  &c,  after 
the  fir$t  series  has  been  exhausted,  the  case  will  be 
the  contrary. 

Thus,  the  numbers  to  be  succestively  inscribed 
in  the  square,  are  i,  63,  3,  61,  60,  6,  58,  8  ; 
which  will  form  the  first  band  :  the  second  will  be 
found  by  ccmtinuing  56,  10,  54,  12,  13,  51,  &c; 
and  by  proceeding  in  this  manner,  you  will  obtain 
a  square  of  8  cells  on  each  side,  as  here  aimexed. 
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If  the  spirit  of  this  method  has  been  properly 
comprehended,  it  must  be  seen,  that  in  consequence 
ofit  the  first  and  last  bands  are  necessarily  filled  up 
with  the  i6  numbers' of  the  first  period,  and  in  such 
a  manner,  that  the  cells  centrally  opposite  form  al- 
ways, 65.  The  case  is  the  same  with  the  second 
band  and  the  last  but  one,  being  filled  up  with  the 
numbers  of  the  second  period,  and  in  the  same 
manner.  'I'he  same  may  be  said  of  the  third  and 
sixth  bands,  and  the  fourth  and  fifth  :  it  thence 
follows  that  the  diagonals  also  must  be  exact. 

Another  mkfor  Squares  evenly  even, 

lia  »-ing  given,  according  to  M.  de  la  Hire,  a  very 
general  rule  for  odd  squares,  which  is  capable  of 
producing  a  great  number  of  variations,  we  think  it 
our  duty  to  do  the  same  in  regard  to  even  squares  ; 
especially  as  it  will  «•-^ually  serve  for  evenly  even  and 
oddly  even  magic  squares.     It  is  as  foUbws  : 

Let  it  be  required,  for  example,  to  fill  up  magi- 
cally a  square  of  8  cells  on  each  side. 


1  1  6 

3 

2 

7 

4 

3 

S 

sjo 

7 

2 

5 

6 

3 

1 

8 

' 

G 

2 

7 

4 

8 

3 

7 

2 

5 

6 

1 

8 

3 

7 

1 

,5 

6 

1 

1 

a 

2 
7 

7 

4 

a 

3 

8 

a 

3 

6 

I 

I 

6 

5 

.     7 

A 

a 

8 

For  this  purpose, 
arrange,  in  the  first 
horizontal  band  in  a 
square  of  that  kind, 
the  first  eight  num- 
bers of  the  arithme- 
tical  progression,  but 
in  .  such  a  manner, 
that  those  equally  dis- 
tant from  the  middle 
shall  form  the  same 
sum  ;  viz,  that  of 
the  root  augmented 
by  unity,  which,  in  this  case  is  o  ;  the  second  band 
must  be  the  inverse  of  the  first  ;  the  third  must  be  like 
the  first;  the  fourth  like  the  second,  and  so  on  alter- 
nately, till  the  half  of  the  square  is  filled  up  ;  after 
which  the  other  half  may  be  formed  by  merely 
reversing  the  first,  as  may  be  seen  in  the  above 
figure.    This  will  be  the  first  primitive  square. 

To  form  the  second,  fill  it  up  according  to  the 
same  principle  with  the  multiples  of.  the  root,  be- 
ginning  with  o,  that  is  to  say,  o,  S,  i6,  24,  32, 
40,  48,  ^6  ;  taking  care  that  the  extremes  shall 
always  make  56,  but  instead  of  arranging  these 
numbers  in  a  horizontal  direction,  they  must  be  ar- 
ranged vertically,  as  iii  the  following  figure. 
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When  this  is  done»  add  together  the  similar  cells 
ef -the  two  squares,  and  you  will  have  a  square  of 
8  on  each  side,  as  in  the  last  figure  above. 

Without  enlarging  farther  on  squares  evenly 
even,  we  shall  give  the  simplest  method  thence  de- 
4ucedj  for  constructing  squares  oddly  even. 


Method  for  Squares  oddly  even. 


We  ^11  take,  by  way  of 
cxan:4>le>  the  square  of  the 
root  6.  To  fill  it  up,  inscribe 
in  it  the  first  six  numbers  of 
the  arithmeticalprogression, 
1,-3, 3,  &c,  according  to  the 
iibove  method  ;  which  will 
give  the  first  primitive 
square*  as  in  the  annexed 
figure 

The  second  must  be 
formel  by  filtiag  up  the  cells 
in  a  vertical  direction,  ac« 
cording  t:o  the  s^me  princi- 
ple, mth  the  multiples  of  the 
root,  beginning  at  o,  viz,  p, 
6,  13,  i8f  24,  30. 


Thestmilar  cells' of  the 
two  squares,  if  thep  added, 
will  form  a  third  square, 
which  will  require  only  a 
few  corrections  to  be 
magic,  lliis  third  square 
is  as  iiere  annexed- 
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To  render  the  squar^  magic,  leaving  the  ctvaqni 
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fixed,  transpose  aie  other  numbers  of  the  upper 
faorizcoit»!  band»  aiod  of  the  first  vertical  one,  on 
the  left,  by  reversing  all  the  reiqainder  of  the  band; 
writing  y,  28,  27,  12,  instead  of  12,  27,  &c,  and  - 
in  the  vertical  one,  32,  23,  17,  and  2,  ft-om  the  top 
downwards,  instead  of  2,  1 7,  &c. 

It  will  be  necessary  also  to 
exchange-  the  numbers  in 
the  two  cells  of  the  middle 
pf  the  second  horizontal 
band  at  the  top,  of  the 
lowest  of  the  second  vertical 
band  on  the  left,  and  of  the 
last  on  the  right.  Thenum,- 
bers  in  the  cells  A  and  fi 
must  also  be  exchanged,  as 
.well  as  those  in  C  and  D  ; 
by  which  means  we  shall  have  the  square  correct- 
ed and  magically  arranged. 

S-  m. 

Of  Magic  Squares  with  Borders. 

Modem  arithmeticians  have  added  a  new  diffi- 
.  culty  to  the  subject  of  magic  squares,  by  proposing 
not  only  to  arrange  magically  in  a  square  a  pro- 
gression of  numbers,  but  by  requiring  that  this 
square,  when  lessened  by  a  band  on  each  side,  or 
two  or  thiee  bands,  &c,  shall  still  remain  magic  ; 
or  a  magic  square  being  given,  to  add  to  it  a  border 
of  one  or  more  bands,  in  such  a  manner,  that  the 
.enlarged  square  thence  resulting  shall  be  still  magic. 

To  give  an  example  of  tills  construction,  let  it  be 
required  to  form  a  magic  square  of  the  root  6,  and 
to  all  it  up  with  the  natural  numbers,  from  i  to  ^6. 


S<IUARBS;  iSl> 

The  first  even  mapc  square  possible  beingthat  of^ 
on  each  side,  we  shalV  first  arrange  it  magically, 
filling  it  up  with  the  mean  terms  of  the  progression^ 
to  the  number  i6,  and  reserving  the  first  and  the 
last  lo  for  the  border.  For  the  interior  square 
therefore  we  shalltake  the  numbers  ii,  12,  Sec 
as  far  as  36  inclusively,  and  shall  give  them  any 
magic  disposkicm  whatever  :  there  will  then  remain 
the  numbers  i,  2,  &c,  as  far  as  loj  and  27  as  &r 
as  36,  for  the  border. 

To  dispose  these  numbers  in  the  border^  first 
place  the  numbers  i,  6,  31, 
^6,  in  the  four  comers,. 
an  j  in  such  a  manner  that 
diagonally  they  shall  make 
37.  As  each  band  must 
make  1 1 1,  it  will  be  neces- 
sary to  place  in  the  first 
band  fb\ir  such  numbers, 
that  their  sum  shall  be  104; 
and  as  their  complements 
to  37  must  be  ibund  in  the 
lowest,  where- there  is  already  67,  it  will  be  necessary 
that  they  should  together  m^e  44  :  there  are  several 
combinations  of  these  numbers,  four  and  four,  which 
can  make  104,  and  their  complements  44;  but  it  is 
necessary  at  the  same  time  thai  four  of  those  remain- 
ing should  make  79,  to  fill  up  the  first  vertical  band, 
tvhile  thùr  complements  make  69  to  complete  the 
last.  This  double  condition  limits  the  combinatioa 
to  35,  34,  30,  5,  which  may  be  placed  in  the  first 
band  in  any  order  whatever,  provided  their  comple- 
ments be  placed  below  each  of  them  in.  the  last 
band  ;  and  the  four  numbers  requisite  to  fill  up  the 
first  vertical  band  vnH  be  33,  28,  10,  8,  which  may 
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be  ananged  any  how  at  pleasure,  {)roTld£d  the  com- 
plement of  each  be  placed  opposite  to  it  in  the  cor- 
te^Kuiding  cell  on  the  other  side. 

It  il  not  absolutely  necessary  that  i,  6,  31,  36 
should  be  placed  in  the  four  comers  of  the  square  : 
if'  ve  suppose  them  to  be  filled  up,  in  the  same 
order,  with  a,  7,  30,  35,  it  would  be  then  neces> 
sary  that  the  four  first  numbers  should  make 
103,  and  their  complements 

46,  while  the  four  last  make 
79,  and  their  complements 
6g  :  but  it  is  found  that  the 

'  fourfir^tnumbersare  36,31, 

47,  8,  and  the  second  34,  32, 
5,  4.  The  first  being  ar- 
ranged any  how  in  the  four 
empty  cells  of  the  first  band, 
and  their  complements  be- 
low, the  second  must  be.  ar- 
ranged in  the  cells  of  the  first  vertical  band,  and 
thdr  complements  each  at  the  extremity  of  the 
same  horizontal  band  ;  by  which  means  we  shall 
have  the  new  square  with  a  border,  as  seen  above. 

If  it  were  required  to  form  a  bordered  square  of 
the  root  8  ;  it  would  be  necessary  to  reserve  for  the 
interior  square  uf  36  cells,  the  36  mean  numbers 
of  the  progression;  and  they  might  be  formed  into 
a  bordered  square  around  the  magic  square  of  16 
cells  ;  with  the  28  remaining  numbers,  we  might 
then  form  a  border  to  the  square  of  36  cells,  &c. 

Hence  it  appears,  in  what  manner  we  might  form 
a  magic  square,  which  when  successively  lessened  by 
one,  two,  or  three  bands,  shall  still  remain  magic. 
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Ofanotfxr  kind  if  Ma^c  Square  tn  Compartment». 

Another  property,  of  which  most  magic  squares 
are  susceptible,  is,  that  they  are  not  only  ma^c  when 
entire,  but  that  when  divided  into  those  squares  into 
which  they  can  be  resolved,  these  portions  of  the 
original  square  are  themselves  magic.  A  square  of 
8  cells  on  a, side,  for  example,  fo^ed  of  four 
squares,  each  having  4  for  its  root,  being  proposed, 
it  is  required  that  not  only  the  square  of  64  shall - 
be  disposed  magically,  but  each  of  those  of  16,  and 
chat  the  latter  even,  however  arranged,  shall  -still 
compose  a  magic  square. 

What  is  here  required,  is  easy;  and  this  is  even 
the  simplest  method  of  all  for  constructing  squares 
that  are  evenly  even,  as  will  app^r  from  what  follows. 

To  construct  a  square  of  64,  in  this  manner, 
take  the  first  »'  numbers  of  the  natural  progression,^ 
from  I  to  64,  and  the  8  last,  and  arrange  them 
magically  in  a  square  of  16  cells;  do  the  same 
fbing  with  the  8  terms  which  follow,  the  first  % 
and  the  8  which  precede  the  last  8,  and  by  these 
means  you  will  have  a  sec'ond  magic  square  ;  form 
a  similar  square  of  the 
8  following  numbers 
with  their  correspond- 
ing ones,  and  another 
with  the  16  means:  the 
result  will  be  ,  four 
squares  of  16  ceMs,  the 
numbers  in  which  will 
be  equal  when  addedto- 
gcther,  either  in  bands  ■ 
or  diagonally;  for  they 
will  everywhere  be  1 30. 
It  is  therefore  evident. 
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that  if  these  squares  be  arranged  side  by  side, 
in  any  order  whatever,  the  square  resulting  from  ihem 
will  be  magic,  and  the  sum  in  every  direction  will  be 
d6o. 

To  arrange  the  square  of  9,  in  this  manner  ;   di- 
vide the  progression,  from  i  to  81  inclusively,  into 
nine  others,  as  i,  10,  19  ....  73  ;  2,  11,  20  •  •  • . 
74  ;    3,  12,  21  •  ...  75  ;  &c  ;   and  arrange  each 
of  these  progressions  magically  in  a  square  of  9  cells, 
.  marking  the  first  I,  the  second  II,  &c.     But.it  will 
be  observed  that  in  these  different  squares,  the  sums 
of  the  bands  and  those  of  the  diagonals  will  be 
themselves  in  arithmetical  progression  ;  viz,  in  the 
square  I  the  sum  will  be  1 1 1,,  in  the  squai  e  II  it 
.  wi!l  te  114,  and  so  on.     If  these   9  squares  be 
.  arranged  magically,  it  may  be  readily  seen  that  the 
.  total  will  still  be  magical  ;  but  the  partial  squares 
cannot  be  transposed  as  in  the  preceding  one  of  64. 
The  square  of  1 5  may  be  resolved  into  25  squares 
of  9  cells.     If  25  squares  therefore  of  9  cells  be 
arranged  magically,  filling  them  up  with  the  25 
progressions  which  may  be  formed  in  this  manner, 

I,  26,    51 ...  .  201  ;    2,   25,  52  .  .  ...  202  ;   3, 
^^> .  53  •  •  •  •  203  ;    &c  ;    these  squares  will  have 

successively,  and  in  order,  for  the  sums  of  their 
bands  and  their  diagonals,  303,  306,  309,  &c,  to 
the  last,  which  will  make  375  in  each  of  its  bands 
and  diagonals.  By  arranging  these  25  squares  ma- 
gically in  this  manner,  calling  the  first  I,  the  second 

II,  the  third  III,  and  the  last  XXV,  you  will  obtain 
a  magic  square  ;  and  whatever  number  of  variations 
the  square  of  25  cells  may  be  susceptible  of,  the 
square  of  15  will  be  capable  of  receiving  as  many, 
being  at  the  same  time  magic,  as  well  as  all  tliç 
squares  of  which  it  is  composed. 
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Of  the  Variations  of  Magic  Squares. 

The  square  havîng  3  for  its  root  is  susceptible 
of  no  variation:  whatever  method  may  be  employed, 
or  virhatever  arrangement  may  be  given  to  the 
numbers  of  the  progression  from  i  to  9,  the  same 
^uare  will  always  arise,  exciept  that  it  will  be  in- 
verted, or  turned  from  left  to  right,  which  is  not  a 
Yariation.  But  this  is  not  the  case  with  the  square 
having  4  for  its  root,  or  that  of  16  cells:  this  being 
susceptible  of  at  least  880  variations,  which  M. 
Frenicle  has  given  in  his  Treatise  on  Magic  Squares* 

The  square  of  5  is  susceptible  of,  at  least,  57600 
different  combinations  ;  for  according  to  the  process 
of  M.  de  la  Hire,  the  j;  first  numbers  may  be 
arranged  1 20  different  ways  in  the  first  band  of  the 
first  primitive  square  ;  and  as  they  may  be  after- 
wards arranged  in  the  lower  bands,  beginning  ^gain 
by  two  difierent  quantities,  this  will  make  ,240 
variations,  at  least,  in  the  primitive  square  ;  which 
combined  with  the.  240  of  the  second,  form  57600 
variations  in  the  square  of  5.  But  there  are  doubt- 
less a^reat  many  more,  for  a  bordered  square  of 
5  cannot  be  reduced  to  the  method  of  M.  de  la 
Hire  ;  "but  one  bordered  square  of  5,  the  corners 
remaining  fixed,  as  well  as  the  interior  square  of  3, 
may  experience  36  variations.  What  a Jnumber 
•  therefore  of  other  variations  itiust  be  produced  by 
changing  the  interior  square  and  the  angles? 

A  bordered  square  of  6,  when  once  constructed, 
the  comers  remaining  fixed,  and  the  interior  square 
being  composed  of  the  same   numbers,   may  be 
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varied  4055040  different  ways  ;  for  the  interior 
square  may  be  varied  and  difTerently  transposed  in 
the  centre  7040  ways:  each  of  the  horizontal  bands 
at  top  and  at  bottom,  the  extremities  remaining 
fixed,  may  be  varied  24  ways  ;  for  there  are  four 
pairs  of  numbers  susceptible  of  changing  their  pi^e, 
which  may  be  combined  24  ways  ;  and  there  are 
plso  four  pairs  in  the  vertical  bands  between  the; 
comers.  The  number  of  the  combinations  thereof 
fore,  is  the  product  of  7040  by  576,  the  squarq 
of  24,  which  gives  4055040  variations.  But  the 
comers  may  be  varied,  as  well  as  the  numbers 
assumed  to  form  the  interior  square  ;  and  it  hence 
follows,  that  the  whole  number  of  the  variations  of 
a  square  of  6,  while  it  still  remains  bordered,  .is 
equal  to  several  millions  of  times  the  former. 

The  square  of  7,  by  M.  de  la  Hire's  method 
fdone,  ms^y  be  varied  406425600  different  ways. 

These  variations,  however  numerous,  ought  to 
excite  no  surprise  ;  for  the  number  of  disppsitions, 
magic  or  not  magic,  of  49  numbers,  for  example,- 
(brms  one  of  62  figures,  of  which  thç  preceding 
18^  as  we  n^ay  say,  but  a  part  infinitely  small, 

§.  VI, 

Of  Geometrical  Magic  Squares. 

We  have  already  observed,  in  the  beginning  of 
this  chapter,  that  numbers  in  geometrical  pro- 
gression might  be  arranged  in  the  cells  of  a  square^ 
and  in  such  a  manner,  that  the  product  of  these 
numbers,  in  each  band,  whether  vertical  or  hori- 
zontal, or  diagonal,  shall  alA^'ays  be  the  same. 

To  construct  a  square  of  this  kind,  the  same 
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prlncîpies'  vMii  be  followed  as  m  the  construction 
of  other  magic  squares  ;  and  this  may  be  easily 
demonstrated  from  the  property  of  logarithms. 
Without  enlarging  further  therefore  on  this  sub* 
Ject,  we  shall  confine  ourselves  to  giving  one  ex- 
alnpie  ;  it  k  that  of  the  9  first  terms  of  the  double 
geometric  progression,  i,  2,  4, 
8,  &c,  arranged  in  a  square  of  3 
cells  onesKrh  side.  The  product 
is  evidently  the  same  in  every 
direction,  via.  4096. 


128 


1      32 


16 


8    256 


64 


REMARKS. 

*  * 

The  ingenious  Dr  Franklin,  it  seems,  carried  this 
curious  speculation  further  than  any  of  his  pre- 
decessors in  the  same  way.  He  constructed  both  a 
magic  square  of  squares,  and  a  magic  circle  of 
circles,  the  description  of  which  is  as  follows.  The 
magic  square  of  squares  is  formed  by  dividing  the 
great  square  as  in  fig.  i ,  PL  4.  The  great  ^uare 
is  divided  into  256  uttle  squares,  in  which  all  the 
numbers  from  i  to  2^6^  or  the  square  of  16,  are 
placed  in  16  colunms,  which  may  be  taken  either 
horizontally  or  vertically.  Their  chief  properties 
are  as  fellow  : 

1.  The  sum  of  the  16  numbers  in  each  column 
or  row,  vertical  or  horizontal,  is  2056. 

2.  Every  half  column,  vertical  and  horizontal, 
makes  1028,  or  just  one  half  of  the' same  sum. 
2056. 

3.  Half  a  dia^nal  ascending,  added  tp  half  a 
diagonal  descending,  makes  also  the  same  sura 
«056  ;  takimr  these  half  cfiagonals  fronji  the  ends  of 
any  side  of  ue  square  to  the  middle  of  it  i  and  so 
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reckoning  thoh  either  upward  or  downward;  or 
fideways  from  right  to  left^  or  from  left  to  right. 

4*  The  same  with  all  die  parallels  to  the  half 
diagonals,  as  many  as  can  be  drawn  in  the  great 
square:  for  any  two  of  them  being  directed  upward 
and  downward,  from  the  place  where  they  begin,  to, 
that  where  they  end,  their  sums  still  make  the  same 
2056.  Also  die  same  holds  true  down^^^ard  and 
upward;  as  well  as  if  taken  sideways  to  the  middle» 
and  back  to  the  same  side  again.  Only  one  set  of 
these  half  diagonals  and  their  parallels,  is  drawn  in 
the  same  square  upward  and  downward  ;  but 
another  set  may  be  drawn  from  any  of  the  other 
three  sides. 

'  c.  The  four  comer  numbers  in  the  great  square 
added  to  the  four  central  numbers  in  it,  make 
1028,  the  half  sum  of  any  vertical  or  horizontal 
column,'  which  contains  16  ntimbers;  and  also 
equal  to  half  a  diagonal  or  its  parallel. 

6.  If  a  square  hole,  equal  in  breadth  to  four  of  the 
little  squares  or  cells,  be  cut  in  a  paper,  through 
which  any  of  the  16  little  cells  in  the  great  square 
may  be  seen,  and  the  paper  be  laid  upon  the  great 
square  ;  the  sum  of  all  the  1 6  numbers  seen  through 
.the  hole,  is  always  equal  to  2056,  the  sum  of  the 
l6  niunbers  in  any  horizontal  or  vertical  column. 

The  magic  circle  of  circles,  fig.  2,  PL  4,  by  the 
$ame  author,  is  composed  of  a  series  of  numbers, 
from  I  a  to  75  inclusive,  divided  into  8  concentric 
circular  spaces,  and  ranged  in  8  radii  of  numbers, 
with  the  number  1 2  in  the  centre  ;  which  number, 
like  the  centre,  is  common  to  all  these  circular 
spaces,  and  to  all  the  radii. 

The  numbers  are  so  placed,  that  ist,  the  sum  of 
all  those  in  either  of  the  concentric  circular  spaces 
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above  mentioned,  together  with  the  central  number 
12,  amount  to  360,  tlie  same  as  the  number  of 
degrees  in  a  circle. 

2.  The  numbers  in  each  radius  also,  together 
with  the  central  number  12,  make  just  360. 

3.  The  numbers  in  half  of  any  of  the  above 
circular  spaces,  taken  either  above  or  below  the 
double  horizontal  line,  with  half  the  central  number 
1 2,  make  just  1 80,  or  half  the  degrees  in  a  circle. 

4.  If  any  four  adjoining  numbers  be  taken,  as  if 
in  a  square,  in  the  radiai  divisions  of  these  circular 
spaces,  the  sum  of  these,  with  half  the  central 
number,  make  also  the  same  180. 

5.  There  are  also  included  four  sets  of  other 
circular  spaces,  bounded  by  circles  that  are  excentric 
with  regard  to  the  common  centre  ;  each  of  these 
sets  containing  five  spaces  ;  and  the  centres  of  them 
being  at  A,  B,  C,  D.  For  distinction,  these 
circles  are  drawn  with  different  marks,  some  dotted, 
others  by  short  unconnected  lines,  &c;  or  still 
better  with  inks  of  divers  colours,  as  blue,  red, 
green,  yellow. 

These  sets  of  excentric  circular  spaces  intersect 
thosfe  of  the  concentric,  and  each  other  ;  and  yet, 
the  numbers  contained  in  each  of  the  excentric 
spaces,  taken  all  around  through  any  of  the  20, 
which  are  excentric,  make  the  same  sum  as  those 
in  the  concentric,  namely  360,  when  the  central 
number  12  is  added. 

Their  halves  also,  taken  above  or  below  the 
double  horizontal  line,  with  half  the  central  number, 
make  up  180. 

It  is  observable,  that  there  is  not  one  of  the 
niunbers,  but  what  belongs  at  least  to  two  of  the 
circular  spaces  ;  some  to  three,  some  to  four,  somjs 
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to  five  :  and  yet  they  are  all  so  placed,  as  never  to 
faoreak  the  required  number  360,  in  any  of  the  2S 
chrcular  spaces  within  the  primative  circle. 


CHAPTER   XIII. 

Political  Ariihnictic. 

SD^CE  politicians  have  acquired  juster  ideas 
respecting  what  constitutes  the  real  strength  of 
states,  various  researches  have  been  made  in  regard  to 
the  npmber  of  the  inhabitants  in  difierent  countries, 
ia  order  to  ascertain  their  population.  Besides,  as 
^most  all  governments  have  been  under  the  neces- 
sity of  making  loans  for  the  most  part  on  annuities, 
they  have  naturally  been  induced  to  examine,  ac« 
çcurding  to  what  progression  mankind  die,  that  the 
interest  of  these  loans  may  be  proportioned  to  the 
probability  of  the  annuities  becoming  extinct.  These 
calculations  have  been  distinguished  by  the  name 
of  political  arithmetic,  and  as  it  exhibits  several 
cunous  facts,  whether  considered  in  a  political  or  a 
philosophical  point  of  view,  we  have  thought  it  our 
duty  to  give  it  a  place  here,  to  amuse  and  instruct 
our  readers. 

s.  I. 

Of  the  Proportion  beiwccn  ihe  Males  and  the  Females. 

Many  people  imagine  that  the  number  of  the 
ibjoales  born  exceeds  that  of  the  males  j  but  it  has 
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long  since  been  proved  that  the  contrary  is  the  case. 
More  boys  than  girls  are  born  every  year;  and 
since  the  year  1631,  a  small  interval  excepted,  we 
have  a  register  of  births,  in  regard  to  sex,  and  it  has 
never  been  observed  that  the  number  of  the  females 
bom  even  equalled  that  of  the  males.  It  is  found, 
by  taking  a  mean  or  average  term  in  a  great  number 
of  years,  that  the  number  of  the  males  born  is  to 
that  of  the  females,  as  1 8  to  i  7.  '1  his  proportion 
is  nearly  that  which  prevails  throughout  all  France  ; 
but,  to  whatever  reason  owing,  it  seems  at  Paris  to 
be  as  27  to  i6. 

This  Idnd  of  phenomenon  is  observed,  not  only 
in  England  and  in  France,  but  in  every  other 
country.  ^  We  may  be  convinced  of  the  truth  of  it 
by  inspecting  the  qionthly  and  other  periodical  pub- 
lications, which  at  the  commencement  of  every  year 
give  a  table  of  the  births  that  have  taken  plac^  in 
most  of  the  capital  cities  of  Europi^  :  it  may  there  be 
seen  that  the  number  of  the  males  born,  always 
exceeds  that  of  the  females  ;  and  consequently  it 
may  be  considered  as  a  general  law  of  nature. 

We  may  here  observe  a  striking  instance  of  the 
wisdom  of  providence,  which  has  thus  provided  for 
the  preservation  of  the  human  race.*  Mi  n,  in  con- 
quence  of  the  active  life  for  which  they  are  naturally 
destined  by  their  strength  and  their  courage,  are 
exposed  to  more  dangers  than  the  female  sex;  war, 
long  sea  voyages,  employments  laborious  or  pre- 
judicial to  health,  and  dissipation,  carry  oô'  great 
numbers  of  the  males  ;  and  it  thence  results,  that 
if  the  number  born  of  the  latter  did  not  exceed  that 
of  the  females,  the  males  would  rapidly  decrease, 
and  soon  become  extinct. 

vot.  I.  R 
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Of  the  .Mortality  of  the  Human  Race^  according  tothe 

Different  Âges. 

In  this  respect,  there  is  apparently  a  considerable' 
difference  between  large  towns  and  the  country  ; 
but  this  arises  from  the  women  in  town  rarely 
suckling  their  own  children  ;  and  consequently  the 
greater  part  of  their  children  being  put  out  to  nurse 
m  the  country,  as  it  is  in  the  period  of  childhood 
that  the  greatest  mortality  prevails,  it  becomes  most 
apparent  in  the  country.  To  make  an  exact  calcu- 
lation, it  ought  to  be  founded  on  the  deaths  which 
happen  in  the  towns,  as  well  as  in  the  country  ;  and 
this  M.  Dupré  de  St.  Maur  has  endeavoured  to  do, 
by  comparing  the  registers  of  three  parishes  in 
Paris,  and  twelve  in  the  country. 

According  to  the  observations  of  this  author,  in 
23994  deaths,  6454  of  them  were  those  of  children 
not  a  year  old  ;  and  carrying  his  researches  on  this 
subject  as  far  as  possible,  he  concludes,  that  of  24000 
children  born,  the  numbers  who  attain  to  different 
ages  are  as  follow  ; 
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Age<:  Number 

a  .......  .  17540 

3  •  •  • 1516* 

4 14177 

5  •  •  • Ï3477 

6 12968 

7 12562 

8  12255  - 

9 12015 

10 11861 

15 •  •  "405 

20 10909 

25 .  10259 

30 9i44 

35 8770 

40 7929 

45  •••••••    .  7008 

50  ..,..*..  .  6197 

55 5375 

00 4564 

65 3450  ,- 

70 2544 

75 1507 

80  ' 807 

85 29.r 

90 103 

91  •  • 7» 

92  .  • 63 

93  ........  .  47 

94  ' 40 

95  •  • 33 

96 23 

97 •  •  18 

98 16 

99 8 

100  .  ' 6  or  7. 
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child  has  already  attained  to  a  certaîa  age,  how 
many  years  is  it  probable  it  will  still  live  ?  Thesç 
are  two  questions,  the  solution  of  which  is  not  only 
curious»  but  iniport^nt. 

We  shall  here  give  two  tables  on  this  subject  ; 
one  by  M.  Dupré  de  Ht  Maur,.  and  the  other  by 
M,  Pardeux  ;  and  add  to  theni  à  few  général  obser- 
vations. 
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TIME  TO  LIVE. 

f 

M.  de  St.  Maur. 

M.  de  Parcicux. 

AOX. 

tEARS.     MONTHS. 

TEARS.     MONTHS. 

0 

/ 

8 

1 

38 

41        9 

2 

38 

42        8 

S 

40 

43        6 

4 

41 

'      44         2 

5 

41         6 

44         5 

6 

42 

44         3 

7 

42          3 

44 

8 

41          6 

43        9 

9 

40       10 

43        3 

10 

40         2 

42         8 

20 

33         5 

36         3 

30 

28 

30         6 

40 

22          1 

25         6 

50 

16         7 

19         5 

60 

11          I 

14        11 

70 

6        2 

9         2 

15 

4        6 

6       10 

80 

3        7 

5 

85 

3 

3        4 

90 

2 

2         2 

95 

5 

6 

96 

4 

5 

97 

3 

4 

98 

2 

3 

99 

1 

2 

100 

§ 

1 
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Two  observations  here  occur,  în  regard  to  these 
tables.  The  first  is  respecting  the  difference  be- 
tween them.  In  that  of  M.  Parcieux,  the  time 
assigned  to  each  age  to  live,  is  niore  considerable, 
and  the  reason  has  been  already  mentioned.  We 
have  even  suppressed  the  first  year  in  the  table  of 
M.  Parcieux,  because  the  difference  was  by  far  too*' 
great,  and  in  our  opinion  it  arose  from  two  causes. 
I  St.  No  one  ever  thinks  of  purchasing  an  annuity 
for  a  child  in  its  first  year,  until  the  goodness  of  its 
.constitution  has  been  fully  ascertained.  2d.  It  is 
not  at  the  birth  of  a  child,  but  in  the  course  of  the 
first  year,  towards  the  middle  or  end,  that  such  a 
•measure  is  hazarded  ;  for  as  annuities  remain  some- 
times several  months,  and  even  a  whole  year,  to  be 
filled  up,  people  are  not  under  the  necessity  of 
sinking  money  on  so  young  a  life,  and  have  time 
during  the  course  of  several  months  to  acquire  some 
certainty  respecting  the  constitution  of  the  subject. 
In  our  opinion  therefore,  the  34  years  of  vitality, 
assigned  by  M.  de  Percîeux  to  a  child  just  born, 
ought  to  be  considered  as  applicable  to  a  child  from 
6  to  9  months  old,  and  more  ;  but  it  is  during  the 
first  months  of  the  first  year  that  the  life  of  a  child 
is  most  uncertain,  and  that  the  greatest  number 
die. 

The  second  observation,  which  is  common  to 
both  tables,  is,  that  vitality,  exceedingly  weak  at 
the  moment  of  birth,  goes  on  increasing  after  that 
period,  till  it  comes  to  another,  at  which  it  is  the 
greatest  ;  for  the  chance  is  less  than  3  to  i  that  ^ 
new  born  child  will  attain  to  the  end  of  its  fir^t 
year*,  and  one  may  take  an  even  bet  that  it  has 

*  According  to  the  principles  explained  in  trentiog  of-  probabili* 
ties,  the  probability  of  a  child  newly  born  being  alive  at  the  end  of 
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only  8  years  to  live  ;  but  when  ît  has  attained  to 
the  con>mencement  of  the  second  year,  one  may 
bet  6  to  I  that  it  will  attain  to  the  third  ;  and  it  is 
an  even  chance  that  it  will  live  33  years-  In  a  word, 
it  is  seen  by  the  table  of  M.  Dupré  de  St.  Maur, 
that  it  is  towards  the  age  of  10  years,  or  between 
10  and  15,  that  life  is  most  secure.  At  that 
period,  one  may  take  an  even  bet  that  the  child  will 
live  43  years  ;  and  it  is  125  to  i  that  it  will  live  a 
year,  or  25  to  i  that  it  will  live  five  years.  Beyond 
that  period  the  probability  of  living  a  year  longer 
decreases.  At  the  age  of  20,  for  example,  it  is  some- 
what less  than  16  to  i,  that  the  person  'vidll  not  die 
within  the  five  following  years.  When  a  person 
has  reached  his  sixtieth  year,  it  is  no  more  than  34. 
to  I  that  he  will  attain  to  the  beginning  of  his  sixty- 
£fth  year. 

I 

Of  the  Number  of  Men  of  Different  Ages  in  a  gives 

Number. 

It  may  be  deduced  from  the  preceding  obser- 
vations, that  when  the  inhabitants  of  a  country 
amount  to  a  million,  the  nupiber  of  those  of  the 
different  ages  will  be  as  follows  : 


a  yenr,  is  to  that  of  its  dying  before  that  period,  as  the  number  of  the 
children  alive  at  the  end  of  a  year,  is  to  the  number  of  those  dead  ; 
that  is  to  fay,  as  j 7 540  «to  64'.o;  which  is  somewhat  less  than  the 
ratio  of  ?  to  1.  In  the  other  cases  the  calculation  is  the  same.  Take 
the  number  of  thme  who  h^ve  died  in  the  course  of  the  year,  and 
divide  by  it  the  number  of  ih  >sc  alive  •,  this  will  express  whac  may  be 
betted  to  i,  that  the  person  who  has  completed  that  jear  will  com- 
plete anothar. 
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Between  o  and  i  year  complete   .  38740 

I  5  ......    .  119460 

5  10 99230 

10  15 94530 

15  20 •  88674 

20  25 •  82380 

25  30  ....'..     .  77650 

30  .     35  •     •    • 71665 

35  40  •    •' 64205 

40         45    • 57^3^ 

45         50    ......    .      50605 

50  S5 4:^940 

55  60 371 10 

60  6^ 28690   ' 

65  79  ......    .      21305 

70  75 13195, 

7^  80  . 7<^65'*  r 

80  85  . 2880 

85  90  . 1025 

90         95 335 

95        100    . 82 

Above  1 00  years  3  or  4 

Total  1,000000 

ThD3  in  a  country  peopled  with  a  million  of  ift-. 
Iiabitflnts,  diere  are  about  573460  between  the  age 
of  1 5  and  60  ;  and  as  nearly  one  Jialf  of  them  arc 
men,  this  number  of  inhabitants  could,  on  any 
emergency,  furnish  250  thousand  men  capable  of 
bearing  arms,  even  if  an  allowance  be  made  for  the 
sick,  the  lame,  &c,  who  may  be  supposed  to  be 
among  that  number. 
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Of  the  Proportion  of  the  Births  and  Deaths  to  the  whole 
Cumber  of  the  Inhabitants  of  a  Country.^^The  Come- 
quences  thence  resulting. 

As  it  would  be  difficult  to  number  the  inhabitants 
of  a  country,  and  much  more  to  repeat  the  enu- 
meration as  often  as  it  might  be  necessary  to  ascer- 
tain the  population,  means  have  been  devised  for 
accomplishing  the  same  objeâ,  by  determining  the 
proportion  which  the  births  and  deaths  bear  to 
the  whole  number  of  the  inhabitants;  for  as 
registers  of  births  and  deaths  are  regularly  kept  in 
all  the  civilised  countries  of  Europe,  we  may  judge, 
by  comparing  them,  whether  the  population  has  in- 
creased or  decreased  ;  and  in  the  latter  case  can 
examine  the  causes  which  have  produced  the  dimi- 
nution. 

It  is  deduced,  for  example,  from  Dr.  Halley's 
tables  of  the  state  of  the  population  of  Breslaw, 
aboM  the  year  1690,  that  among  34000  inhabitants, 
there  took  place,  every  year  on  an  average,  1238 
births  J  which  gives  the  proportion  of  the  former  to 
the  latter  as  27  j  to  i.  In  regard  to  cities,  suich  as 
Breslaw,  where  there  is  tio  great  influx  of  strangers^ 
we  may  therefore  adopt  it  as  a  rule,  to  multiply  the 
births  by  27!,  in  order  to  find  the  number  of  the 
inhabitants. 

There  appeared,  a  few  years  ago,  that  is  to  say  in 
1766,  a  very  interesting  work  on  this  subject,  enti- 
tled. Recherches  sur  la  Population  des  Généralités 
d^  Auvergne  J  de  Lyon^  de  Rouen^  et  de  quelque  Provinces 
et  Villes  du  Royaume,  Ssf r,  by  M.  Messance.     By  an 
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enumeration  of  the  inhabitants  of  seventeen  small 
towns  or  villages,  in  the  generality  of  Auvergne, 
compared  with  the  average  number  of  births  in  the 
same  places,  the  author  shews,  that  the  number  of 
the  births  is  to  that  of  the  inhabitants,  as  i  to  24!, 
^  ~  :  a  similar  enumeration,  in  twenty-eight  small 
towns  or  villages  of  the  generality  of  Lyons,  gave 
the  ratio  of  i  to  234;  and*  by  another  made  in  five 
small  towns  or  villages  of  the  generality  of  Rouen, 
it  appeared  that  the  ratio  was  as  i  to  27I  and  -^V- 
But  as  these  three  generalities  comprehend  a  very 
mountainous  district,  such  as  Auvergne,  another 
which  is  moderately  so,  as  the  generality  of  Lyons, 
and  a  third  which  consists  almost  entirely  of  plains 
or  cultivated  hills,  as  the  generality  of  Rouen,  there 
ÎS  reason  to  conclude  that  these  three  united  afford  a 
good  representation  of  the  average  state  of  the  king- 
dom ;  combining  therefore  the  above  proportions, 
which  gives  that  of  i  to  255,  this  will  give  the  pro- 
portion of  births  to  die  number  of  the  inhabitants, 
for  the  whole  kingdom,  without  including  the  great 
Cities  ;  so  that  for  two  births  in  the  year  we  shall 
have  51  inhabitants. 

But  as,  in  towns  of  any  magnitude,  there  are 
several  classes  of  citizens  who  spend  their  lives  in 
celibacy,  and  who  contribute  either  nothing  or  very 
little  to  the  population,  it  is  evident  that  this  pro- 
portion, between  the  births  and  effective  inhabitants, 
must  be  greater.  M.  Messance  says,  he  ascertained, 
by  several  comparisons,  that  the  ratio  nearest  the 
/truth,  in  this  case,  is  i  to  28,  and  that  this  is  the 
proportion  which  ought  to  be  employed  in  deducing, 
from  the  number  of  births,  the  number  of  the  in- 
habitants of  a  town  of  the  second  order,  such  as 
Lyons,  Rouen,  &c  j  which  agrees  pretty  well  with 
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what  Dr.  Halley  found  in  regard  to  the  city  of 
Breslaw. 

In  the  last  place,  for  cities  of  the  first  class,  or  thd 
capitals  of  states,  such  as  Paris,  London,  Amsterdam, 
&c,  where  a  great  many  strangers,  attracted  either 
by  pleasure  or  business,^  are  mixed  with  the  inhabit- 
ants, and  where  great  i  luxury  prevails,  which  in* 
creases  the  number  of-iÂose  who  live  in  voluntary 
celibacy,  it  is  very  probable  that  the  above  ratio 
must  be  raised,  and  that  it  ought  to  be  carried  to 
30  or  31. 

M.  Kerseboom,  in  his  book  entitled.  Essai  de 
Calcul  politique^  concernant  la  (juantité  des  habit  ans  des 
provinces  de  Hollande  et  de  Westfrieslandj  Çsfr,  printed 
at  the  Hague,  in  1 748,  has  endeavoured  to  shew 
that,  to  obtain  the  number  of  the  inhabitants  in 
Holland,  the  nûniber  of  the  births  ought  to  be  mul- 
tiplied by  35.  If  this  be  the  case,  there  is  reason  to 
conclude,  tnat  marriages  are  less  fruitful,  or  less 
numerous  in  Holland,  th^  in  France;  and  this  dif- 
ference may  be  founded  on  physical  causes. 

If  these  calculations  be  applied  to  determining  the 
population  of  great  cities,  it  will  be  seen  that  the 
opinions  entertained  in  general  on  this  subject,  are 
erroneous  ;  for  it  is  commonly  said  that  Paris  con- 
tains a  million  of  inhabitants  ;  but  the  number  of 
births  there,  taking  one  year  with  another,  never 
exceeds  19500,  which  multiplied  by  30  gives  585000 
inhabitants  ;  if  we  employ  as  multiplier  the  number 
31,  we  shall  have  604500,  and  this  is  certainly  the 
utmost  extent  of  the  population  of  Paris. 


I" 
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S    VI. 

Gf  some  (fther  Proportions  between  the  Inhabitants  of  a 

Country* 

VfE  shall  present  to  the  reader  a  few  more  short 
observations  in  regard  to  population.  The  book, 
which  we  quoted  in  the  preceding  paragraph,  shall 
still  serve  us  as  a  guide. 

By  combining  together  the  three  generalities 
above  mentioned,  it  is  found, 

ist.  That  the  number  of  the  inhabitants  of  a 
country,  is  to  that  of  the  families,  as  looo  to  222 f; 
so  that  2000  inhabitants  give  in  common  445  fami- 
lies, and  consequently  4^^  heads  on  an  average  for 
each,  or  9  persons  for  two  families.  In  this  respect, 
those  of  Auvergne  are  the  most  numerous  ;  those  of 
the  Lyonnois,  are  next,  and  those  of  the  generality 
of  Rouen  are  the  least  numerous.  By  taking  a 
mean,  it  is  found  also,  that  in  25  families,  there  is 
one  where  there  are  six  or  more  children. 

2d.  The  number  of  male  children  born  exceeds, 
as  has  been  said,  that  of  the  females  ;  and  this  excess 
continues  till  a  certain  age  ;  for  example,  the  number 
of  boys  of  the  age  of  fourteen,  or  below,  is  greater 
than  that  of  the  females  of  the  same  age,  and  in  the 
ratio  of  30  to  29. .  The  whole  number  of  the  females, 
however,  exceeds  that  of  the  males,  in  the  ratio  of 
about  1 8  to  19.  We  here  see  the  effect  of  the  great 
consumption  of  men,  occasioned  by  war,  navigation, 
laborious  employments,  and  debauchery. 

3d.  It  is  found  that  there  are  three  marriages 
annually  among  337  inhabitants  ;  so  that  1 12  inhar 
bitams  produce  one  marriage* 
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4th.  The  proportion  of  married  men  or  widowers, 
to  married  women  or  widows,  is  nearly  as  125  to 
J  40  ;  and  the  whole  number  of  this  class  of  society, 
is  to  the  whole  of  the  inhabitants,  as  265  to  631,  or 
as  53  to  126. 

•  5th.  According  to  King  and  Kerseboom,  the  num- 
ber of  widowers  is  to  that  of  widows,  as  i  to  3  neaAy; 
so  that  there  are  three  widows  for  one  widower. 
This  at  least  is  deduced  from  the  enumerations  made 
in  Holland  and  in  England.  But  is  the  case  the 
same  in  France  ?  It  is  to  be  regretted,  that  the 
above  mentioned  author  did  not  make  researches  on 
this  subjeâ.  In  our  opinion  however,  this  propor- 
tion  is  pretty  near  the  truth,  and  it  will  excite  no 
astonishment  when  it  is  considered  that  the  greater 
part  of  the  men  marry  late^  in  comparison  of  the 
women. 

6th.  If  the  above  proportion  between  widowers 
and'  widows  be  admitted,  it  thence  follows,  that 
^among  63.1  inhabitants  there  are  1 1 8  married  couples, 
7  or  8  widowers,  and  21  or  22  widows:  the  remain- 
der are  composed  of  children,  people  in  a  state  of 
celibacy,  servants,  or  passengers.  ' 

7th.  It  thence  results  also,  that  1870  married 
couples  give  ^nually  357  children  ;  for  a  city  of 
1 0000  inhabitants  would  contain  that  number  of 
married  couples,  and  give  357  annual  births.  Five 
married  couples  therefore,  of  all  ages,  produce  annu- 
ally one  birth. 

8th.  The  number  of  servants  is  to  the  whole 
number  of  the  inhabitants,  as  136  to  1535  nearly; 
which  is  somewhat  more  than  the  eleventh  part,  and 
less  than  the  tenth. 

The  number  of  male  servants  is  nearly  equal  to 
that  of  the  female,  being  in  the  ratio  of  67  to  69  5 
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but  it  ÎS  very  probable  that  in  ïarge  cities,  where  a 
great  deal  of  luxury  prevails,  the  proportion  iâ  dif- 
ferent. 

9th.  The  number  of  ecclesiastics  of  both  sexes, 
that  is  to  say,  secular  as  well  as  regular,  compre*» 
hending  the  nuns,  is  to  the  inhabitants  of  the  above 
three  generalities,  as  i  to  1 1 2  nearly  ;  this  is  con- 
trary to  the  common  opinion,  which  supposes  the 
proportion  to  be  much  greater. 

loth.  By  dividing  the  territory  of  these  three 
generalities  among  their  inhabitants,  it  iS  found,  that 
the  square  league  would  contain  864;  but  the  square 
league  contains  6400  acres  ;  each  man  therefore,  on 
an  average,  would  have  7^^  acres,  and  each  family 
being  composed,  one  with  another,  of  44-  heads,  334-. 
acres  would  fall  to  the  share  of  each  family.  But  it 
is  to  be  observed  that  the  generality  of  Rouen,  con- 
sidered alone,  is  much  more  populous,  since  it  con- 
tains 1 264  inhabitants  for  each  square  league,  which 
gives  to  each  head  ho  more  than  5  acres. 

I  ith.  It  appears  by  the  same  enumerations,  that  a 
very  sensible  increase  in  the  population  has  taken 
place  since  the  beginning  of  the  last 'century.  It  is 
indeed  found,  that  the  annual  number  of  the  births 
has  been  augmented;  and  by  comparing  the  present 
period  with  the  commencement  of  the  last  century, 
there?  is  reason  to  conclude,  that  the  number  of  the 
inhabitants  is  now  greater  than  what  it  was  at  the 
beginning  of  the  century,  in  the  ratio  of  1456  to 
1350;  which  makes  less  than  a  twelfth,  and  more 
than  a  thirteenth,  of  increase.  This  is  doubtless 
owing  to  the  great  extent  to  which  agriculture  and 
commerce  have  been  carried,  and  to  the  cessation  of 
those  wars  which  so  long  exhausted  the  interior  6f 
France.     The  wound  given  to  the  nation  by  the  re- 
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voâtion  of  the  edict  of  Nantes  seems  healed,  and 
even  more  ;  but  had  it  not  been  for  that  event, 
France,  in  all  probability,  would  contain  a  sixth 
more  of  inhabitants  than  it  did  at  the  commence- 
mdit  of  the  i8th  century  ;  for  the  number  who  en- 
patriated  in  consequence  of  that  revocation,  amount* 
cd  perhaps  to  a  twelfth  part  of  the  whole  peof^e. 

§  VII. 

Some  Questions  which  depend  on  the  Preceding  Observ- 
ations. 

The  following  are  some  of  those  questions,  in  the 
solution  of  which  the  preceding  observations  may  be 
employed  :  we  shall  not  explain  the  principles  on 
which  each  is  resolved  ;  but  shall  merely  confine 
ourselves  to  referring  to  them  some  times,  that  we 
may  leave  to  the  reader  the  pleasure  of  exercising 
his  own  ingenuity. 

ist.  The  age  of  a  man  being  giveri^  that,  of  ^o  for 
example^  what  probability  is  there  that  he  *u:ill  be  living 
at  the  end  of  a  determinate  number  of  years,  such  as  15? 

Seek  in  the  table  of  the  second  section  for  the 
given  age  of  the  person,  viz  30  years,  and  write 
down  the  number  opposite  to  it,  which  is  11405; 
then  take  from  the  same  table  the  number  opposite 
to  45,  which  is  7008,  and  form  these  two  numbers 
into  a  fraction,  having  the  latter  for  its  numerator, 
and  the  former  as  its  denominator;  this  fraction  will 
express  the  probability  of  a  person  of  30  years  of  age 
living  15  years,  or  attaining  to  the  age  of  45, 

The  demonstration  of  this  rule  is  obvious  to  every 
one  who  understands  the  theory  of  probabilities. 

2d.  A  young  man  20  years  of  age  borravs  loool.  to 
be  paidy  capital  and  interest,  wlxn  he  attains  to  tlje  age 


ARITHMETIC.  «5? 

of  7,$  I  ha  in  case  be  dies  before  tbat  period,  ibe  debt  to 
become  extinct,  Wbat  sum  ought  be  to  engage  to  pay^  on 
ûttaimng  to  the  age  ofi^i 

It  is  evident  tifiat  if  it  were  certain  he  ^  would  not 
die  before  the  age  of  25,  the  suM  to  be  then  paid 
would  be  the  capital  increased  by  5  years  interest^ 
which  we  here  suppose  to  be  simple  interest  :  the 
sum  therefore  which  in  that  case  he  ought  to  engage 
to  pay,  on  attaining  to  the  age  of  ^5,  would  be 
.1250L  But  this  sum  must  be  increased»  in  propor- 
tion to  the  danger  of  the  debtor  dying  in  the  course 
of  these  five  years,  or  in  the  inverse  ratio  of  the 
probability  of  his  being  alive  when  they  are  expired* 
As  this  probability  is  expressed  by  the  iractidn  Isf^, 
we  must  multiply  the  above  sum  by  thià  fraction  in- 
verted, or  by  l^ljl,  which  will  give  1329I.  3s.  iid. 
that  is  to  say,  79L  3s.  i  id.  for  the  risk  of  losing  the 
debt,  which  certainly  cannot  be  considered  as  usury. 

3d.  ji  state  or  an  individual  having  occasion  to  raise 
vumey  on  annuities,  what  interest  ought  to  Le  given  for 
the  different  ages,  legal  interest  being  at  the  rate  of  5 
per  cent.  ? 

The  vulgar,  who  are  accustomed  to  burthensome 
loans^  entertain  no  doubt  that  10  per  cent,  is  a  great 
deal  for  any  age  below  50,  and  that  such  a  method  of 
borrowing  csùnjiot  be  advantageous  to  the  state.  But 
this  is  a  great  mistake  ;  for  it  will  be  found  by  caU 
culation,  employing  the  before  mentioned  data,  ac* 
cording  to  the  table  of  M.  de  Parcieux,  that  10  per 
cent. «cannot  be  allowed  before  the  age  of  56.  Ac« 
cording  to  the  same  table,  no  more  than  64.  can  be 
given  at  the  age  of  20  ;  6\  at  25  ;  6\.  at  30;  7^  at 
40  ;  8f  at  $0  ;  10  at  56  j  i  ij^  at  60  j  16 J-  at  70J 
27*at8o{  39^  at  85. 

VOL.  I.  8 
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It  is  also  a  very  great  error  to  believe,  that  on 
account  of  the  number  of  persons  who  lay  out  money 
in  these  loans  ipade  by  governments,  they  are  soon 
freed  from  a  part  of  the  annuities  by  the  death  of  a 
part  of  the  annuitants.  The  slowness  of  the  increase 
of  annuities  in  tontines,  is  a  sufficient  proof  of  the 
falsity  of  this  idea;  besides,  the  great  number  of  the 
persons  is  the  very  cause  why  the  extinction  of  the 
annuities  takes  place  according  to  the  laws  of  proba- 
bility abov«  explained.  A  fortunate  circumstance, 
at  the  end  of  some  years,  may  free  an  individual  from 
an  annuity  eftablished  on  the  life  of  a  man  aged  30; 
but  if  this  annuity  were  divided  among  300  persons 
of  nearly  the  same  age,  it  is  certain  that  he  would 
not  be  freed  from  this  burthen  before  the  expiration 
of  about  65  years  ;  and  at  the  end  of  32  or  33  years 
one  half  of  the  annuitants  would  still  be  living.  This 
M.  de  Parcieux  has  shew^n,  in  the  clearest  manner, 
by  examining  the  lists  of  different  tontines. 

4th.  Legal  interest  beitig  at  5  per  cent.  ;  at  what 
rate  of  interest  niai)  an  annuity  he  granted  on  the 
tires  of  tico  persons  J  whose  ages  are  given,  and  paj^* 
able  till  the  death  of  the  last  survivor  ? 

5th.  irhat  interest  nuiy  he  allowed  on  a  capita/^ 
sun!:  for  an  annuity  on  the  lives  of  two  persons^ 
xvhose  ages  arc  given^  and  payable  only  while  both 
the  annuitants  are  living  ? 

6th.  A  certain  person j  whose  age  is  glvcn^  has  an 
ammuy^  secured oti  the  public  funds^  of  iooo\.\  but 
/h'inu  in  want  of  money ^  he  is  desirous  to  sell  it. 
H  iw  nnf  h  is  it  worth? 

7th.  //  nocd  ^0,  and  B  aged  50,  agree  to  pu?'- 
rhd.'^r^  on  their  joint  liveSy  an  annuity  of  loool., 
to   bt  \:<iiiaUy  divided  between  tlienij  durijig  their 
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Ihesj  with  a  reversion  to  the  siirvivo7\  How  much 
aught  each  of'  them  to  contribute  towards  the  pur* 
chase  money  ? 

8th.  How  much  ought  each  to  contribute^  sup* 
posing  it  stipulated  between  them^  that  B  the  eldtuft^ 
should  enjoy  the  whole  till  his  death  ? 

9th;  Legal  interest  being  at  5  per  cent. ,  what  is 
thexvorth  of  an  annuity  of  icx)!.,  on  the  lives  oj  th?\'e 
persons,  whose  ages  are  given j  and  payable  till  the 
death  of  the  last  survivor  ? 

loth.  J n  annuity  is  purchased  Jor  the  life  of  a 
childy  of  3  years  qfage^  on  this  condition^  that  the 
annuity  at  the  e?id  of  each  year  is  to  be  added  to  the 
purchase  money,  till  the  amiuity  equals  the  capital 
sunk.  At  what  age  will  the  annuity  he  due,  legal 
interest  being  at  5  per  cent  ? 

Many  people  imagine  that  a  capital  can  be  depo- 
sited in  the  baftk  of  Venice-  on  this  condition,  that 
nothing  is  received  for  the  first  10  years,  but  after 
that  period  the  annuitant  receives  an  annuity  equal 
to  the  capital.  This  however  is  entirely  groundless, 
as  has  been  shewn  by  M.  de  Pardeux  in  his  Addition 
à  P  Essai  sur  les  Probabilités  de  la  durée  de  la  Vie 
humaine,  published  in  1760  ;  for  it  is  there  shewn, 
by  a  calculation,  the  demonstration  of  which  is  evi- 
dent, that  if  lool.,  for  example,  were  sunk  on  the 
life  of  a  child  3  years  of  age,  it  could  not  begin  to 
enjoy  an  annuity  of  lool.  till  it  had  attained  to  t;he 
age  of  45  or  46. 

The  table  of  M.  de  Parcieux  presents,  on  this  sub- 
ject, two  things  very  curious.  For  example,  on  the 
above  supposition,  if  the  increase  of  the  annuity  were 
not  stopped  till  the  end  of  54  years,  the  person  ought 
to  receive  205I.  per  annum  during  the  remainder  of 
his  life  Î  if  it  were  not  stopped  till  58  years,  he  ought 
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to  recdve  till  the  time  of  his  death  300L  ;  and  by 
stopping  it  only  at  75  years,  he  would  be  entitled  to 
2900L  per  annum  :  in  the  last  place,  if  the  arrears 
due  each  year  were  left,  on  the  like  conditions,  to 
accumulate  till  the  94th  year,  the  annuity  for  the 
remainder  of  the  person's  life  ought  to  be  61 340691. 
19s*  sd.  a  sum  Avhich  must  appear  prodigious. 

But  it  may  seem  astonishing  that  M.  de  Parcieux 
should  begin  his  calculations  only  at  the  age  of  3 
years.  It  is  very  true  that  people  do  not  venture 
capitals  in  the  purchase  of  annuities  on  the  lives  of 
new  bom  children  ;  but  if  evet  such  an  establishment 
existed  at  Venice,  it  is  evident  that  it  must  have  been 
only  on  the  supposition  of  the  money  being  risked 
on  the  life  of  a  child  just  bom,  because  great  mor- 
tality takes  place  during  the  first  year.  For  this 
reason  we  have  examined  what  would  be  the  result 
of  such  a  supposition  ;  and  we  have  found  that,  if 
the  sum  of  lool.  were  sunk,  on  the  above  conditions, 
on  the  life  of  a  child  just  born,  it  ought,  according 
to  the  table  of  M.  Dupré  de  St.  Maur,  to  procure  it 
sm  annuity  of  lol.  15s.  j  that  this  sum  sunk  in  like 
manner,  at  8  per  cent.,  at  the  end  of  the  first  year, 
by  adding  the  first  annuity,  would  give  at  the  end  of 
the  second  year  iil.  iis.  yd.  These  iil.  iis.  yd. 
sunk  at  6^  per  cent,  which  is  the  interest  that 
might  be  allowed  at  the  commencement  of  the  third  ' 
year,  would  at  the  end  of  the  third,  or  the  com- 
mencement of  the  fourth,  amount  to  12L  5s.  id. 
and,  by  a  calculation  similar  to  that  of  M.  de  Parci- 
eux, it  will  be  found,  that  the  annuity  would  be 
increased  to  lool.  at  about  the  age  of  36  ;  which  is 
still  yery  far  distant  from  what  is  commonly  believed. 

If  legal  interest  be  supposed  to.  be  10  per  cent.,  as 
it  was  m  the  i6th  century,  it  will  be  founds  that  it 
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would  be  only  about  the  26th  year  that  a  person 
could  receive  an  annuity  equal  to  the  capital  sunk  at 
the  time  of  his  birth. 

Those  who  are  desirous  of  farther  information  on 
this  subject,  may  consult  Demoivre's  Essay  upon 
Annuities  on  lives,  and  M.  de  Parcieux's  Essai  sur 
les  Probabilités  de  la  durée  de  la  Vie  humaine^  and 
Dr.  Price  on  Reversionary  Payments.  Th^  other 
authors  who  have  treated  mathematically  on  these 
matters,  are  Dr.  Halley,  Sir  William  Petty,  Major 
Graunt,  King,  Davenant,  Sinipson,  Maseres;  and 
among  the  Dutch,  the  celebrated  John  de  Wit,  grand 
pensionary  of  Holland,  M.  Kerseboom,  Struyk,  &c« 
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PART  SECOND. 


Centaimng  a    Series  of  Geometrical'  Problem    and 
Questions  y  calcula  ied  for  Exercise  and  Amusement. 


PROBLEM    U 


from  the  extremity  of  a  given  right  line  to  raise  a  per* 
fenrficuJar,  without  continuing  the  line^  and  eve?i 
without  changing  the  opening  of  the  compass  if  ne* 
cessary. 

I.  L-^ET  AB  (fig.  1  plate  i\  be  the  given  straight 
line,  and  A  the  extremity,  from  which  it  is  re- 
quired to  raise  a  perpendicular,  without  prolonging 
It. 

From  A  towards  B  assume  5  equal  parts  at  plea- 
sure \  and  extending  the  compasses  from  A,  so  as 
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to  include  3  of  these  parts,  describe  the  arc  of  a 
circle;  then  from  i,  the.  extremity  of  the  fourth 
part,  with  an  opening  equal  to  the  5  parts,  describe 
another  ;  these  two  arcs  will  necessarily  cut  each 
other  in  a  certain  point  C,  from  which  if  a  straight 
line,  as  C  A,  be  drawn,  it  will  be  perpendicular  to 
A  B. 

Cor  the  square  of  C  A,  whxh  is  9,  added  to  the 
square  of  A^,  which  is  16,  are  together  equal  to 
25  the  square  C  b  :  the  triangle  C  A  ^  is  therefore 
right  angled  at  A. 

We  might  assume  also,  for  the  radius  of  the  arc 
to  be  described  from  the  point  A,  a  line  equal  to  5 
parts  ;  for  the  base  A  è  1 2,  and  for  the  other  radius 
AC  13  ;  because  5,  12,  and  13,  form  a  rightangled 
triangle.  Indeed,  all  the  rightangled  triangles  in 
numbers,  of  which  there  are  a  great  variety,  may 
be  employed  in  the  solution  of  this  problem. 

IL  On  any  part  whatever  of  the  given  line  A  B 
(fig.  2  pi  i),  describe  an  isosceles  triangle  A  C  B, 
that  is,  so  that  the  sides  A  C,  C  B  shall  be  equal  ; 
and  continue  A  C  to  D,  so  that  C  D  shall  be  equal 
to  C  B  ;  if  a  line  be  then  drawn  from  D  to  B,  it 
will  be  perpendicular  to  A  B.  The  demonstration 
of  this  is  so  easy,  that  it  requires  no  illustration. 

PROBLEM    II. 

To  divide  a  given  straight  line  into  any  number  of  equal 
parts  y  ai  pleasure  y  without  repeated  trials. 

Let  it  be  proposed,  for  example,  to  divide  the 
line  AB  (fig.  3  pi.  i),  into  5  equal  parts.  Mak* 
this  given  linç  die  base  -■  of  an  equilateral  triangle 
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A  B  C  ;  and  from  the  point  C,  in  the  side  Ç  B> 
continued  if  necessary,  set  off  5  equal  parts,  which 
we  shall  suppose  to  terminate  at  D^  and  make  C  £ 
equal  to  C  D  ;  then  make  D  F,  for  example,  equal 
to  one  of  the  five  parts  of  CD;  and  draw  C  F» 
which  will  intefrsect  A  B  in  G  :  it  is  evident  that 
BG  wiU.be  the  fifth  part  of  AB. 

J£  D/  were  equal  to  j-  of  C  D,  by  drawing  C/ 
we  should  have  gy  as  the  point  of  intersection  of 
C/  and  A  B,  which  would  give  B^  equal  to  j^  of 
A  B*    And  so  on« 


-1 
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TFitbout  any  other  instrument  than  a  few  pegs  and  a 
rod^  to  perform  on  the  ground  the  greater  part  of  the 
operations  of  geometry. 

It  is  well  known  that  most  geometrical  operations 
may  be  jperformed  in  the  fields,  by  means  of  the 
graphometer  :  and  it  would  even  seem  that  this  in* 
9trument  is  absolutely  necessary  in  practical  geome* 
try» 

A  geometrician  however  may  happen  to  be  un« 
provided  with  such  an  instrument,  and  even  destitute 
of  the  means  of  procuring  one.  We  shall  suppose 
him  in  the  woods  of  America,  with  nothing  out  a 
knife  to  cut  a  few  pegs,  and  a  long  stick  to  serve 
him  as  a  measure  :  he  has  several  geometrical  ope^ 
rations  to  perfDrm,  and  even  inaccessible  heights  to 
measure  ;  how  must  he  proceed  to  accomplish  what 
is  here  proposed. 

We  shall  suppose  also,  that  the  reader  is  ac<» 

f|uainted  widi  th^  method  of  tracing  out  a  straight 


line  on  the  grovind,  bétwéeii  two  given  points;  and  ia 
what  manner  it  may  be  indefinitely  continued  on 
either  side,  kc.  This  being  premised,  we  shall  now 
proceed  to  give  a  few  of  those  eleitientary  problems 
of  geometry,  required  to  be  performed,  without 
employing  any  other  line  than  a  straight  one,  and 
even  exchidihg  the  use  of  a  cord,  with  whidh  tfaa 
arc  of  a  circle  might  be  described. 

I  St.  Through  a  given  point  to  draw  a  straight  line^ 
paraikl  to  a  given  straight  line. 

Let  AB  (fig.  4  pi.  i)  be  the  given  straight  line^ 
and  C  the  point  through  which  it  jls  required  to 
draw  a  straight  Ime  parallel  to  AB.  From  the 
point  C  draw  the  line  C  B,  to  any  point  in  A  B^ 
and  divide  C  B  into  two  equal  parts  in  D  ;  in  this 
point  D  fix  a  peg,  and  from  any  point  A  in  the 
jgiven  straight  line  draw,  through  D,  an  indefinite 
line  AD  L,  and  make  DE  equal  to  AD:  if  a 
straight  line  be  then  drawn  through  the  points  C 
tod  È,  it  will  be  parallel  to  A  B. 

ad.  From  a  given  point -in  a  given  straight  line^  A 
raise  a  perpendicular. 

Divide  ihe  given  line  A  B  (fig.  5  pi.  i  )  into  twb 
equal  parts,  A  C  and  C  B;  and  from  die  point 
C  draw,  any  how  at  pleasure,  the  line  C  d  ;  make 
C  D  equal  to  C'  A  ;  draw  D  A  À,  and  make  A  £ 
equal  to  A  G,  and  A  F  equal  to  A  D  ;  through  the 
points  E  and  F  draw  the  line  F  E  G  ;  and  if  E  G 
be  made  equal  to  E  F,  we  shall  have  the  point  G, 
which  wiih  the  point  A  will  determine  the  position 
of  the  perpendicular  A  G. 

For  the  sides  A  D  and  A  C  of  the  triangle  CAD, 
being  respectively  equal  to  the  sides  A.  F  and  A*E 
of  toe  triangle  £AF^   these  two  triangles  dît 
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equal  ;  ^^à^  în  ^^  triangle  D  C  A^  the  sides  C  D  and 
C  A  being  equal,  the  sides  £  A  and  £  F  of  the  other 
will  be  equal  also  ;  '  the  angle  E  F  A  therefore  will 
be  equal  to  E  A  F,  and  consequently  to  CAD. 
But  in  the  tfiangle  F  G  A,  the  side  F  G  is  equal  to 
A  B,  for  F  G  by  construction  is  the  double  of  F  £, 
and  F  E  or  A  E  is  equal  to  A  C,  which  is  the  half 
of  A  B  :  the  triançles  FAG  and  A  D  B  then  arc 
equal }  since  the  sides  F  G,  F  A  are  equal  to  the 
sides  A  By  A  D,  and  the  included  angles  equal  :  the 
angle  FAG  will  therefore  Ije  equal  to  A  D  B  ;  but 
the  latter  is  a  right  angle,  because  the  lines  C  B» 
C  D,  C  A  being  equal,  the  point  D  is  in  the  cir- 
cumference of  a  semicircle,  described  on  the  dia- 
meter A  B.  The  angle  FAG  then  is  a  right  angle, 
and  G  A  is  perpendicular  to  A  B. 

3d.  From  a  given  paint  A^  to  draw  a  straight  line 
terpendicular  to  a  given  straight  line. 

Assume  any  point  B  (fig.  6  pi.  i  )  in  the  indefi- 
nite line  B  C  ;  and,  having  measured  the  distance 
B  A,  make  B  C  equal  to  B  A  ;  draw  C  A,  which 
must  be  measured  also,  and  then  form  this  propor^ 
tion  :  as  B  C  is  to  the  half  of  A  C,  so  is  A  C  to  a 
fourth  proportional,  which  will  be  C  E  ;  if  C  E  be 
then  made  equal  to  this  fourth  proportional,  we 
shall  have  the  point  E,  from  which  if  the  line  A  E 
be  drawn  through  A,  it  will  be  the  perpendicular 
required. 

'  4th.  To  measure  a  distance  A  By  accessible  only  at 
one  of  i(s  extremities,  as  the  breadth  of  a  river  or  ditch, 
^c 

First  fix  a  peg  at  A  'fig.  7  pi.  1)  ;  then  another 
in  any  point  C,  assumed  at  pleasure,  and  a  third  at 
Dy  in  the  straight  line  between  the  points  B  and  Cj 
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continue  the  lînçs  C  A  and  D  A  indefinitely  beyond 
A,  and  make  the  lines  A  E  and  A  F  respectively 
equal  to  A  C  and  AD;  in  the  last  place,  fix  a  peg 
at  G,  in  such  a  manner  as  to  be  in  a  straight  line 
vith  A  and  B,  and  also  with  F  and  £  :  the  ^stance 
A  G  will  then  be  equal  to  A  B. 

if  it  be  found  impossible  to  proceed  far  enough 
from  the  line  A  B  towards  E  or  V\  We  may  take  in 
A  E  or  A  F  only  the  half  or  the  third  of  A  C  and 
A  D,  for  example  A  e^  Af\  if  a  peg  be  then  fixed 
in  ^,  so  as  to  fall  in  the  continuation  of  both  the 
lines  B  A  and  ef^  we  shall  have  A  g  equal  to  the 
half  or  the  third  of  A  B  respectively. 

Now  let  the  distance  A  B  (fig.  8  pi.  i  )  be  inac- 
cessible throughout.  The  solution  of  this  case  may 
be  easily  deduced  from  that  of  the  former  :  for 
having  fixed  a  peg  in  C,  and  having  continued  by  a 
series  of  pegs  the  lines  B  C  and  A  C\  if  the  parts 
CE  and  CF  be,  by  the  above  means,  made  re- 
spectively equal  to  B  C  and  C  A,  or  the  half  or  the 
third  of  these  lines,  it  may  be  readily  seen  that  the 
line  which  joins  the  points  E  and  F,  will  be  equal 
to  the  line  required,  or  to  the  half  or  third  of  it  ; 
and  that  in  eidier  case  it  will  be  parallel  to  it,  which 
resolves  the  problem,  to  draW  a  line  parallel  to  an 
inaccessible  line. 

These  examples  are  sufficient  to  shew  in  what 
manner  a  person,  who  has  only  a  slight  knowledge 
of  geomeUy,  may  execute  the  greater  part  of  geo- 
metrical operations,  without  any  other  instruments 
than  those  which  might  be  procured  in  a  wood  by 
means  of  a  knife.  It  must  indeed  be  allowed  that 
one  can  never  be  in  such  circumstances,  unless  on 
some  very  extraordinary  occasion  ;  but,  however, 
it  may  afford  satisfaction  to  those  who  have  a  turn 


S6ÎS  GEOMJETRICAX^ 

for  geometry^  to  know  in  what  manner  they  n^ghl 
proceed,  if  ever  such  a  case  should  happen. 

It  is  remarkable,  that  it  is  not  perhaps  possible  to 
resolve  in  this  manner,  that  is  to  say  without  em- 
ploying the  arc  of  a  circle,  the  very  simple  problem, 
and  one  of  the  first  in  the  elements  of  geometry, 
viis,  to  describe  an  equilateral  tiiangle.  We  have 
often  attempted  it,  but  without  success,  while  trying 
how  far  we  could  proceed  in  geometry  by  die 
means  of  straight  lines  only. 

PKOBLEM  IV. 

To  describe  a  drch^  or  any  determinate  arc  cf  a  circle^ 
wtlmA  kfwvsing  the  centre^  and  wUboui  compasses. 

To  those  who  are  little  acquainted  with  geometry, 
diis  will  a]^>ear  to  be  a  sort  of  paradox  ;  but  it  may 
be  easily  explained  by  that  proposition,  in  which  it 
is'  demonstrated,  that  the  angles  whose  summits 
touch  die  circumference,  and  whose  sides  pass 
through  the  extremity  of  the  chord,  are  equal. 

Let  A,  C,  B  (fig.  9  pL  i  )  be  three  points  in  the 
required  circle  or  arc  :  having  drawn  the  lines 
A  C  and  C  B,  make  an  angle  equal  to  A  C  B 
of  any  solid  substance,  and  fix  two  pegs  in  A' 
and  B  ;  if  the  sides  of  the  determinate  angle  be 
then  made  to  slide  between  these  pegs,  the  vertex  or 
summit  will  descnbe  the  circumference  of  the 
circle.  So  that  if  the  summit  or  vertex  be  furnished 
with  a  spike  or  pencil,  it  will  trace  out,  as  it  revolves 
between  A  and  B,  the  required  arc. 

If  another  angle  of  the  like  kind  were  con« 
structed,  forming  the  supplement  of  A  C  B  to  two 
right  angles,  and  if  it  were  made  to  revolve  with  its 
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Sides  always  touching  the  points  A  and  B,  but  with 
its  summit  in  a  direction  opposite  to  C,  it  would 
describe  the  other  segment  of  the  circle,  which 
with  the  arc  A  Cfi  would  make  up  the  whole 
circle. 

It  may  sometimes  happen  that  it  is  necessary  to 
describe,  through  two  given  points,  the  arc  of  a 
determinate  circle,  the  centre  of  which  is  at  a  great 
distance,  or  inaccessible  on  account  of  some  par- 
ticular causes.  Should  it  be  required,  for  example, 
to  describe  on  the  ground  a  circle,  or  the  arc  of  a 
circle,  with  a  radius  equal  to  2  or  3  or  4  hundred 
yards  ;  it  may  be  readily  seen  that  it  would  be  im- 
practicable to  do  it  by  means  of  a  cord  :  the  mode 
of  operation  therefore  must  be  as  follows.  In  A 
and  B,  (fig.  10  pi.  1}  the  extremities  of  that  line 
which  we  here  suppose  to  be  the  chord  of  the  re- 
quired arc,  the  amplitude  or  subtending  angle  of 
which  is  known,  fix  two  pegs,  and  then  find  out, 
by  means  of  a  graphometer  or  plane  table,  any 
point  Cj  in  such  a  position,  that  A  c  and  B  c  shall 
form  an  angle,  A  r  B,  equal  to  th«  given  angle,  and 
in  that  point  fix  a  peg  ;  then  find  out  another  point 
dj  so  situated  that  A  ^  and  B  d  shall  form  an  angle, 
A  </  B,  equal  to  the  former  ;  if  the  points /and  e  be 
found  in  like  manner,  it  is  evident  that  the  points 
t^d^e  and  /will  be  in  the  arc  of  a  circle  capable  of 
containing  the  given  angle.  If  the  points  ^,  /»,  /,  k^ 
be  then  found,  on  the  other  side  of  A  B,  so  situated, 
that  the  angle  A  ^  B  or  h  b  B,  &c,  shall  be  the 
supplement  of  the  former,  the  points  r,  d^  e^f^  «*,  b^ 
/,  kj  will  evidently  be  all  in  a  circle. 
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•    PHOBLEM    V. 

Three  points ^  not  in  the  same  straight  Hne^  being  given, 
to  describe  a  circle  which  shall  pass  through  them. 

Let  the  three  points  be  those  marked  i,  2,  3, 
(fig.  I  a  pi.  2)  J  from  one  of  them  as  a  centre, 
diat  for  example  marked  2,  and  with  any  radius  at 
pleasure,  describe  a  circle  ;  and  from  one  of  the 
other  two  points,  i  for  example,  assumed  as  a 
centre,  make  with  *the'  same  radius  two  intersec- 
tions in  the  circumference  of  the  .first  circle,  as  at 
A  and  B  ;  draw  the  line  A  B,  and  assuming  the  third 
point  3  as  a  centre,  make  with  the  same  radius  two  more 
intiersections  in  the  circumference  of  the  first  circle, 
as  D  and  £  :  if  D  E  be  then  drawn,  it  will  cut  the 
former  line  A  B  in  the  point  C,  which  will  be  the 
centre  of  the  circle  required.  If  a  circle  therefore 
be  described  from  this  point  as  a  centre,  through 
one  of  the  given  points,  its  circumference  will  pass 
through  the  other  two. 

It  may  be  readily  seen  that  this  construction  is 
the  same,  in  principle,  as  the  common  one,  taught 
by  Kuclid  and  all  other  elementary  writers  ;  .for  it 
is  evident  that  the  lilies  i  A,  2  A,  i  B,  2  B  are 
equal  to  each  other  ;  consequently  the  line  A  B  is 
perpendicular  to  that  which  would  join  the  points  i 
and  2,  or  to  the  chord  i  2  of  the  required  circle  ; 
hence  it  follows,  that  the  centre  of  the  circle  is  in 
the  line  A  B  :  for  the  same  reason  this  cçntre  is  in 
the  line  D  E,  and  therefore  it  is  in  the  point  where 
they  intersect  each  other. 

If  the  three  given  points  werç  in  a  straight  line, 
the  lines  A  B  and  D  E  would  become  parallel, 
and  consequently  there  would  be  no  intersection. 
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PROBLEM    VI. 

jln  enginrer^  employed  in  a  survey ^  observed  from  a 
certain  point  the  three  angles  formed  by  three  objects^ 
the  positions  ^ which  he  had  before  determined:  it  is 
required  to  determine  the  positiin  of  that  pointy  with* 
out  anij  farther  operation. 

m 

This  problem,  reduced  to  an  enunciation  purelj 
geometrical,  might  be  proposed  in  the  following 
manner  :  a  triangle,  the  sides  and  angles  of  which 
are  known,  being  given,  to  determine  a  point  from 
which,  if  three  lines  be  drawn  to  the  three  angles, 
they  shall  form  with  each  other  given  angles; 

In  this  problem  there  are  a  great  number  of 
cases  ;  for  either  the  three  angles,  under  which  the 
distances  of  the  three  given  points  areperceived,occupy 
the  whole  extent  of  the  horizon,  that  is  to  say  arc 
equal  to  four  right  angles,  or  occupy  only  the  half, 
or  less  than  the  half.  In  the  first  case,  it  is  evident 
that  the  required  point  is-  situated  within  the  given 
triangle  ;  in  the  second  it  is  situated  in  one  of  the 
sides,  and  in  the  third  it  is  without.  But  for  the 
sake  of  brevity  we  shall  here  confine  ourselves  to 
the  first  case. 

•  Let  it  be  required  then  to  determine,  between 
the  points  A,  B,  C  (fig.  1 1  pi.  2),  the  distances  of 
which  are  given,  a  point  D  so  situated,  that  the 
angle  A  D  B  shall  be  equal  t;o  1 60  degrees,  C  D  B 
to  130^,  and  C  D  A  to  70°.  On  the  side  A  B 
describe  an  arc  of  a  circle  capable  of  containing  an 
angle  of  1 60°  ;  and  on  the  side  B,C  another  capable 
of  containing  an  angle  of  130^;  the  point  where 
they  intersect  each  other  will  be  the  point  required. 
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For  it  is  evident  that  this  point  is  in  the  circum- 
ference of  the  arc  described  on  the  side  A  B,  and 
capable  of  containing  an  angle  of  i6oP;  because 
inm  ,aU  die  points  of  that  arc,  and  of  no  other, 
the  distance  A  B  is  seen  under  an  angle  of  i6o^. 
In  13&e  manner  the  point  D  must  be  found  in  the 
«re  «described  on  the  side  B  C,  and  capable  of  con- 
taining an  ande  of  130^;  consequently  it  must  bs 
in  the  place  where  they  intersect  each  other,  and  no 
s^hetc  else» 

JK.EMARK* 

On  this  construction,  a  trigpnometrical  solution 
taay  be  founded,  to  detenmne  in  numbers,  the 
distance  between  D  and  the  points  A,  B  and  C  ; 
but  we  shall  leave  this  to  the  ingenuity  of  the 
jreader. 


PROBLEM    VII. 

1/  two  lines  meet  in  an  inaccessible  pointy  çr  a  point 
which  cannot  be  observed,  it  is  proposed  to  draw^ 
frtm  a  given  pointy  a  line  tending  to  the  inaccessible 
point. 

Let  the  unknown  and  inaccessible  point  be  O 
(fig.  13  pL  2),  the  lines  tending  to  it  A  O  and 
B  O  ;  and  let  £  be  the  point  from  which  it  is  re« 
quired  to  draw  a  straight  line  tending  towards  0« 

Through  the  point  £  draw  any  straight  line  £  C, 
intersecting  A  O  and  B  O  in  the  points  D  and  C  ; 
and  through  any  point  F,  assumed  at  pleasure, 
draw  F  G  parallel  to  it  j  then  make  this  proportion, 
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as  C  D  is  to  D  E,  so  is  F  G  to  G  H  ;  if  the  imle- 
finite  line  H  E  be  then  drawn,  through  the  points 
E  and  H,  it  will  be  the  line  required. 

Or  if  the  given  point  be  ^5  make  this  proportion, 
as  C  .D  is  to  G  ^)  so  i«  F  G  to  F  A  ;  the  line  e  h 
will  be  that  required. 

The  demonstration  of  this  problem  will  be  easy 
to  those  who  knaw,  that,  in  any  triangle,  if  lines  be 
drawn  parallel  to  the  base,  all  those  drawn  from  the 
vertex  of  the  triangle,  will  divide  them  proportion- 
ally. 

PROBLEM  via. 

The  same  suppènition  being  made  ;  to, cut  vff  two  eqmd 
portioru  ftiom  the  lins^  B  0  and  A  0  (fig.  14^ 
pL  û> 

From  the  point  A,  draw  A  C  perpendicular  to 
B  O,  and  A  D  perpendicular  to  A  O  ;  if  the  angle 
C  A  D  be  then  divided  into  two  equal  parts  by  the 
line  A  E,  meeting  B  O  in  E,  this  line  will  cut  off 
from  B  O  and  A  O  the  two  equal  parts,  A  O  and 

This  may  be  easily  demonstrated,  by  shewing 
that,  in  consequence  of  this  construction,  the  angle 
O  A  E  becomes  equal  to  O  £  A.  But  the  angle 
O  A  E  is  equal  to  the  angle  O  A  C  plus  C  A  E  ; 
and  the  angle  O  £  A  is  equal  toODAorOAC 
plus  E  A  1>,  or  E  A  C,  which  is  equal  to  it  ;  the 
angle  O  A  Ë  th«i  is  equal  to  C)  £  A,  and  the 
triangle  O  A  £  is  isosceles,  therefore,  &c. 
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-  the  sctnîcîrcîe  B  F  ^  ;  then  from  the  point  A  draw 
F  A  perpendiculai*  to  A  C  ;  and  from  the  point  B 
draw  B  D  also  perpendicular  to  A  C. 

It  is  here  evident  that  the  two  triangles  F  A  C 
and  B  A  C  are  respectively  to  each  other  as  A .  F  is 
to  E!  D  ;  that  is  to  say,  as  radius  is  to  the  sine  of 
the  angle  B  A  C,  or  as  unity  is  to  the  number 
xvhich  expresses  that  sine  ;  the  tf iangle  F  A'  C  then 
being  equal  to  half  the  rectangle  of  F  A  by  A  C, 
the  other  will  be  equal  to  that  half  rectangle  multi<. 
plieji  by  the  sine  of  the  angle  BAC. 

This  property  enables  us  to  avoid  that  tedious 
process,  necessary  to  be  employed  in  order  to  find 
the  measure  of  the  perpendicular  let  fall  from  the 
extremity  of  one  of  the  known  sides  on  the  other, 
that  the  latter  side  may  be  then  multiplied  by  the 
half  of  this  perpendicular. 

Thus,  for  example,  let  the  two  sides  A  B  and 
A  C  be  respectively  equal  to  24  and  63  yards  j  and 
let  the  included  angle  be  45*^.  The  product  of  63 
by  12  is  756,  and  the  sine  of  45^  is  070710  ;  if 
756  therefore  be  multiplied  by  070710,  according 
to  the  method  of  decimal  fractions,  the  product  wiU 
be  534  '  ' 


PROBLEM    XI. 

To  find  the  superficial  content  of  any  trapezium  or 
quadrilateral  figure^  without  knowing  its  sides. 

The  solution  of  this  problem  is  a  consequence  of 
the  preceding.  Let  the  given  trapezium  be  A  B 
C  D  (fig.  16,  pi.  2);  measure  the  diagonals  A  C 
and  B  D,  as  well  as  the  angle  which  they  make  at  the' 
point  where  they  intersect  each  other  in  £  ;  if  these 
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diagonals  be, then  multîpîîed  together,  and  hal^ 
their  product  by  the  sine  of  the  above  angle,  the 
last  product  will  be  the  area.  This  method  is  fair 
shorter  than  if  we  should  reduce  the  trapezium  to 
triangles,  in  order  to  fihd  the  area  of  each  of  them. 

COIiOLLARIES, 

• 

A  very  curious  theorem,  which  no  author  hab 
before  remarked,  may  be  deduced  from  this  pro- 
blem. It  is  as  follows  :  If  two  quadrilateral  figures 
liave  their  diagonals  equal,  and  intersecting  each 
other  at  the  same  angle,  whatever  may  be  theit 
difference  iii  other  respects,  these  quadrilateral 
Rgures  will  be  equal  as  to  their  area. 

I  St.  Thus,  the  quadrilateral  A  B  C  D  (fig.  i6), 
is  equal  to  the  paiallelogram  abed  (fig.  17,  No. 
i),  which  has  it%  tlLigonals  equal  to  those  of  A  B  C  D, 
and  inclined  towaiUs  each  other  at  the  same  angle. 

2d.  The  same  quadrilateral  A  B  C  D,  is  equal 
to  the  triangle  BAC  (fig.  17,  No.  2),  fonned  by  the 
two  lines  A  C  and  A  B,  equal  to  the  diagonals  A  C, 
B  D,  and  inclined  at. the  same  angle. 

3d.  The  same  quadrilateral  will  be  equal  also  to 
the  triangle  ABC  (fig.  17,  No.  3),  if  the  lines 
A  C  and  D  B  of  that  triangle,  are  equal  to  the 
diagonals  of  the  quadrilateral,  and  equally  inclined. 

4th.  In  the  last  place,  this  same  quadrilateral  A  B 
C  D  (fig.  16)^  will  be  equal  to  the  quadrilateral 
abed  (fig.  17,  No.  4),  the  diagonals  of  which  do 
not  intersect  each  other,  if  ^  ^  and  d  b  are  equal  to 
A  C  and  D  B,  and  if  the  angle  b  e  eh  equal  to  the 
angle  BEC. 
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PROBLEM    XII, 

Tiv9  circles,  not  entirely  compreljended  one  within  the 
ether,  heing  gfven  ;  lo  find  a  point  from  which ^  if  a 
tangent  be  or  awn  to  the  one^  it  shall  be  a  tangefit 
also  to  the  other. 

Through  the  centres  A  and  B  (fig.  18,  No.  i, 
pi.  37,  of  the  two  circles,  draw  the  indefinite  straight 
line  A  B  I:  then  from  the  centre  A  draw  anv  radius 
A  C,  and  through  the  centre  B  draw  the  radius  B  D 
parallel  to  it.  If  the  points  C  and  D  be  joined  by 
the  line  C  D,  it  will  meet  A  B  in  I,  wjiich  will  be 
'  the  point  required  ;  that  is  to  say,  if  I  E  be  drawn 
from  the  point  I  a  tangent  to  one  of  the  circles,,  it 
will  be  a  tangent  also  to  the  other. 

When  the  circles  do  not  cut  each  other,  the 
point  1  (fig.  18,  No.  2)  may  happen  to  fall  between 
them,  To  find  it,  in  that  case,  nothing  is  necessary 
but  to  draw  the  radius  B  D  parallel  to  A  C,  and  in 
a  direction  opposite  to  that  of  fig.  18,  No.  1.  A  B 
and  C  D  will  then  intersect  each  other  in  the  point 
I,  which  will  have  the  same  property  as  the  fornier, 

REMARK. 

We  cannot  here  help  observing,  that  if  any  secant 
whatever,  asl  D  H  or  I  ^  /^  (fi<^.  18,  No.  i),  be 
drawn  from  the  point  I,  through  the  two  circles, 
the  rectangle  of  I  D  and  I  H,  or  of  I  ^  and  I  b,  wiil 
be  always. the  same,  that  is,  equal  to  the  rectangle  (;f 
the  two  tangents  I  E  and  IF.  In  like  manner,  the 
rectangle  of  I  C  and  I  G,  or  of  I  ^  and  I  gj  will  be 
equal  to  the  rectangle  of  the  same  tangents.    This 
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is  a  very  remarkable  extension  of  the  well  known 
property  of  the  circle,  by  which  the  rectangle  of 
the  two  segments'  I  D  and  I  G  is  equal  to  the 
square  of  the  tangent  I  £• 

PROBLEM    XllU 

• 

^  gentleman,  at  bis  death ^  left  tu:o  children^  to  whom  he 
bequeathed  a  triangular  field  y  to  be  divided  equally' 
between  them  ;  in  the  field  is  a  welU  ichich  serves 
for  watering  it  ;  and  as  it  is  necessary  that  the  line 
if  division  should  pass  through  this  well,  in  what 
manner  must  it  be  drawn,  so  as  to  intersect  the  wcllj 
and  divide  the  fields  at  the  same  time,  into  two 
equal  parts. 

Let  the  given  triangle  be  A  B  C  (fig.  19,  pi.  3), 
and  the  given  point  be  E.  From  the  point  E  draw 
the  lines  £  D  and  E  R,  parallel  to  the  base  and  the 
side  B  C  respectively,  and  meeting  them  in  D  and 
R;  let  the  base  A  C  be  divided  into  two  equal 
parts  in  M  ;  and  having  drawn  the  line  D  M  from 
the  point  D,  draw  B  N  parallel  to  it,  and  divide 
C  N  into  two  equal  parts,  in  I  ;  on  I  R  describe  the 
semicircle  I  K  R,  in  which  apply  R  K  =  R  C  j 
and,  having  drawn  IK,  if  I  F  be  made  equal  to  it, 
the  pointis  F  and  E  will  determine  the  line  F-E  G. 

REMARK. 

It  is  evident  that  C  I  must  be  at  least  double  of 
C  R  ;  otherwise  C  R  could  not  be  applied  in  the 
semicircle  described  on  I  R,  which  would  render 
the  problem  impossible. 

In  numbcrsp  Let  A  B  =  48  fathoms,  B  C  =  4-i 
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A  C  «s  30,  C  D  =  18,  and  D  E  or  C  R  =  6; 
consequently  C  M  will  be  =  1 5.  But  CD:  CM 
:  :  G  B  :  C  N,  that  is  to  say  18  :  15  :  :  42  :  35  ; 
hence  it  follows  that  C  N  ==»  355  and  C  I  =  174.; 
and  as  C  R  is  equal  to  6,  we  shall  have  I  R  =  1 14. 
But  this  triangle  I  K  R  being  right-angled,  I  K  = 

v/I  R»_RK*  =  v/1321  —36  =  x/96|,  or 
9  -14^  fathoms,  which  gives  C  F  =  27  -t^  fethoms- 

The  demon8ti*aticn  of  this  construction  is  too 
prolix  to  be  given  in  this  work  ;  and  there  are  even 
a  variety  of  cases,  which  it  would  be  tedious  to  ex-, 
plain.  We  shall  therefore  confine  ourselves  to  one 
of  the  simplest  ;  that  is,  where  the  point  £  is  in  one 
of  the  sides  (fig.  2a,  pi.  3). 

The  construction  in  this  case  is  exceedingly  easy  ; 
for  having  divided  A  C  into  two  equal  parts  in  M, 
and  drawn  E  M,  and  B  N  parallel  to  it  ;  if  the  point 
N  fells  within  the  triangle,  by  drawing  the  line  E  N, 
the  problem  will  be  solved  ;  but  if  the  point  N  fells 
Without  the  triangle,  it  will  be  necessary  to  draw  the 
line  A  E  ;  then  N  O  parallel  to  it,  through  the  point 
N,  and  O  E' through  the  point  O  :  the  last  line,  O  E, 
will  solve  the  problem. 

For  because  E  M  is  parallel  to  3  N,  the  triangle 
M  B  E  =  M  N  E  ;  and  if  the  triangle  C  M  E  be 
added  to  each,  we  shall  havç  the  triangles  C  B  M 
and  C  E  N  equal  to  each  other.     But  the  triangU 
C  B  M  is  the  half  of  the  triangle  ABC,  because 
A  M  =  M  C  ;  consequently  C  E  N  is  the  half  of 
ABC  also.   In  like  manner,  because  E  A  is  parallel 
to  N  O,  the  triangles  ANE  and  A  O  E  are  equal  ; 
aod  therefore  if  the  triangle  AGE,  which  is  com- 
mon to  both,  be  taken  away,  the  triangle  A  N!  G 
will  be  equal  to  G  O  E  ;  hence  it  follows,  that  if  we 
^dd  to  the  space  CAGE!  the  triangle  G  O  E,  we 
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shall  have  the  jpace  C  A  O  E  =  the  triangle  C  E  N, 
which  wc  have  already  shewn  to  be  equal  to  the 
half  of  A  B  C, 

3ut  if  rlie  gentleman  had  left  the  field  to  ba 
divided  equally  among  three  children,  by  lines  pro^ 
cceding  from  the  given  point  E  (fig.  21,  pi.  3);  if 
we  suppose  one  line  of  division  E  B  already  drawn, 
it  wouhi  be  necessary  to  proceed  as  follows  : 

Divide  the  base  A  C  into  three  equal  parts  ;  and 
let  the  points  of  division  be  D  and  G  ;  draw*  the  line 
E  D,  and  B  F  parallel  to  it  /  thçn  draw  thé  line  E  F 
from  the  point  E,  and  if  the  point  F  docs  not  fall 
without  the  triangle,  the  tà'i;pc2ium  B  E  F  A  B  will 
bo  one  of  the  thirds  required. 

But  if  the  point  F  falls  without  the  triangle,  we 
must  proceed  as  above  directed  ;  that  is  to  say,  the 
line  i\  A  must  be  drawn  to  the  angle  A,  and  F  O 
parallel  to  it  from  the  point  F,  as  far  as  the  side  A  B, 
which  it  meets,  we  shall  suppose,  in  O  ;  the  lint; 
E  ()  will  give  the  triangle  B  O  E,  equal  to  the 
third  of  the  triangle  proposed.  B  E  I  Ç  B,  the 
other  third,  maybe  found  in  like  manner;  conse-. 
qucntly  the  remainder  of  the  figure  will  be  a  third 
also.  The  three  lints  therefore,  E  O,  E  I,  ^nd  E  B, 
which  proceed  from  the  point  E,  will  divide  the 
proposed  triangle  into  three  equal  parts. 

By  the  same  method  a  triangle  might  be  divided 
into  4,  or  5,  or  6,  &c,  equal  parts,  by  lines  all  pro- 
ceeding from  a  given  point  ;  and  this  ponit  may  be 
assunicJ  even  without  the  triangle. 

PROBLEM  XIV. 

Two  points  and  a  sirnight  Ihic^  not  passing  ihroug^^ 
ihc?n  being  given  ;  to  describe  a  circle  ivbich  shall 
touch  the  straight  line^  and  pass  through  the  tw9 
given  poi?its. 
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Let  the 'given  Hne  be  A  B  ^fig.  22,  pL  3),  and 
the  given  points  C  and  D,  Join  these  two  points, 
and  on  the  middle  of  the  line  C  D  raise  the  per- 
pendicular E  F,  meeting  the  given  straight  line  ii| 
F  ;  and  on  the  same  line  let  iall  the  perpendicular 
E  H  ;  draw  F  C,  and  from  the  point  E,  with  the 
radius  E  H,  describe  a  circle  intersecting  F  C,  con-r 
tinned,  in  I  ;  draw  I  E,  and  through  the  point  C 
draw  C  K  parallel  to  it  :  the  noini  K  will  be  the 
centre,  and'K  C  the  radius  of  ttie  circle  required. 

For  if  tl^e  perpendicular  K  L  be  let  fall  from  the 
point  K,  on  the  line  A  B,  it  will  be  equal  to  K  C, 
which  is  equal  to  K  D,  But  F  E  is  to  F  K,  as  E  H 
is  to  K  L,  and  as  E  I  to  K  C  ;  therefore  E  H  is  to 
iC  L  as  £  I  to  K  C  ;  and  consequently,  as  E  I  is 
çqual  to  E  H,  K  L  will  be  equal  to  K  C  :  therefore, 
&c. 

It  may  be  readily  seen,  that  if  the  given  line  passed 
through  one  of  the  given  points,  the  centre  of  the 
required  circle  would  be  in  thp  point  K  (fig.  23, 
ph  3),  where  C  K,  drawn  perpendicular  to  A  B, 
intersects  E  K,  which  is  perpendicular  to  C  D,  and 
divides  it  into  two  equal  parts  in  E, 

In  the  first  case,  the  problem  might  be  resolved 
in  a 'different  manner,  viz,  by  continuing  the  line 
C  P  (fig.  7,2) f  till  it  meets  A  B  in  M;  then  taking 
a  mean  proportional  between  M  C  and  M  D,  and 
jnaking  M  L  equal  to  it  ;  if  a  circle  were  thea 
described  through  the  points  C,  D,  L,  it  would  be 
the  one  required.  But  this  solution  would  be  at- 
tended with  difficulty,  if  the  point  M  were  at  a  great 
distance,  whereas  in  the  former  case  this  is  ^  matter 
pf  indifference. 


I 
/ 


S82  GEOMETRICAL 


PROBLEM    XV. 

TuH)  lines  A  B  and  C  D  (fig.  24,  pi.  3),  with  a 
paint  E  between  them,  being  given  ;   to  describe  a 

^  circle  which  shall  pass  through  this  point,  and 
iaucb  the  two  lines* 

If  the  two  lines  meet,  as  at  F,  draw  the  line 

F  H  dividing  the  angle  B  F  D  into  two  equal  parts  ; 

f  or,  if  they  are  parallel,  draw  one,  such  as  F  H  ^fig. 

35),  equally  distant  from  both;  then  from  the 
point  E  draw  E  G  I,  perpendicular  to  F  H,  and 
make  G  I  equal  to  G  E  ;  the  points  I  and  £  v\  ill 
be  so  situated  tjiat  if  a  circle,  touching  one  of 
the  given  lines,  be  described  through  them,  it  will 
touch  the  other  given  line  also  ;  which  reduces  this 
problem  to  the  preceding  one. 

THEOREM    L 

Various  demonstrations  of  the  forty-seventh  proposition 
of  the  first  book  of  Euclid,  by  the  mere  transpth 
sition  of  parts. 

The  beauty  of  this  elementary  proposition,  and 
the  difficulty  beginners  often  find  to  comprehend 
the  demonstration,  have  induced  some  geometricians 
to  invent  others  of  a  simpler  nature.     Some  of 

^-  these  are  very  ingenious,  and   worthy  of  notice, 

because  it  can  be  seen  on  the  first  view,  that  the 
«quare  of  the  hypothenuse  is  composed  of  the  same 

^  parts  as  the  squares  of  the  two  sides  ;    with  this 

difference  only,  that  they  are  differently  arranged% 
Some  of  these  demonstrations  are  as  follow  : 
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îst.  Describe  the  right-angled  triangle  ABC 
(fig.  26,  pL  4),  and  on  the  two  sides  of  it,  A  C  and 
B  C,  construct  the  two  squares  C  G  arid  C  D.  Oa 
the  base  A  B  raise  the  two  perpendiculars  A I  and 
B  H,  the  former  meeting  G  F  continued,  in  I,  and 
the  latter  meeting  E  D  in  H  ;  and  then  draw  I  H* 
It  may,  in  the  first  place,  be  easily  demonstrated 
that  AI  and  BH  are  equal  to  A B  ;  so  that  AIHB 
is  the  square  of  the  base  A  B  ;  for  it  may  be  readily 
seen  that  the  triangle  B  H  D  is  equal  and  similar  to 
the  triangle  B  A  C,  as  well  as  the  triangle  I  G  A  ;  so 
that  B  H  and  A  I  are  each  equal  to  A  B. 

It  may  be  sh^wn,  with  equal  ease,  that  the  small 
triangle  K  E  H  is  equal  to  I F  O  ;  and  lastly  that 
the  triangle  I  K  L  is  equal  to  A  O  C. 

But  the  constituent  parts  of  the  two  squares  are, 
the  quadrilateral  C  B  H  K,  the  triangle  B  D  H, 
the  triangle  K  H  E,  the  quadrilateral  G  A  O  F, 
and  the  triangle  AGO,  which  we  shall  shew  to  be 
the  same  that  compose  the  square  A  B  H  I  ;  for  the 
quadrilateral  C  B  H  K  is  common,  and  the  triangle 
B  H  D  is  equal  to  B  C  A,  and  may  be  substituted 
for  it,  and  transposed  into  its  place.  In  like 
Planner,  wç  may  conceive  the  triangle  AGO  trans- 
posed into  J  K  L  ;  there  will  then  remain,  in  the 
square  of  the  hypothejiuse,  the  vacuity  I L  A,  and 
we  shall  hive,  to  fill  it  up,  the  quadrilateral  F  G  A  G, 
with  the  triangle  K  E  H  :  let  the  triangle  K  E  H  be 
transposed  into  O  F  I,  which  is  equal  to  it,  and  it 
will  complete  the  triangle  I  A  G,  which  is  equal 
and  similar  to  I  A  L  ;  hence  it  follows  that  the 
square  of  the  hypothcnuse  is  composed  of  the  same 
parts  as  the  squares  of  the  other  two  sides. 

We  may  therefore  cut  these  parts  from  a  piece  of 
cardp  and  first  compose  the  two  squares  of  the  two 
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sides,  and  then  that  of  the  hypothenuse,  which  will 
^rm  a  sort  of  amusement  in  combination. 

ad»  The  second  method,  which  is  nearly  the  same 
as  the  preceding,  will  appear  perhaps  a  little  more 
evident*  Let  CD  and  CF  (fig.  27)  be  the  squares 
of  the  two  sides,  which  contain  the  right  angle  of 
the  triangle  A  C  B  :  having  continued  F  A  until 
A  H  is  equal  C  B,  on  the  side  F  H  construct  the 
square  F  H  D  G  :  and  on  A  B,  the  hypothenuse,  the 
square  A  E.  It  may  be  easily  proved  that  the 
angles  £  anS  N  will  be  in  the  sides  of  the  former, 
and  that  AH,  B  D,  E  G,  N  F  will  be  all  equal,  as 
well  as  F  A,  BH,  D  E,  GN. 

But  it  may  be  readily  seen  that,  by  drawing  the 
Kne  N  1  parallel  to  F  H,  the  two  squares  C  D  and 
C F  will  be  composed  of  the  parts  i,  2,  3,  4,  5  j 
and  the  square  A  £  is  composed  of  the  parts  i,  5,  6, 
7,  8.     But  the  parts  i  and  5  are  common,  and  the 
parts  6  and  2  are  evidently  equal  :  it  remains  then 
that  the  parts  4  and  3  should  be  equal  to  the  parts 
7  and  8.     But  this  is  also  evident  ;  for  the  part  3  is 
equal  to  9,  and  the  part  8  to  5,  consequently  the 
parts  4  and  3,  or  4  and  9,  are  equal  to  the  parts  7 
and  8,' or  7  and  5,  since  the  rectangle  F  I  is  divided 
into  two  equal  part;s  by  the  diagonal.     The  squares 
of  the  sides  then  arc  composed  of  the  same  parts  ai 
the  square  of  the  hypothenuse,  and  consequently 
they  are  equal. 

3d.  Retaining  the  same  construction,  it  is  evident 
that  the  square  F  D  is  equal  to  the  squares  of  the 
two  sides  A  C  and  C  B  of  the  right-angled  triangle 
A  C  13,  plus  the  two  equal  rectangles  C  G  and  C  H. 
But  the  square  A  E,  of  the  hypothenuse,  is  equal  to 
the  same  square  less  the  four  equal  triangles  A  B  H, 
B  E  D,  E  GN,  N  F  A, which  taken  together  are  equal 


to  the  two  tectaïigîes  above  mentioned,  since  each  of* 
the  triangles  is  the  half  of  one  of  the  rectangles/ 
The  quantity  by  which  the  square  F  D  exceeds  the 
squares  of  the  sides  of  the  right  angled  triangle 
A  C  B^  is  the  same  as  that  by  which  it  ejcceeds  the 
square  of  the  hypothenuse  :  these  squares  and  that 
of  the  hypothenuse  are  therefore  equal  ;  for  quan- 
tities which  are  less  than  a  third  by  an  equal  quan- 
tity, are  themselves  equah 

We  shall  now  give  a  few  propositions  which  arc 
only  generalizations  of  the  forty-seventh  of  the  first 
book  of  Euclid,  and  from  wnich-  that  celebrated 
propqsitiôn  is  deduced  as  a  simple  corollary. 

THEOREM    II. 

If  a  square  be  described  on  each  of  the  sides  of  any 
triangle  A  B  C  (fig.  28  and  29,  pi.  4),  and  if  a 
perpendicular  B  D  be  let  fall  from  one  of  the  angla^ 
as  Bj  on  the  opposite  side  A  C;^  if  the  lines  B  E  and 
BF  be  drawn  in  such  a  manner  that  the  angles 
A  E  B  and  C  F  B  shall  be  equal  to  tl^e  angle  B  ; 
and. lastly  ifE  laud  FLbe  drawn  parallel  to  C  Gy 
the  side  of  the  square ^  the  square  of  AB  will  ke  equal 
to  the  rectangle  A  /,  and  the  square  of  B  C  to  the 
rectangle  CL  ;  consequently  the' sum  of  the  squares  on 
A  B  and  B  C  will  be  equal  to  the  square  of  the  base 
less  the  rectangle  E  L^tfthe  angle  B  be  obtuse ^  and 
plus  the  seme  rectangle  If  the  angle  B  be  acute*. 

The  demonstration  of  this  theorem  is  as  follows  : 

*  For  this  ingenious  rbeorem,  from  «ihich  Is  deduced  the  famous 
problem  of  the  right-angled  triangle,  ue  are  indebted  to  Clairau]r, 
junior,  who  published  it  at  the  age  of  sixteen,  in  a  small  w*  rk 
printed  in  ij$u  This  foung  man  would  certainly  have  trodden  in  the 
steps  of  his  broLher,  had  he  not  been  cut  ofif  by  a  premature  death. 
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\  the  triangle  A  £  B  is  similar  to  the  triangle  A  B  C, 

because  the  ande  A  is  common,  and  the  angle 
A  £  B  equal  to  the  angle  ABC;  consequently  A  U  : 
A  B  :  :  A  B  :  A  £,  whence  it  follows  that  the  rectangle 
of  A  C  X  AE,  or  of  A  E  X  A  H,  which  is  the 
same  since  A  H  =  A  C,  is  equal  to  the  sqtiare  of 
AB. 

In  like  manner  it  may  be  proved  that  the  square 
of  B  C  is  equal  to  the  rectangle  C  L. 

But  it  may  be^  readily^  seen,  that  if  the  angle  B  be 
obtuse,  the  line  B  E  will  fall  between  the  points  A 
and  D,  and  the  line  B  F  between  C  and  D  ;  the 
contrary  of  which  is  the  case  if  the  angle  B  be 
acute;  and  that  these  two  lines  are  confounded 
I  with,  or  coincide  with,  the  perpendicular   B  D, 

when  the  angle  B  is  a  right  one. 

In  the  first  case  then  it  is  evident,  that  the  sum 
of  the  squares  of  the  sides,  is  less  than  the  square 
of  the  base  by  the  rectangle  E  L. 

And  in  the  second  case,  that  they  exceed  it  by 
the  rectangle  E  L. 

Lastly,  that  if  the  triangle  be  right-angled  at  B  ; 
as  the  rectangle  E  L  vanishes,  the  sum  of  the 
squares  of  the  sides  is  equal  to  the  square  of  the 
base  ;  which  is  a  very  ingenious  generalization  of 
the  celebrated  theorem  of  Pythagoras. 

THEOREM  III. 

Let  ABC  (fig.  30,  pi.  4),  be  a  triangle^  and  kt  any 
parallelogram  C  E  be  described  on  the  side  A  C,  and 
any  parallelogram  B  F  on  the  side  AD;  continue 
the  sides  D  E  and  K  F  till  they  meet  in  the  point  H, 
from  which  draw  the  straight  line  H  A  Lj  and 
make  L  M  equal  to  H  A  ;  if  the  parallelogram  C  O 
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bè  then  completed  on  the  base  B  C,  by  dramng  B  O 
or  C  N  parallel  to  L  M,  this  parallelogram  will  be 
equal  to  the  two  C  E  and  B  F. 

Continue  O  B  and  N  C  till  they  meet  thtf 
sides  of  the  parellelograms  B  F  and  CE,  in  P  and 
R,  and  draw  P  R. 

Then  since  C  R  and  H  A  are  parallel,  and  com- 
prehended between  the  same  parallels,  viz  C  A  and 
D  H,  they  are  jsqual  ;  consequently  G  R  is  equal  to 
L  M«  In  like  manner  it  may  be  demonstrated  that 
B  P  is  equal  to  L  M.  C  R  and  B  P  therefore  are 
equal,  and  the  figure  B  P  R  C  is  a  parallelogram 
equal  to  B  N. 

Now  it  is  evident  that  the  parallelogram  R  L,  on 
the  base  R  C,  is  equal  to  the  parallelogram  R  C  A  H, 
because  it  is  on  the  same  base  and  between  the' 
same  parallels  ;  and  for  the  same  reason  the  paral* 
lelogram  ACDE  =  ACRH;  consequently  fihe 
parallelogram  ACDE=RCLG. 

It  may  be  demonstrated  in  like  manner,  that  the 
parallelogram  BKFA  =  BPGL}  consequently 
the  two  parallelograms  C  E,  B  F  are  together  equal 
to  B  P  R  C  or  to  B  C  N  O,  which  is  equal  to  it. 

COROLLARY. 

The  reader,  if  in  the  least  acquainted  with  geo- 
metry, may  readily  see  that  this  very  ingenious  pro- 
position, is  only  a  generalization  of  the  celebrated 
proposition,  by  which  it  is  proved,  that  in  every 
right-angled  triangle,  the  squares  of  the  two  sides, 
containing  the  rignt  angle,  are  equal  to  that  of  the 
hypothenuse;  For  if  we  suppose  that  the  triangle 
B  A  C  i^  right-angled  at  A,  and  that  the  two  paralle- 
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.\  lograms  C  Ë  and  Ë  F  are  the  two  squares,  ît  may 

be  easily  conceived  that  the  third  parallelogram  BN 
will  be  also  a  squai'c,  viz  that  of  the  hypothenuse  ; 
in  consequence  of  the  preceding  demonstration 
then,  these  two  first  squares  will  be  equal  to  the 

/  third.     This  theorem  is  extracted  from  Pappus 

f  Alexandrinus. 


*  " 


THEOREM    lY. 


Jk  every  paralfelogramj  the  sum  of  the  squares  aftljcfotét 
sides  J  is  equal  to  the  sum  of  the  squares  of  the  two 
diagonals.  • 

Let  a  B  CD  (fig.  3 1,  pi.  4^,  be  an  oblique  paral- 
lelogram, the  diagonals  of  which  are  A  D  and  B  C. 
From  one  of  the  angles  A  let  fall,  on  the  diagonal 
C  B,  the  perpendicular  A  F  j  and  by  Euclid,  book 
tf  prop.  1 2,  the  square  of  A  B  will  be  equal  to  the 
X  square  of  A  E  plus  the  square  of  B  E  plus  tvnce  thfc 

rectangle  of  F  E  and  E  B  :  the  square  of  A  C  also 
will  be  equal  to  the  sum  of  the  squares  of  A  E  and 
E  C,  minus  twice  the  rectangle  of  F  E  and  E  C, 
which  is  equal  to  that  of  F  E  and  E  B,  because  E  B 
is  equal  to  E  C  :  the  sum  of  the  squares  of  A  B  and 
A  C  then  is  equal  to  twice  the  square  of  A  E,  plus 
•  the  square  of  E  B,  plus  the  square  of  E  C,  or  twice 
the  square  of  A  E  plus  twice  that  of  B  E. 

But  the  squares  of  B  D  and  D  C  are  equal  to  the 
squares  of  A  B  and  A  C,  because  the  lines  C  D 
and  B  D  are  respectively  equal  to  A  B  and  AC; 
the  four  squares  of  the  four  sides,  therefore,  are 
equal  to  four  times  the  square  of  1>  E  plus  four  times 
that  of  A  E.  But  four  times  the  square  of  B  E, 
18  equal  to  the  square  of  B  C,   and  four  times 
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the  square,  of.  A  E  is  equal  to  the  square  of  A  D  : 
therefore  &c. 

We  shall  terminate  this  series  of  theorems  with 
the  following  one,  respecting  any  kind  of  quadri* 
lateral  figures  whatever* 

THEOREM  V. 

In  every  quadrilatéral  Jlgure  whatever^  the  sum  of  the 
squares  of  the  four  sicks j  is  equal  to  the  sum  of  thâ 
squares  of  the  two  diagonals^  plus  four  times  the  square 
of  the  line  which  joins  the  niidcUe  of  these  diagonals. 

Let  a  B  C  D  (fig.  32,  pL  4)  be  a  quadrilateral 
figure,  the  two  diagonals  of  which  are  A  C  and 
B  D  ;  and  let  us  suppose  them  divided  each  into  two 
equal  parts  in  E  and  F,  and  that  the  straight  line 
E  F  has  been  drawn.  It  may  be  demonstrated, 
that  the  squares  of  the  four  sides,  taken  together, 
are  equal  to  the  squares  of  the  two  diagonals,  plus 
four  times  the  square  of  £  F^ 

We  shall  confine  ourselves  here  to  the  enunci- 
ation of  this  elegant  and  very  curious  problem,  for 
which,  it  is  said,  we  are  indebted  to  the  celebrated 
Euler.  The  demonstration  of  it,  which  is  too  prolix 
to  be  admitted  into  this  work,  may  be  found  in  the 
New  Memoirs  of  the  Academy  of  Petersburg,  vol.  V. 

We  shall  only  observe  that,  when  the  quadri- 
lateral A  B  C  D  becomes  a  parallelogram,  the  two 
diagonals  then  equally  intersect  each  other,  which 
makes  the  points  E  and.  F  to  coincide,  and  by  these 
means  the  hne  £  F  vanishes.  The  preceding  theorem 
therefore,  is  oaly  a  particular  case  of  the  present 
one. 

VOL.  I.  u 
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*\\  PROBLEM    XVI, 


The  three  sides  of  a  rectilineal  triangle  bcmg  given  ;  tû 
determine  its  superficial  content^  without  jncasuring 
tlje  perpendicular  let  fall  from  one  of  the  angles  on 
the  opposite  side. 

From  half  the  sum  of  the  three  sides  subtract 
each  of  the  three  sides  separately  ;  ^  multiply  the 
three  remainders  together,  and  the  product  by  the 
half  sum  of  the  sides  ;  if  the  square  root  of  the  last 
product  be  then  extracted,  it  will  be  the  area  re- 
quired. 

Let  the  three  sides,  for  example,  be  50,  1 20  and 
150  yards  ;  the  half  sum  of  which  is  160  ;  the  first 
difierence  is  no,  the  second  40,  and  the  third  10: 
the  product  of  these  four  numbers  is  7040000,  the 
square  root  of  which  is  2653  *^d  ttt  nearly,  which 
is  the  area. 

It  might  easily  be  shewn,  that  the  usual  method, 
that  is  to  say,  by  finding  the  perpendicular  let  fall 
from  one  of  the  angles  on  the  opposite  side,  would 
require  a  much  more  tedious  calculation. 

REMARK. 

By  this  method  we  have  a  veiy  easy  rule  for 
finding  the  radius  of  the  circle  inscribed  in  a  triangle, 
the  three  sides  of  which  are  given:  nothing  i$ 
necessary  but  to  multiply  together  the  difference 
between  each  side  and  the  half  supi  ;  to  divide  the 
product  by  this  half  sum,  and  to  extract  the  square 
root  of  the  quotient  :  the  result  will  be  the  radius 
required. 
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Thus,  în  the  above  example,  the  product  of  the 
differences  is  44000;  which  divided  by  160,  gives 
275  ;  the  square  root  of  this  quotient  lô^V^,  is  the 
radius  of  the  circle  inscribed  in  the  given  triangle. 

PROBLEM    XVII. 

In  surveying  the  side  of  a  billy  ought  its  real  surface  to 
be  measured,  or  only  the  space  occupied  by  its  hori-^ 
zontal  projection  f 

It  may  be  easily  proved  that,  in  this  case,  the 
horizontal  projection  or  base  only  ought  to  be 
measured  j  for  the  object  of  surveying  is  nothing 
else  than  to  determine  the  quantity  of  any  kind  of 
production  that  land  is  capable  of  producing,  or  the 
number  of  the  buildings  that  can  be  erected  on  it. 
But  it  is  evident  that  as  trees  and  plants  always  rise 
in  a  direction  perpendicular  to  the  horizon,  an  in- 
clined plane  can  contain  no  more  than  the  hori- 
zontal  one  which  corresponds  to  it  as  its  base.  In 
like  manner,  no  more  buildings  can  be  raised  on 
inclined  ground,  than  on  its  horizontal  projection  ; 
because  the  walls  of  an  edifice  must  always  be  vertical  : 
a  little  more  care  only  is  required  in  building  on  such 
ground  than  on  horizontal. 

Another  reason  is,  that  inclined  "groimd,  com-; 
pared  with  the  horizontal  ground  in  the  neighbour- 
hood,  contains  less  vegetable  earth  or  mould,  as 
part  of  it  is  always  carried  away  by  the  rains,  and 
deposited  on  the  lower  grounds  ;  consequently  it  is 
not  capable  of  supplying  nourishment  to  such  a 
quaiitity  of  productions  as  the  other. 

It  is  therefore  evident  that  the  horizontal  surface 
only,  and  not  the  real  or  inclined  surface,  ought  to 
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be  measured,  unless  these  considerations  are  thought 
to  be  of  little  value  in  adjusting  the  price. 

REMARK» 

It  is  in  topographical  descriptions  of  mountainous 
countries  chiefly,  that  care  should  be  taken  to  reduce 
the  whole  to  a  horizontal  plane  ;  for  if  we  suppose 
that  a  couQtry  has  been  surveyed,  and  that,  in 
measuring  the  sides  of  pretty  steep  mountains,  the 
real  and  not  the  horizontal  distances  of  places  have 
been  taken,  it  will  be  impossible,  in  constructing  a 
map,  to  make  the  treasures  agree*  This  indeed 
would  be  the  same  thing  as  if  one  should  attempt 
to  transfer  to  the  plane  or  base  of  a  pyramid,  the 
triangles  which  form  its  inclined  sides  ;  for  if  one  of 
the  triangles  were  laid  down  on  it,  all  the  rest  would 
be  falsely  represented. 

PROBLEM    XVIII* 

To  form  one  square  of  five  equal  squares . 

Divide  one  side  of  each  of  four  of  the  squares, 
as  A,  B,  C,  D,  (fig.  123,  n.  i  an4  2,  pi*  15),  into 
two  equal  parts,  and  from  one  of  the  angles  adja- 
cent to  the  opposite  side  draw  a  straight  line  to  the 
point  of  division  ;  then  cut  these  four  squares  in 
the  direction  of  that  line,  by  which  means  each  of 
them  will  be  divided  into  a  trapezium  and  a  triangle, 
as  seen  fig.  123,  No.  i. 

Lastly,  arrange  these  four  trapeziums  and  these 
four  triangles  around  the  whole  square  E,  as  seen 
fig.  1 23,  No.  2  ;  and  you  will  have  a  square  evi* 
dcntly  equal  to  the  five  squares  given. 
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REMARK. 


By  means  of  the  solution  to  the  following  problem, 
one  square  may  be  formed  of  any  number  of  squares 
at  pleasure  ;  for  any  number  of  squares  may  be 
transformed*  into  an  oblong,  and  we  shall  shew,  in 
the*  next  problem,  how  an  oblong  may  be  resolved 
into  several  parts,  susceptible  of  being  arranged  in 
such  a  manner  as  to  form  a  square. 

PROBLEM    XIX. 

Any  rectangle  whatever  being  given  ;  to  convert  it  y  by 
a  simple  transposition  of  parts  y  into  a  square. 

Let  the  given  rectangle  be  ABCD  (fig.  124 
pi.  1 5).  To  cut  it  into  several  parts  susceptible  of 
being  arranged  in  a  square,  first  find  the  geometric 
mean  proportional  between  the  sides  B  A  and  AD; 
make  A  £,  equal  to  that  mean  proportional,  and 
draw  E  F  perpendicular  to  A  E.  E  F  will  cut  A  D 
in  the  point  F,  which  will  either  fall  beyond  D,  in 
regard  to  the  point  A,  or  on  the  point  D  itself,  or 
between  D  and  A  :  this  forms  three  cases,  the  last 
of  which  subdivides  itself  into  two,  but  if  one  of 
them  be  well  understood,  there  will  be  no  difficulty 
in  the  rest. 

Case  I  St.  In  the  first  place  then,  let  the  point  F 
be  beyond  D,  as  seen  fig.  124,  No.  i.  As  the  line 
E  F  will  intersect  C  D  in  the  point  L,  make  A  G 
equal  to  D  L,  and  draw  G  H  perpendicular  to  A  £, 
by  which  noeans  G  H  will  cut  off  from  the  triangle 
ABE,  the  small  triangle  A  G  H. 

Then  cut  the  given  rectangle  A  C  into  four  parts 
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according  to  the  Unes  A  E,  E  L,  and  G  H,  and  the 
resuit  will  be  the  trapezium  A  E  L  D,  the  triangle 
E  C  L,  the  trapezium  G  B  E  H,  and  the  small 
triangle  A  G  H,  which  we  shall  respectively  denote 
by  the  letters  a.  by  c,  d  ;  lastly,  arrange  these  four 
parts  as  seen  fig.  124,  No.  2,  and  you  will  have  a 
perfect  square. 

The  demonstration  may  be  easily  found,  by  con- 
sidering, in  fig.  124,  No.  I,  the  square  constructed 
on  A  £,  viz.  A  £  K I  ;  but  it  is  first  necessary  to 
shew,  that  if  A  1  be  drawn  parallel  to  E  F,  and 
KI,  through  the  point  D,  parallel  to  AE,  the 
rectangle  A  E  K  I,  thence  resulting,  will  be  a 
square.  Now  this  is  easy  ;  for  if  I K  be  continued 
till  it  meet  B  C  produced  in  P,  we  shall  evidently 
have  the  rectangle  A  E  K I  equal  to  the  parallelo- 
gram A  E  P  D,  which  is  equal  to  the  rectangle 
A  B  C  D,  or  that  of  A  B  and  AD;  hence  it  fol- 
lows  that  A  E  into  A I  is  equal  to  A  B  X  A  D. 
But  the  square  of  A  E  is  equal  to  A  B  into  A  D, 
consequently  A  E  into  A I  is  the  same  thing  as  the 
square  of  A  E. 

This  being  demonstrated,  draw  L  G  parallel  to 
A  D,  and  L  M  parallel  to  A  E  ;  then,  from  the 
points  M  and  G,  to  A  D  and  A  E,  draw  the  perpen- 
diculars M  jNi  and  G  H.  It  is  here  evident  that  the 
triangle  A  M  N  is  equal  and  similar  to  E  L  C  :  in 
like  manner  the  triangle  A  G  H  is  equal  and  similar 
to  O  L  K  ;  and  the  trapezium  B  £  H  G  is  equal  and 
similar  to  N  D I  M,  for  B  E  is  equal  and  parallel  to 
DN,  BG  to  MN,  DÏtoEH,  andMItoGH. 
The  four  parts  AELD,  ECL,  BEHG,  A  G  H, 
which  compose  the  rectangle  AC,  are  therefore 
equal  to  the  four  A E L D,  AMN,  NDIM,  and 
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D  L  K,  which  compose  the  square  A  E  K  I,  or,  its 
equal,  that  of  the  same  figure.  No.  2,  &c. 

Case  2d.  If  the  point  -F  falk  on  the  poînt  D,  the 
solution  of  the  problem  will  be  exceedingly  easy  ; 
for  in  that  case  the  triangle  evanishes,  smceDL 
vanishes  ;  the  square  equal  to  the  rectangle,  there- 
fore, will  be  composed  of  the  right  angled  isosceles 
triangle  AED(fig.  124,  No.  3),  and  the  other 
two  right  angled  and  isosceles  triangles  ABE  and 
C  D  E,  equal  to  each  other,  and  to  the  half  of  the 
former  ;  consequently  these  parts  may  be  arranged 
in  a  square  without  any  difficulty.  This  case  indeed 
can  never  exist  but  when  the  side  A  B  is  exactly  the 
half  of  A  D  :  the  rectangle  A  C  is  then  composed 
of  two  equal  squares.'  But  the  manner  in  which 
two  equal  squares  may  be  formed  into  one  is  well 
known. 

Case  3d.  Let  us  now  suppose  that  the  point  F 
falls  between  A  and  D  (fig.  125),  but  in  such  a 
manner  that  F  D  is  less  than  E  B.  In  this  case 
make  E  G  equal  to  F  D,  and  draw  G  H  perpendi- 
cular to  A  E  ;  by  which  means  the  rectangle  A  C 
will  be  divided  into  four  parts,  viz,  the  triangle 
AEF,  the  trapezium  CDFE,  the  trapezium 
A  B  G  H,  and  the  triangle  E  G  H  ;  which  we  shall 
distinguish  by  the  letters  ^,  *,  Cy  d  If  these  four 
parts  be  arranged  as  seen  fig.  1 25,  No.  2,  we  Shall 
have  a  perfect  square,  as  may  be  easily  demonstrated. 

If  F  D  be  exactly  equal  to  B  E,  it  is  evident,  that 
instead  of  the  trapezium  A  B  G  H,  we  should  have 
a  triangle  ABA;  so  that  the  square  to  be  formed 
would  consist  of  three  triangles,  and  a  trape2dum 
E  C  D  F,  as  seen  fig;  125,  No.  2. 
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If  F  D  exceeds  £  B,  and  is  exactly  equal  to  A^F^ 
draw  DM  parallel  to  EF,  and  if  the  rectangle  be 
cut  according  to  the  lines  A  £,  £  F,  and  M  D,  there 
vill  be  formed  three  triangles  and  a  parallelogram 
£1)9  which  if  arranged  as  seen  fig.  125,  No.  3, 
will  conipose  the  square  A I K  £. 

Lastly,  we  may  suppose  the  height  A  D  (Rg.  1 26 
pL  16)^  of  the  given  rectangle  to  be  such,  that  hav-r 
ing  the  general  construction  described  in  the  first 
part  of  this  problem,  the  line  F  D  exceeds  the  line 
A  F,  or  is  any  multiple  of  it,  with  or  without  a 
remainder.  In  that  case,  to  resolve  the  problem, 
set  off  the  line  A  F  as  many  times  as  possible  on 
F  D.  '  For  thç  sake  of  simplification,  we  shall  here 
suppose  that  the  former  is  contained  in  the  latter 
only  once  with  the  remainder  L  D.  Draw  L  M 
parallel  to  £  F,  and  by  these  means  we  shall  have 
the  parallelogram  L  M  £  F,  which  may  be  placed 
in  F  AND;  then  make  EG  equal  to  DL,  and 
draw  G  H  perpendicular  to  A  E  ;  cut  the  rectangle 
A  B  C  D  according  to  the  lines  A  E,  E  F,  M  L  and 
G  H,  into  five  parts,  viz,  the  triangle  A  E  F,  the 
parallelogram  F  L  M  E,  the  trapeziums  L  D  C  M, 
A  H  G  B,  and  the  triangle  G  H  E  ;  which  we  shall 
distinguish  by  the  letters  a^  bj  c^  d,  e  ;  these  five 
parts  can  be  arranged  into  a  perfect  square,'  as 
A I  K  £,  which  is  composed  of  the  triangle  ^,  the 
parallelogram  b^  the  trapeziums  c  and  d^  and  the 
small  triangle  e. 

If  A  F  were  contained  twice  in  FD,  six  parts 
would  be  requisite  ;  two  of  them  parallelograms  as  b* 

By  a  sort  of  retrograde  progress,  the  following 
problem  may  be  resolved. 
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PROBLEM    XX. 

To  cut  a  given  square  into  4,  or  5,  or  6,  îs?c^  dismw- 
lar  parts^  which  can  be  arranged  so  as  to  form  a 
rectangle. 

Let  it  be  required,  for  example,  to  divide  the 
square  AEKI  (fig.  125,  No.  i.  pi.  15),  into  four 
parts,  susceptible  of  such  an  arrangement^  On  the 
side  £  K  assume  £  F  greater  than  the  half  of  it, 
and  draw  A  F  ;  make  A  O  equal  to  £  F,  and  draw 
O  M  parallel  to  A  F  ;  lastly,  from  the  point  M, 
where  O  M  meets  I K,  draw  M  N  perpendicular  to 
A  F  ;  the  four  parts  required  '  will  be  the  triangles 
A  E  F,  O  M  I,  and  the  two  trapeziums  A  O  M  N, 
M  N  F  K,  which  may  be  arranged  in  such  a  manner, 
as  to  form  the  rectangle  A  B  C  D.  To  those  who 
have  comprehended  the  solution  of  the  preceding 
problem,  this  will  appear  evident. 

If  five  parts  berequired,assumeEF(fig.  i26,pl.'  16) 
of  such  a  length,  that  it  may  be  contained  in  £  K 
twice,  with  a  remainder  ;  let  these  parts  of  the  line 
£  K  be  £  F  and  F  O,  and  let  the  remainder  be 
O  K  ;  draw  A  F,  and,  making  A  î^^  and  N  P  each 
equal  to  £  F,  draw  N  O  and  P  Qjparallel  to  A  F, 
the  latter  of  which  will  meet  the  side  K I  in  Qj 
from  this  point  draw  Q^R  perpendicular  to  N  O  ; 
and  we  shall  have  two  triangles,  a  parallelogram, 
and  two  trapeziums,  which  are  evidently  susceptible 
of  being  formed  into  an  oblong  such  as  A  B  C  D  ; 
since  they  are  the  same  parts  into  which  that  oblong 
might  be  divided,  in  order  to  form,  by  their  trans* 
ppsition,  the  square  A  £  K I  :  therefore  &c. 
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PROBLEM    XXI. 

-  éâ  fr«nsfùsUm,from  which  it  seems  to  result  that  apart 

may  be  equal  to  the  whole. 

Constrict  a  right  angled  parallelogram,  having 
in  long  sides  equal  to  eleven  parts,  and  the  short 
.  CtktB  to  three,  and  divide  it  into  equal  squares,  by 
paraltel  lines  drawti  from  each  of  the  points  of  di- 
vision, as  seen  fig.  1I7,  No.  i.  By  these  means 
tre  shall  have  33  equal  and  similar  squares. 

Through  the  opposite  angles  draw  the  diagonal 
A  B,  and  if  the  parallelogram  be  then  cu(  according 
tx>  the  lines  £  F  and  G  H,  and  the  diagonal  B  A, 
wc  shall  have  four  pieces,  which  when  put  together, 
a6  stteH  ftg.  127,  Nô^  I,  will  contain  33  squares. 

ftut  if  they  be  placed  together  in  such  a  manner, 

that  the  line  AH  (fig.  107,  No.  2  and  3),  joins  the 

•  line  BF,  and  that  thç  two  triangles  BHG  and 

UFA  form  a  rectangle,  we  shall  have  34  squares 

instead  of  33. 

Here  then  we  have  33  equal  to  34  ;  but  this  is 
only  an  illusion,  which  may  easily  be  discovered  ; 
for  it  may  be  readily  seen  that  all  the  squares  tra- 
versed by  the  oblique  lines  of  union,  A  H  and  A  B, 
are  each  less  in  height  by  -jV  than  the  rest.  But  1 1 
squares  are  traversed  in  this  manner,  consequefttly 
It  needs  excite  no  surprise  that  there  should  appear 
to  be  one  more. 

This  deception,  it  must  be  allowed,  is  very  puerile 
ÎÛ  the  eyes  of  a  geometritiatt  \  but  it  is  still  more 

ingenious  than  that  of  M.  G — ^  for  by  making 

the  long  sides  of  the  rectangle  to  consist  of  ten 
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parts,  the  squares  traversed  by  the  line  of  union, 
want  exactly  one  fifth  in  height  of  their  breadth,  by 
which  means  the  most  inexperienced  eye  cannot 
take  them  for  perfect  squares,  similar  to  the  others  ; 
but  when  they  want  only  an  eleventh  part  of  thdr 
just  dimensions,  it  is  difficult  to  observe  the  defi* 
ciency. 

REMARK. 

It  was  no  .doubt  by  a  similar  deception,  that  M. 
Liger  pretended  to  demonstrate,  that  twice  1 44  or 
288  was  equal  to  289,  the  square  of  17;  from 
which  he  concluded  that  the  square  of  17  was  equal 
te  twice  the  square  of  12,  and  that  17  was  the 
exact  value  of  the  diagonal  of  a  square  having  i  s 
for  its  side.  It  is  hardly  possible  to  believe  that  any 
one  could  be  so  weak  as  to  maintain  such  absurdities* 

PROBLEM  XXII. 

To  divide  a  line  in  extreme  and  mean  ratio. 

A  LINE  is  divided  in  extreme  and  mean  radp, 
when  the  whole  line  is  to  one  of  the  segments,  as 
that  segment  is  to  the  other.  As  a  great  many 
geometrical  problems  are  reduced  to  this  division, 
some  of  the  geometricians  of  the  sixteenth  century 
gave  it  the  name  of  the  divine  section.  But  without 
adopting  so  emphatical  a  denomination,  we  shall 
proceed  to  the  solution  of  the  problem* 

Let  the  line,  to  be  divided  in  extreme  and  mean 
ratio,  be  AB  (fig.  ^3,  pi.  4).  From  its  extremity 
S  raise  the  perpenmcular  B  C,  and  make  it  equal 
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to  the  half  of  A  B  ;  draw  A  C,  and  make  C  D 
equal  to  C  B  ;  if  A  E  be  then  made  equal  to  the 
remainder  A  D,  the  line  A  B  will  be  divided  as  re^ 
quired,  and  we  shall  have  this  ratio  :  A  B  is  to  A  £ 
as  A  Ë  is  to  £  B. 

REMARKS. 

The  line  a  b  (fig.  34)  being  divided  in  extreme  and 
mean  ratio,  if  its  greater  segment  be  added  to  it, 
we  shall  have  the  line  ,h  r,  also  divided  in  extreme 
and  mean  ratio,  in  the  point  ^  ;  so  that  b  c  will  be  to 
ha2%ba\%X.o  ac^ 

ad.  The  line  b  a  (fig.  34,  No.  2),  being  divided, 
in  the  same  manner  mc^ïî  cdht  made  equal  to  the 
small  segment,  b  c^  ca  .will  then  be  divided  in  the 
same  manner;  that  is  to  say,  c  a  will  be  to  ^r  (/  as  c  (/ 
to  da. 

PROBLEM    XXIII. 

n  a  given  base  to  describe  a  right  angled  triangle^  the 
three  sides  of  which  shall  be  in  contiyiued  proportion. 

On  the  given  base  A  B  (fig.  35,  pL  5)  describe 
a  Semicircle  ;  divide  A  B  in  extreme  and  mean  rado 
in  C,  and  raise  the  perpendicular  C  D  till  it  meet 
the  semicircle  in  D  ;  then  draw  the  lines  A  D  and 
D  B  :  the  triangle  A  B  D  will  be  the  one  required, 
and  A  B  will  have  the  same  ratio  to  A  D  as  A  D 
has  to  D  B,  as  might  be  easily  demonstrated. 

PROBLEM    XXIV. 

Two  men,  who  run  equally  well,  propose  for  a  bet  to 
start  from  A^  and  to  try  who  shall  first  reach  B^ 
after  touching  the  wall  C  D.  (fig.  36,  pi.  5).  What 
course  must  be  pursued  in  order  to  win  ? 
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It  may  be  readily  seen  that,  to  determine  the 
course  to  be  pursued  in  order  to  win,  it  will  be  ne- 
cessary to  determine  the  position  of  the  line»  A  £ 
and  £  B,  of  such  a  nature,  that  their  sum  shall  be 
less  than  that  of  all  the  others,  as  Aé*,  ^B,  &c. 
But  it  may  be  demonstrated  that  this  sum  is  the  least 
possible,  when  the  angle  A  £  C  is  equal  to  the  angle 
B  £  D.  For  let  us  suppose  A  C  drawn  perpendi-* 
cular  to  C  D,  and  continued  till  C  F  be  equal  to 
A  C,  and  that  £  F  and  £  B  have  been  drawn  ;  in 
this  «ase  the  angles  A  £  C  and  C  £  F  will  be  equal. 
But  A  £  C  is  equal  to  B  E  D  by  the  supposition, 
consequently 'the  angles  C£F  and  BFDwillbe 
equal  also  ;  and  it  thence  follows,  that,  as  C  D  is  a 
straight  line,  F  £  B  will  likewise  be  one.  But  B  E  F 
is  equal  to  B  £  and  £  A  taken  together,  as  B  ^  and 
e  F  are  to  B  ^  and  ^  A  ;  the  course  BEA  therefore 
will  be  shorter  than  any  other  B  ^  A,  for  the  same 
reason  that  BF  is  shorter  than  the  lines  B  e  and^F. 

To  find  then  the  point  £,  we  must  draw  A  C  and 
B  D  perpendicular  to  the  line  C  D,  and  then  divide 
C  D  in  £,  in  such  a  manner,  that  C  £  shall  be  to 
EDasCAtoDB. 


PROBLEM    XXV. 

A  pointy  a  circle j  and  a  straight  Une^  being  given  in 
position  J  to  describe  a  circle  which  shall  pass  through 
the  given  pointy  and  touch  the  circle  and  straight  line. 

Through  the  centre  of  the  given  circle  draw 

BE  (fig*  37,  pi.   5)  perpendicular   to  the  given  J 

straight  line,  and  let  it  cut  the  circle  in  B  and  F  ;  :\ 

draw  also  B  A  to  the  given  point  A,  and  take  B  G  | 
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à  fourth  proportional  to  3  A,  BE,  BF;  if  a 
circle  be  then  described  through  the  pgints  A  and 
G^  touching  the  line  C  D^  it  will  touch  also  the 
given  circle. 

Jf  the  point  Abe  within  the  circle  (fig.* 38), 
the  construction  will  be  the  same  :  in  this  case  it  is 
evident  that  the  line  which  ought  to  be  touched  by 
the  required  circle,  must  enter  the  given  circle  also  ; 
and  there  are  even  two  circles  which  will  resolve 
the  problem,  as  may  be  seen  in  fig.  38. 

PROBLEM  XXri. 

Two  circles  and  a  straight  line  being  given  ;  to  describe 
a  circle  which  shall  touch  them  aO. 

This  problem  is  evidently  susceptible  of  several 
cases  ;  for  the  circle  which  touches  the  straight  line 
may  inclose  both  the  other  circles,  or  only  one  of 
them,  or  may  leave  them  both  without  it  ;  but,  for 
the  sake  of  brevity,  we  shall  confine  ourselves  to 
the  last  case,  and  leave  the  rest  to  the  sagacity  of 
our  readers,  who,  when  they  comprehend  this  so-" 
lution,  will  find  no  difficulty  to  resolve  the  rest. 

Let  there  be  given  two  circles,  whose  radii  are 
C  A  and  c  a  (fig.  39,  pi.  5)  and  let  the  line  D  E  be 
given  in  position.  In  the  present  case,,  on  the 
radius  C  A  make  A  O  equal  c  a^  and  with  the 
radius  C  O  describe  a  new  circle;  draw  also  beyond 
D  E  the  line  d  e  parallel  to  D  E,  and  distant  from 
it  by  a  quantity  equal  to  r  ^  ;  then,  by  the  preced- 
ing problem,  describe  a  circle  through  r,  which 
shall  touch  the  circle  having  for  its  radius  C  O,  and 
also  the  straight  line  d  e;  let  the  centre  of  this  circle 
be  B }  if  its  radius  be  diminished  by  the  quantity  A  O 


or  €  a^  the  circle  described  with  this  new  radius  will 
evidently  be  a  tangent  to  the  two  given  circles,  as 
well  as  to  the  straight  line  D  £^ 

PROBLEM    XXVII. 

Of  inscribing  regular  polygons  in  the  circle.    . 

The  following  general  method  of  inscribing  i-e* 
gular  polygons  in  the  circle,  is  given  in  various  books 
of  practical  geometry.  On  the  diameter  AB  (fig.  40^ 
pi.  5;  of  the  given  circle^  describe  an  equilateral 
triangle  ;  and  divide  this  diameter  into  as  many 
equal  parts  as  the  required  polygon  is  intended  to 
have  sides  ;  then  from  £,  the  summit  of  the  tri- 
anglej  draw  through  c,  the  extremity  of  the  second 
division,  the  Unç  E  c  ;  and  continue  it  till  it  meet 
the  circumference  of  the  circle  in  D:  the  chord 
A  t),  they  say,  will  be  the  side  of  the  required 
polygon  to  be  inscribed. 

We  have  noticed  this  method  merely  to  say  that 
it  is  erroneous,  and  could  be  invented  only  by  a 
person  ignorant  of  geometry,  or  else  intendol  only 
as  near  thç  truth.  For  it  may  be  easily  demoo* 
strated  that  it  is  false,  even  when  employed  for 
finding  the  simpleçt  polygons,  such  for  example  as 
the  octagon.  It  will  be  found  indeed,  by  trigono* 
metrical  calculation,  that  the  angle  DCA,  which 
ought  be  45%  is  48^  14'  ;  whence  it  follows,  that 
the  chord  AD  is  not  the  side  of  the  inscribed 
octagon. 

None  of. thé  regular  polygons  can  be  inscribed 
geometrically  and  without  trial,  by  means  of  a  rule 
and  conipa^^es,    except  the  triangle,   and  thost 
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polygons  deduced  from  it,  by  doubling  the  number 
of  sides,  as  the  hexagon,  the  dodecagon,  &c. 

The  square  and  those  polygons  deduced  from  it 
in  like  manner,  as  the  octagon,  the  sedecagon, 
&c. 

The  pentagon  and  those  deduced  from  it,  as  the 
decagon,  and  the  eikosiagon,  &c. 

The  pentedecagon  and  its  derivatives,  as  the 
polygon  of  thirty  sides,  &c. 

The  rest,  such  as  the  heptagon,  enneagon,  ende- 
cagon,  &c,  cannot  be  described  by  means  of  the 
rule  and  compasses  alone,  without  trial;  and  all  those 
who  have  attempted  this  method^  have  failed,  or 
have  produced  ridiculous  paralogisms. 

The  following,  in  a  few  words,  is  the  method  of 
describing  geometrically  in  a  circle,  the  five  primi- 
tive polygons,  which  may  be  inscribed  with  the  rule 
and  coqipasses. 

Divide  the  circle  A  D  B  £  (fig.  41,  pi.  5)  into  four 
equal  parts,  by  the  two  diameters  A  B  and  D  £, 
intersecting  each  other  at  right  angles  ;  then  divide 
the  radius  C  D  into  two  equal  parts  in  F,  and  draw 
O  F  G  parallel  to  A  B  :  the  line  E  G  will  be  the 
side  of  the  inscribed  tringle,  as  well  as  G  O  and 
OE. 

The  line  £  B,  as  every  one  knows,  will  be  the 
side  of  the  square. 

If  E  H  be  made  equal  to  the  radius,  it  is  in 
like  manner  evident^  that  it  will  be  the  side  of  the 
hexagon. 

Divide  the  radius  A  C  into  two  equal  parts  in  I, 
and  draw  E I  ;  make  1 K  equal  to  I  C,  and  the  chord 
E  L  equal  to  the  remainder  E  K  :  EL  will  be  the 
side  of  the  decagon  j  and  by  making  the  arc  L  M 
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tqual  to[the  arc  E  L,  we  shall  have  the  chord  E  M  for 
the  side  of  the  pentagon. 

Then  divide  the  arc  O  M,  which  is  the  difference 
between  the  arc  of  the  pentagon  and  that  of  the 
triangle^  into  two  equal  parts  in  N,  and  draw  the 
sti^ght  line  O  N,  which  will  be  the  side  of  the 
pentadecagon^  or  polygon  of  15  sides. 

'     REMARK. 

The  heptagon  is  susceptible  of  a  construction,  not 
geometrical,  but  approximated,  which  is  pretty  near 
the  truth,  and  which  on  that  account  deserves  to  be 
known  ;  it  is  as  follows  :  First  describe  an  equi- 
lateral triangle,  or  at  least  determine  the  side  of  one, 
the  half  of  which  wilJ  be  the  side  nearly  of  the  in- 
susceptible  heptagon.  It  will  be  found  indeed  by 
calculation,  that  the  side  of  the  triangle,  radius 
beinç  unity,  will  be  equal  to  0*86602  ;  the  half  of 
which  is  0*43301,  and  the  side  of  the  heptagon  is 
0*4^387;  die  difference  therefore  between  it  and 
half  the  side  of  the  triangle,  is  less  than  a  thousandth 
part.  Whenever  theh  the  thousandth  part  of  the  radius 
of  the  given  circle  is  an  insensible  quantit)',  the  above 
construction  will  approach  very  near  to  the  truth. 

It  is  much  to  be  wished  that  methods  of  construc- 
tion equally  simple,  and  as  near  the  truth,  could  be 
discovered  for  all  other  polygons  ;  which  indeed  is 
not  possible. 

PROBLEM    XXVIII. 

The  side  cf  afdygon  cf  a  given  number  of  sides  being 
known;  to. find  the  centre  of  the  circuniscriptible 
circle. 

VOL.  I.  X 
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Thi8  problem  is^  in  some  measure,  the  reverse  of 
the  former,  and  may  be  easily  solved  for  the  <ame 
polygcHis. 

We  shall  say  nothing  of  the  triangle,  the  square 
and  the  hexagon^  because  diose  who  are  acquaintftd 
*with  the  first  elements  of  geometry,  know  how  to' 
find  the  centre  of  an  equilateral  triangle  and  a  square, 
and  that  the  side  of  the  hexagon  is  equal  to  the, 
radius  of  the  circumscriptibte  circle. 

We  shall  bcpn  therefore  with  the  pentagon^  Let 
A  B  (fig.  42  pi.  5)  be  Ac  side  of  the  required 
pentagon  j  at  the  extremity  of  which  raise  the  per- 
pendicular A  C,  equal  to  4.  A  B  ;  draw  B  C,  and 
cut  off  from  it  C  E  =  A  C,and  make  B  F  =r  B  Ej 
then  with  the  centre  A,  and  the  radius  A  F,  describe 
sm  arc  of  a  circle,  and  from  the  point  B,  with  the 
radius  B  A,  describe  another  intersecting  the  former 
in  G:  the  line  B  G' will  be  the  position  of  the  Siecond 
side  of  the  pentagon,  and  the  two  perpendicutars  on 
the  middle  of  the  sides  A  B  and  B  G  will  give»  by 
their  intersection,  the  position  of  the  centre  H. 

For  the  octagon.  X«et  A  B  (fig.  43  pi.  6)  be  die 
given  side  ;  on  this  line  describe  a  semicircle,  and 
raise  the  radîus  C  G  perpendicular,  and  indefinitely 
continued  ;  draw  the  side  of  die  square  B  G,  and 
make  C  F  equal  to  the  half  of  B  G  ;  draw  F  E  per- 
pendicular to  the  diameter,  and  through  die  point 
E,  where  it  cuts  the  semicircle,  draw  A  E,  wlûch 
will  meet  C  G  continued  in  D:  this  point  D  will  be 
the  centre  of  the  circle  required. 

For  the  decagon.  If  A  B  (fig.  42  pi.  5)  be  the 
given  side,  find,  as  if  a  pentagon  were  to  be  con- 
structed, the  line  B  F,  and  from  the  points  A  and 
B  with  the  radius  A  F,  describe  the  isosceles  triangle 
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AhB:    die  point  i  wiU  be  the  centa-e  of  the 
decagon. 

For  the  dodeuigênj  and  any  other  polygons  whatever. 
Let  the  line  given  for  the  side  of  me  polygon  be 
A  B  (fig.  44  pL  6)0  With  any  radius  whatever 
C  D  describe  a  circle^  and  inscribe  in  it  the  required 
dodecagon  or  polygon,  the  side  of  which  we  shall 
suppose  to  be  P  £  :  continue  D  £  to  F,  if  A  B 
exceeds  D  E,  so  that  D  F  shall  be  equal  to  A  B, 
and  then  dtaw  C  £,  and  its  parallel  F  G  :  the  point 
where  the  latter  meets  the  diameter  D  H  continued» 
will  evidendy  be  the  centre  of  the  circle,  in  which 
the  required  polygon  is  inscripdble. 

Though  we  have  given  particular  methods  for  the 
pentagon,  octagon  and  decagon,  it  is  evident  that 
die  last  method  may  be  applied  equally  to  them  all. 

W^  shall  conclude  this  article,  on  polygons,  with 
two  nsefbl:  tables,  one  of  which  contains  the  sides  of 
die  polygjons,  tte.  radius  of  the  circle  being  given, 
and  the  other  the  length  of  the  radius,  the  side  of 
the  polygon  bdng  known.  If  the  radius  of  the  circle 
then  be  expressed  by  1 00000,  the  side  of  the  inscribed 


triangle  wiU  be  withiu  an  unit  of 
that  of  the  square 
that  of , the  pentagon 
that  of  the  hexagon  • 
diat  of  die  heptagon 
that  of  the  octagon    . 
diat  of  die  enneagon 
that  of  the  decagon    • 
that  of  the  endecagon 
that  of  the  dodecagon 
that  of  the  tredecagon 
that  of  the  tesseradecagon 
diat  of  the  quindecagon 


173205 
141421 

^^7557 

I 00000 

86777 
76536 
68404 
61803 

56347 
51763 

47844 
44503 
41582 
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'  On  the  other  hand^  if  the  side  of 
looooo,  the  radius  of  the  circle  will 
of  the  triangle      •    • 

of  the  square 

of  the  pentagon 

bf  the  hexagon  • 

of  the  heptagon 

of  the  octagon    • 

of  the  enneagon 

of  the  decagon  • 

of  the  endecagon 

of  the  dodecagon 

of  die  tredecagon 

of  the  tesseradecagon 

of  the  quindecagon 
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the  polygon  be 
be,  in  t£e  case 

S773S 
70710 

85065  ' 

lOOOOO 

"5^37 
130657 

146190 

16 I 804 

17747a 

193188 

209012 

224703 

240488 


regular  bodies» 
in  geometry,  that 


Method  tf  forming  the  diffèrent 

It  was  long  ago  demonstrated 
there  can  be  only  five  bodies,  terminated  by  regular 
figures,  all  equal  to  each  other,  and  forming  with 
-one  another  equal  angles.    These  bodies  are  : 

The  tetraedron,  which  is  formed  by  four  equi- 
lateral triangles. 

The  cube,  or  hexaedron,  formed  of  six  equal 
squares. 

The  octaedron,  formed  of  eight  equal  equilateral 
triangles. 

The  dodecaedron,-  formed  of  twelve  equal  pen- 
tagons. 

The  icosaedron,  formed  of  twenty  equilateral 
triangles.         •     • 

Two  methods  may  be  employed  to  form  any  one 
of  these  regular  bodies.  The  first  is,  to  construct  a 
sphere,  and  then  to  cut  off  the  excess,  so  that  the 
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remabider  shall  form  the  regular  body  required; 
the  other,  which  resembles  the  process  used  in 
stone-cutting,  consists  in  first  tracing  out  on  a  plane, 
made  at  hazard,  one  of  the  faces  of  the  body  to. 
be  formed,  and  then  cutting  out  the  adjacent  faces, 
under  the  determinate  angles. 

To  resolve  then  the  problem  in  question,  we  shall 
first  answer  the  following  questions. 

I  St.  The  diameter  of  a  sphere  being  given,  to 
find  the  sides  of  the  faces  of  each  of  the  regular 
bodies. 

ad.  To  find  the  diameters  of  the  less  circles  of 
that  sphere,  in  which  the  faces  of  each  of  these 
bodies  are  inscripdble. 

3d.  To  determine  the  opening  of  the  compasses, 
^ddi  which  each  of  these  circles  may  be  described 
on  the  surface  of  the  same  sphere., 

4th.  To  determine  the  angles  which  the  con- 
tiguous.  faces'  form  with  each  other,  in  their  com. 
mon  intersection* 

J  St.  A  sphere  being  given;  to  find  the  sides  cfthefac^ 
of  each  ^  the  five  regular  bodies  • 

Let  ABC  (fig.  45  pi.  6)  be  the  half  of  a  great 
circle  of  the  given  sphere,  and  A  C  one  of  its  di- 
ameters. Divide  A  C  into  three  equal  parts,  and 
let  A  I  be  two  thirds  ;  draw  £  I  perpendicular  to 
the  diameter,  cutting  the  circle  in  £,  and  join  A  E  : 
this  line  will  be  one  of  the  faces  of  the  tetraedron, 
and  C  £  will  be  that  of  the  cube  or  hexaedron. 

Then,  through  the  centre  F,  draw  the  radius  F  B, 
perpendicular  to  A  Ç,  cutting  the  circle  in  B,  and 
join  A  B  :  this  line  A  B  will  be  the  side  of  the 
octaedron  inscribed  in  the  same  sphere. 

The  side  of  the  dodecaedron  will  be  found,  by 
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dividing  £  Ç^  the  side  of  the  hexaedron,  in  tneftet 
and  extreme  ratio,  and  taking  for  the  side  of  the 
dèdecaedron  the  larger  Segment  C  K. 

Lastly,  from  A,  the  extremity  of  the  diameter» 
draw  the  perpendicular  A  6,  equal  to  A  C,  and 
from  the  centre  F  draw  the*  line  F  G,  intersecting 
the  circle  in  H  :  A  H  will  be  the  side  of  the  ico« 
saedron. 

The  radius  of  the  circle  being  loooo,  the  side  of 
the  tetraedron  will  be  found,  by  calculation,  to  be 
equal  to  16329;  that  of  the  hexaedron  or  cube, 
1 1546  ;  that  of  the  octaedroo,'  14142  ;  that  of  the 
dodetaedron,  77136  j  and  thafi.  of  the  icosaedron» 
10514. 

3d.  'To  find  the  radius  of  the  lesser  circle  of  the  sphere^ 
in  which  thé  face  y  the  proposed  regular  body  is 
inscriptibl^.      .         , 

The  method  of  determining  :  the  radius  of  the 
circle  circumscriptible  to  the  triangle,  the  square, 
and  the  pentagon,  which  are  the  only  faces  of  the 
regular  bodies,  has  been  shewn  already,  and  con- 
sequently the  problem  is  thus  solved. 

To  express  them  in  numbers,  as  we  know  that 
when  the  aide  of  the  equilateral  triangle  is  loooo, 
the  radius  of  the  circumscribing  circle  is  5773» 
therefore,  as  the  side  of  the  tefraedron  is  16329,1 
nothing  is  necessary  but  to  say.  As  lOooo  is  to 
57735  80  is  16329  to  a  fourth  proportional,  which 
>vill  be  9426. 

It  will  be  found,  in  like  manner,  that  the  radius 
of  the  lesser  circle,  in  which  the  face  of  the  octaedron 
can  be  inscribed,  is  8 1 64. 

And  it  will  be  found  also,  that  the  radius  of  the 
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Circle  in  whidb  the  face  of  the  icosaedron  can  be 
inscribed,  is  6070. 

llie  side  of  the  squ^e  being  loooo,  the  radius  of 
the  circumscribing  circle,  as  is  well  known,  is  7071  ; 
which  will  give  for  the  radius  of  the  face  of  the 
hexaedron,  8164. 

Lastly,  the  side  of  the  pentagon  being  loooo, 
we  shall  have  for  the  radius  of  the  circumscribing 
circle  $506,  which  will  give  for  the  radius  of  the 
face  of  the  dodecaedron,  6070* 

3d.  To  détermine  the  opening  of  the  compasses  ^  with  which 
the  circle^  capable  of  receiving  the  face  of  the  regular 
body^  oiugbt  to  be  described  on  the  sphere. 

This  is  very  easy  ;  for  if  E  F  (fig.  46  pi.  6)  be  the 
radius  of  the  lesser  circle  of  the  sphere,  capable  of 
recdying  the  given  fecc,  it  is  evident  that  F  D  is  the 
opening  of  the  compasses  proper  for  descriUng  this 
cnrcic  on  the  surface  of  the  sphere.  But  E  F  is  the 
sine  of  the  angle  F  C  D,  which  will  consetjuently 
be  given  ;  and  F  D  is  the  douUe  of  the  mtt  of  half 
this  first  angle  :  F  D  therefore  may  be  found  by 
seeking  in  the  tables  for  the  angle  F  C  D,  then 
halving  it,  afterwards  seeking  for  the  sine  of  that 
half,  and  then  doubling  this  sme.  This  operation 
will  give  the  value  of  Ip  D,  which  in  the  case  of  the 
tetraedron  will  be  1 1742  ;  in  those  of  the  hexaedron 
and  octaedren,  9192;  and  in  those  of  the  do- 
decaedron  and  icosaedron,  6408. 

4th.  31?  find  the  angle  formed  by  the  faces  of  the 

diffiftnt  regular  bodies. 

Describe  a  circle  (fig.  47  pi.  6)  as  large  as  possible» 
and  determine  in  it  the  side  of  the  regular  body  re- 
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quired  ;  if  a  perpendicular  be  then  let  fall  from  the 
centre  on  this  side,  it  will  be  the  diameter  of  a 
second  circle,  which  must  also  be  described.  Wc 
shall  here  suppose  that  this  diameter  is  A  B. 

Describe  then,  on  the  side  bf  the  regular  body 
found,  the  proper  polygon,  or  at  least  find  the 
centre  of  the  circumscribing  circle,  and  from  this 
centre  let  fall  a  perpendicular  on  the  side  which  has 
been  found  ;  in  the  second  circle  already  mentioned 
make  the  lines  A  D  and  A  C  equal  to  this  perpen- 
dicular, and  the  angle  D  A  C  will  be  equal  to  the 
angle  required. 

It  will  be  found,  by  calculation,  that  this  angle, 
for  the  tetraedrbn,  is  yo^  3  a';  for  the  hexaedron, 
90"  ;  this  is  evident  because  the  faces  of  the  cube 
are  perpendicular  to  each  other  ;  for  the  octaedron, 
109^  28';  for  the  dodecaedron,  116**  34';  and  for 
-the  icosaedron,  138*^  12'. 

We  shall  here  collect  all  these  dimensions  in  the 
following  table,  where  we  suppose  the  radius  of  the 
sphere  to  be  loooo  parts. 


Names  of  the 
regular  bodies. 


Tetracdron 

Hexaedron 

Octaedron 

Dodecaedron 

Icosaedron 


Sides 
of  the 
faces. 


1632P 
11046 
14142 
77336 
10514 


Radii  of  the 
circumscrib- 
ing circles. 


ÎH36 
8I64 
816*^ 

6070 
6070 


Distances 
from  the 
poles. 


11742 
9192 
91.92 
6408 
6408 


Angles  of 
the  contiguous 
faces. 


70®  32^ 

90    00 

1(19  28 
116  34 
138     10 


It  will  now  be  easy  to  trace  out,  by  either  of  the 
above  methods,  any  required  regular  body  whatever. 

First  method.  Let  it  be  required,  for  example,  to 
form  a  dodecaedron  from  a  sphere.     First  describg 
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St  circle  of  a  diameter  equal  to  that  of  the  sphere» 
and  determine  in  it  the  side  of  the  dodecaedron,  or 
the  side  of  the  pentagon,  which  is  one  of  its  faces  ; 
also  the  radius  of  the  circle  in  which  this  pentagon 
can  be  inscribed,  and  the  opening  of  the  compasses 
proper  for  describing  it  on  the  sphere  ;  which  may 
be  easily  done  by  the  precepts  before  given. 

Or,  if.  we  suppose  the  radius  of  the  proposed 
sphere  to  be  loooo  parts,  take  upon  a  scale  6408  of 
these  parts,  and  ^th  this  opening  of  the  compasses 
describe,  on  the  surface  of  the  sphere,  a  circle  on  the 
circumference  of  which  the  five  angles  of  theinscripd* 
ble  pentagon  may  be  determined  ;  from  two  neigh- 
bouring points  describe,  with  the  same  opening  of 
the  compasses,  two  arcs,  the  intersection  of  which 
will  be  the  pole  of  a  new  circle,  equal  to  the  former  ; 
continue  in  this  manner,  from  every  two  points, 
and  you  will  have  the  five  poles  of  the  five  faces, 
which  rest  on  the  first.  In  like  manner,  you  may 
easily  determine  the  other  poles,  the  last  of  which, 
if  the  operation  be  exacts  ought  to  be  diametrically 
opposite  to  the  first.  Lastly,  from  these  twelve 
poles,  describe  two  equal  circles,  which  wiH  both  be 
cut  into  five  equal  parts,  and  these  will  determine 
twelve  segments  of  a  sphere,  which  being  cut  off, 
will  give  the  twelve  faces  of  the  dodecaedron  re* 
quired. 

Second  method*  Having  first  found  out,  on  the 
proposed  block,  a  plane  face,  describe  on  it  the 
polygon  belonging  to  the  reeular  body  required; 
then  cut  out,  on  each  side  of  this  polygon,  a  new 
plane,  inclined  according  to  the  proper  angle/ as 
determined  in  the  above  table,  or  which  has  been 
traced  out  by  means  of  the  geometrical  construc- 
tion before  given;  and  you  will  d^us  obtain  so 
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properties,  on  which  the  explanation  of  the  most 
«ecret  phenomena  of  nature  depended.  With  these 
bodies  they  compared  the  celestial  orbs,  &c  But 
since  rational  philosophy  has  begim  to  prevail  among 
mankind,  the  pretended  energy  of  numbers,  and 
that  of  the  reeolar  bodies  in  nature,  have  been  con- 
signed to  obuvion,  along  with  the  other  visioxis, 
which  were  in  vogue  during  the  infancy  of  philo- 
sophy, and  the  reien  of  platonism.  For  this  reason, 
we  shall  say  nothing  farther  of  these  speculations, 
and  confine*  ourselves  to  a  very  curious  problem, 
respecdng  die  cube  or  hexaedron« 

PROBLEM  XXX. 

To  Oit  a  bole  in  a  cube^  through  which  another  cube  of 
the  same  size  shall  be  able  to  pass. 

If  we  conceive  a  cube  raised  on  one  of  ia  angles, 
in  such  a  manner,  that  the  diagonal  passing  through 
that  angle  shall  be  perpendiculaf  to  the  plain  which 
it  touches  ;  and  if  we  suppose  a  perpendicular  let 
fall  on  that  plane  from  each  of  the  elevated  angles, 
the  projection  thence  resulting  will  be  a  regular 
hexagon,  each  side  and  each  radius  of  which  may 
be  found  in  the  following  manner. 

On  the  vertical  line  A  B  (fig.  53  pi.  7),  equal  to 
the  diagonal  of  the  cube,  or  the  square  of  which  is 
triple  to  that  of  the  cube,  describe  a  semicircle,  and 
make  A  C  equal  to  the  side  of  the  cube,  and  A  D 
equal  to  the  cUagonal  of  one  of  its  faces  ;  if  from  the 
point  C  there  bç  let  fall,  en  the  horizontal  tangent 
of  th%  circle  in  B,  the  perpendicular  C  £,  passing 
through  the  point  D,  B  E  will  be  the  side  and  the 
radius  of  the  r^squired  hexagon  a  b  cd  fig.  s^ 
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When  this  operation  is  finished,  describe  on  this 
hexagonal  projection,*  and  around  the  same  centre, 
the  square  wmch  forms  the  projection  of  the  given 
cube  placed  on  one  of  its  bases,  so  that  one  of  its 
^des  shall  be  parallel,  and  the  other  perpendicular 
to  the  diameter. ac:  \i  may  be  demonstrated,  that 
this  square  can  be  contained  within  the  hexagon,  in 
such  a  manner,  as  not  to  touch  with  its  angles  any 
of  the  sides  :  a  square  hole  therefore,  equal  to  one 
of  the  bases  of  the  cube,  may  be  made  in  it,  in  a 
direction  parallel  to  one  of  its  diagonals,  without 
destroying  the  continuity,  of  any  side  ;  and  conse- 
quently another  cube  of  equal  size  may  pass  through 
it,  provided  it  be. made  to  move  in  the  direction  of 
the  diagonal  of  the  former, 

PROBLEM    XXXL 

With  0ie  sweep  of  the  cmp^sesy  and  without  altering 
the  openings  or  changing  tJje  centra  to  describe  ari  ovaU 

This  problem,  as  is  the  case  with  others  of  a 
similar  kind,  is  a  mere  deception;  for  it  is  not 
specified  on  what  kind  of  surface  the  required  curve 
ought  to  be  described.  Those  to  whom  this  pro- 
blem is  proposed,  will  think  of  a  plane  surface,  and 
therefore  will  consider  it  impossible,  as  it  really  is  ; 
while  indeed  the  surface  meant  is  a  curved  one,  on 
which  it  may  be  easily  performed. 

If  a  sheet  of  paper  be  spread  round  on  a  cylindric 
surface,  and  if  a  circle  be  described  upon  it  with  a 
pair  of  compasses,  assuming  any  point  whatever  as  a 
centre,  it  is  evident  that*  when  the  sheet  of  paper  is 
extended  on  a  plane  surface,  we  shall  have  an  oval 
figure,  the  shortest  diameter  of  which  will  be  in 
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the  direction  corresponding  to  that  of  the  axis  of 
the  cylinder. 

We  should  however  be  deceived,  were  we  to 
take  this  curve  for  the  real  ellipsis,  so  well  known 
to  geometricians.  The  method  of  describing  the 
latter  is  as  follows. 

PROBLEM    XXXII. 


To  describe  a  true  oval  or  ellipsis  geometrically* 

The  geometrical  oval  is  a  curve  with  two  imequal 
axes,  and  having  in  its  greater  axis  two  points  so 
situated,  that  if  lines  be  drawn  to  these  two  points, 
from  each  point  of  the  circumference,  the  sum  of 
these  two  lines  will  be  always  the  same. 

Let  A  B  (fig.  55  pi.  7)  then  be  the  greater  axis  of 
the  ellipsis  to  be  described  ;  and  let  D  E,  intersect- 
ing it  at  right  angles,  and  dividing  it  into  two  equal 
parts,  be  the  lesser  axis,  which  is  also  divided  into 
two  equal  parts  in  C  \  from  the  point  D  as  a  centre» 
with  a  radius  çqual  to  A  C,  describe  an  arc  of  a 
circle,  cutting  the  greater  axis  in  F  and  /  :  these 
two  points  are  what  are  called  the  foci  :  fix  in  each 
of  these  a  pin,  or,  if  you  operate  on  the  ground,  a 
very  straight  peg  ;  then  take  a  thread,  or  a  chord 
if  you  mean  to  describe  the  figure  on  the  ground, 
having  its  two  ends  tied  together,- and  in  length 
equal  to  the  line  A  B,  plus  die  distance  F/;  place 
it  round  the  pins  or  pegs  F,  /;  then  stretch  it  as 
seen  at  F  G/i  and  with  a  pencil,  or  sharp  pointed 
instrument,  mjJte  it  move  round  from  B,  through 
D,  A,  and  £,  till  it  return  again  to  B  :  the  curve 
described  by  the  pencil  on  paper,  or  on  the  ground 
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sfcaip  instrumoit^  during  a  whole  révolution^ 
Su  be  the  curve  required. 
ITns  dlipsif  is  called  the  Gardener's  Oval  ;  be- 
when  gardeners  describe  that  figure  they 
etaiàaf  àûB  mediod. 

Itis hcK seen  that  the  geometric  ellipsis,  or  oval, 

25  as  we  may  say,  a  circle  with  two  centres  ;  for  in 

rhe  circle  the  distance  from  the  centre  to  any  point 

of  the  circumference,  and  from  that  point  back  to 

the  centre,  is  always  equal  to  the  same  sum,  viz  the 

jlameter.     In  the  ellipsis,  where  there  are  two 

centres»  the  distance  from  one  of  them  to  any  point 

of  ùe  circumference,  and  from  that  point  to  the 

other  centre,  is  always  equal  to  the  same  sum,  or 

to  die  greater  diameter. 

A  circle  therefore  is  nothing  else  than  an  ellipsis» 
the  two  fbd  of  which,  by  continually  approaching, 
have  al  length  been  united  and  confounded  widi 
each  other. 

Another  method  of  describing  an  ellipsis,  which 
may  be  also  used  some  times,  is  as  follows. 

Let  ABC  (fig.  6  pi.  7)  be  a  square,  and  B  H  and 
B I  the  two  semi-axes  of  the  ellipsis  to  be  described. 
Provide  a  rule,  such  as  £  D,  equal  to  the  sum  of 
these  two  lines,  and  having  taken  E  F  equal  to  B  H, 
fix  in  the  point  F,  by  some  mechanism  which  may 
be  easily  invented,  a  pencil  or  piece  <^  chalk, 
capable  of  tracing  out  a  line  upon  paper;  then 
make  this  rule  turn  in  the  given  right  angle,  in 
such  a  manner,  that  its  two  extremities  shall  always 
touch  the  sides  of  that  angle,  and  during  this  move- 
ment, the  pencil  fized  in  F  will  describe  a  real 
geometrical  ellipsis. 

It  may  be  readily  seen,  that  if  the  pencil  or  chalk 
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were  fixed  in  the  poînt  G,  which  divides  D  E  ihto 
two  equal  parts,  the  curve  described  would  be  a 
circle. 

KEMARK. 

—  ■ 

Another  sort  of  oval,  very  much  used  by  archi- 
tects and  engineers,  when  they  intend  to  form  a  flat 
or  an  acute  arch,  is  called  by  the  French  workmen 
ansts  de  paniers.  It  consists  of  several  arcs  of  circles 
having  different  radii,  which  mutually  touch  eacil 
other,  and  which  represent  pretty  nearly  a  geo- 
metrical eltipflis.  But  it  has  one  fault,  which  is, 
that  however  well  these  arcs  touch  each  other,  a 
nice  eye  will  always  obserye-at  the  place  of  junction 
an  ineqimlicy,  which  is  the  effect  of  the  sudden 
transition  of  one  curve  to  another  that  is  larger. 
For  this  reason,  any  arch  which  rises  on  its  pier 
without  an  impost, .  seems  to  form  an  inequality^ 
though  the  arch  at  its  junction  with  the  pier  may 
touch  it  exactly. 

This  inconvenience  however  is  compensated  by 
one  advantage,  which  is,  that  for  the  voussmrs  of  the 
arch,  there  is  no  need  but  of  two  panneaux ,  or  model 
boards,  if  the  quarter  of  the  oval  be  formed  of  two 
arcs,  or  of -three  if  it  be  formed  of  three  ;  wher«is, 
if  it  were  a  real  ellipsis,  it  would  have  occasion  for 
as  many  panneaux  as  voussmrs.  If  any  one  however 
should  have  the  courage,  and  it  would  require  no 
small  degree  of  it,  to  surmount  this  difficulty,  we 
entertain  no  doubt  that  the  real  ellipsis  would  have 
more  beauty  than  this  bastard  kind  of  it. 
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PROBLEM    XXXIII. 

On  a  given  base  to  describe  an  infinite  number  of 
triangles^  in  wbicb  tie  sum  of  the  two  sides ^  stand» 
ing  on  the  base,  shall  be  always  the  same. 

Th is  is  only  a  corollary  to  the  preceding  problenu 
For  on  a  given  base  let  there  be  described  an  ellipsis, 
having  the  two  extremities  of  that  base  as  its  fod  : 
ail  the  points  of  the  ellipsis  will  be  the  summits  of 
as  many  triangles  on  the  given  base  F  Gf,  F  gfj 
(fig.  55  pi.  7%  and  the  sum  of  their  sides  will  be  the 
same;  consequently  they  will  all  have  the  same  peri- 
meter, and  the  greatest  triangle  will  be  that  which 
has  its  two  sides  equal  ;  for  it  is  that  which  has  the 
summit  at  the  most  elevated  part  of  the  ellipsis. 

THEOREM  VI. 

Of  all  the  isoperimetricjiguresy  orfgures  having  tlye  same 
perimeter^  and  a  determinate  number  of  sides j  the 
greatest  is  that  which  has  all  it  sides  and  all  its 
angles  equal. 

We  shall  first  demonstrate  this  theorem  in  regard 
to  triangles.  Let  A  C  B  (fig.  57  pi.  7)  then  be  a 
triangle  on  the  base  A  B,  the  sides  of  which  A  C 
and  C  B  are  unequal.  We  have  already  shewn, 
that  if  there  be  constructed  a  triangle  A  F  B,  the 
equal  sides  of  which  A  F  and  F  B  are  together 
equal  to  A  C  and  C  B,  the  triangle  A  F  B  will  be 
greater  than  A  C  B. 

For  the  same  reason,  if  there  be  constructed,  on 
A  F  as  a  base,  the  triangle  A  6  F,  the  sides  of 
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which  A  b  and  b  f  are  equal  to  each  other,  {]ihd 
together  equal  to  A  B  and  B  F,  the  triangle  A  bV 
will  be  greater  than  A  F  B.  In  like  manner,  if  we 
suppose  F  a  and  a  b  equal,  and  their  sum  equal  to 
F  A  and  A  B,  the  latter  triangle  ¥  a  b  will  be  still 
greater  than  A  F  B,  which  has  the  same  perimeter, 
&c.  But  it  may  be  readily  seen  by  this  operation, 
that  the  three  sides  of  the  tnangle  always  approxi-^ 
mate  towards  equality,  and  that,  by  conceiving  it 
continued  ad  infinitum,  the  triangle  would  at  length 
become  equilateral,  and  consequently  the  equilateral 
'  triangle  will  be  the  greatest  or  all, 

For  example,  if  the  three  sides  of  the  first  triangle 
be  12,  13,  5,  the  sides  of  the  second  will  (>e  12,  9, 
9  J  those  of  thé  third  9,  io|,  lof  ;  those  of  the 
fourth  io|,  9J,  g^i  those  ot  the  fifth  94,  lof, 
104.*,  those  of  the  sixth  io|,  944»  944)  those  ot 
the  seventh  944,  10^,  lo^^.;  and  sb  on;  by 
which  it  is  seen  that  the  difference  always  de« 
creases  ;  so  that  at  last  the  three  sides  become  10, 
10,  1O9  and  the  triangle  will  then  be  the  greatest 
of  all.  '  ■  '     '. 

If  we  now  take  a  rectilineal  polygon,  siich  as 
A  B  C  D  E  F  (fig.  58  pi.  7),  all  the  sides  of  which 
are  unequal  :  draw  the  linf  s  A  C,  C  £,  and  £  A.  By 
what  has  been  already  shewn  it  ^will  be  seen,  that  if 
'  an  isosceles  tnangle  A  i  C  be  described  on  A  C>  in 
such  a  manner,  that  A  b  suid  b  C  shall  be  together 
equal  to  A  B  md  B  Ct  jthe  polygon^  though  of  the 
same  perimeter,  will  become  ereater  by  the  excess 
of  the  triangle  A  ^  Ç  above  ABC.  If  the  same 
thing  be  done  all  around,  the  surface  of  the  polygon 
will  be  continually  augmented  ;  all  its  sides  and  its 
angles  will  more  and  more  approach  to  equality, 

VOL.  I.  .    .  Y 
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and  consequently  the  greatest  of  all  will  be  that 
which  has  all  its  sides  and  angles  equal. 

We  shall  now  demonstrate,  that,  pf  two  regular 
polygons^  having  the  same  perimeter,  the  greater 
is  that  which  has  the  greatest  number  of  sides. 
For  this  purpose,  let  any  polygon,  an  equilateral 
triangle  ior  example,*  be  circumscribed  round  a 
circle,  and  let  K  F  H I  (fig.  59  pi.  7)  be  an  hexagon 
circumscribed  about  the  same  circle  :  it  is  evident 
that  the  perimeter  of  the  latter  will  be  less  than  that 
of  the  triangle  ;  for  the  parts  F  £,  G  H,  and  I  K, 
are  common,  and  the  side  G  F  is  less  than  F  B  plus 
B  G,  &c  ;  a  hexagon^  concentric  to  the  former, 

'  and  equal  in  perimeter  to  the  triangle,  which  we  here 
suppose  to  be  M  N  O,  will  therefore  be  without  the 
hexagon  KFH;  consequently  the  perpendicular 
C  I  mil  be  greater  than  C  L.     But  as  the  triangle 

'  has  the  tome  perimeter  as  the  hexagon  M  N  O,  their 
areas  will  be  as  the  perpendiculars  CIL,  C  I,  let  fell 
from  the  centre  of  the  circle:;  and  therefore  the 
hexagon,  having  the  same  perimeter  as  the  triangle, 
vrill  be  the  greater. 

What  has  been  demonstrated  in  regard  to  a 
triangle  and  hexagon  of  the  same  perimeter,  is 
evidently  applicable  to  any  other  two  polygons,  one 
of  which  has  a  number  of  ^ides  double  to  that  of 
the'other  ;  consequently,  the  more  sides  a  polygon 
of  a  determinate  perimeter  has,  the  greater  is  its 
area. 

RBMAKKS. 

1st.  This  leads  us  to  a  consequence  much  cele* 
brated  in  geometry,  which  is:  that  of  all  the 
figures,  having  the  same  perimeter,  the  circle  is  of 
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the  greatest  capacity  ;  for  a  circle  is  only  a  polygoû 
of  an  infinite  number  of  sides,  or,  to  use  a  n\o]:e 
geometrical  expression,  is  the  last  of  the  polygoi^s 
resulting  from  their  sides  being  continually,  doubled  : 
consequently  it  is  the  greatest  of  all.         .  , 

2d.  We  shall  here  remark  also,  that  if  upon  any 
determinate  base,  and  with  a  determinate  p^rimet^r» 
there  be  described  several  figures,  the  greatest  wUl 
.  be  that  which  has  the  greatest  number  of  $i4çs,  beside 
the  base,  and  which  approaches  nearest  to  regularity; 
hence  it  follows,  that  if  it  be  required  to  dp^cribe» 
with  a  determinate  length,  on  a  dyen  .base, .  tl^e 
greatest  figure,  that  figure  will  be  the  sçgmcnt  of  .a 
circle,  viz  a  segment  having  that  base  |br  its  cbprd, 
and  for  its  arc  the  given  length. 

All  these  things  may  be  demonstrated  by  a  ixi6« 
chanical  consideration.  For  let  us  suppose  a  vessel^ 
the  sides  of  which  are  flexible,  a:^  that  any  liquor 
is  poured  into  it  ;  the  sides  it  is  certain  will  arrange 
themselves  in  such  a  manner  as  to  contain  the 
greatest  quantity  possible.  On.  the  other  haiid,.  ic^is 
wellJuiown  that  the  vessel  will  assumç  the  cylindric 
form;  that  is  to  say  its  base  and  the  sections  parcel 
to  the  base  will  be  circular  ;  hence  it  follows  that, 
of  all  figures  having  the  same  perimeter,  the  circle 
is  that  which  comprehends  the  ^eatest  area. 

By  means  of  the  above  observations  it  wUl  be 
easy  to  solve  the  following  questions. 

r 

I. 

A  hcu  a  field  500  poUt  in  circumference^  which  is 
jquare  ;  B  bas  one  of  the  s:jme  circismferenee  which  is 
an  oblongs  and  proposes  to  A  an  exchange.    Ought  the 
latter  to  accept  the  offer  f 
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It'  is  easy  to  answer  that  he  ought  not  ;  and  A 
would  sustain  more  loss  by  the  exchange  the  greater 
the  inequality  is  between  the  sides  of  the  field  be- 
longing to.B.  This  inequality  might  even  be  such, 
that  the  latter  field  would  be  only  the  half,  or  the 
fourth^  or  the  tenth  part  of  that  of  A.  For  let  us 
suppose  the  field  of  A  to  be  loo  poles  on  each  side; 

-  and  that  the  field  of  B  is  a  rectangle,  one  side  of 
which  is  190  poles,  and  the  other  10,  by  which 

/  means  it  will  have  the  same  perimeter  as  the  other  ; 
it  will  however  ]>e  found  diat  the  surface  of  the 
latter  will  be  only  1 900  square  poles,  while  that  of 

•  the  former  will  be  icooo.    If  one  side  of  the  field 
.  belonging  to  B  were  i  g^  poles,  and  the  other  5, 

>¥hich  would  still  make  the  perimeter  400  poles  ;  its 
*mrface  would  be  only  975  poles,  which  is  not  even 
a  tenth  part  of  ÛM  or  the  field  belonging  to  A. 

n. 

A  farmer  burrowed  a  sack  of  wheats  measuring  4  feet 
in  length,  and  6  feet  in  circumference  ;  for  which  he 
returned  two  sacks  ^  rf  tJye  same  lengthy  and  each  3 
feet  in  circumference:  did  be  return  the  same  quaniky 

•  of  wheat  ? 

•  He  returned  only  half  the  quantity;  for  two 
equal  circles,*  having  the  same  perimeter,  taken 
together,  as  a  third,  do  not  contain  the  same  area  ; 
the  area  of  both  is  only  the  half  of  the  third,  each 
of  them  being  but  a  fourth  of  it. 
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m. 

A  green-grocer  purchased  fir  a  ceirtiùn  sum^  as  maAy 
heads  of  asparagus^  as  could  be  contained  in  a  string 
a  foot  in  length  ;  being  desirous  to  purchase  double 
that  quantity  J  he  returned  next  day  to  the  market^ 
with  a  string  of  twice  the  lengthy  and.  offered  double 
the  price  of  the  former  quantity^  fir  as  many  as  it 
would^  contain.    Was  bis  offer  reasonable  f  * 

No— -the  man  was  in  an  error  to  imagine-  that  a 
strine  of  twice  the  length  would  contain  only 
doiiDie  the  quantity  of  what  he  purchased  the  pre« 
ceding  day  ;  &r  a  circle  which  has  its  circumference 
double  to  that  of  another,  has  its  diameter  double 
also.  But  the  area  of  a  circle,  the  diameter  of 
which  is  double  to  that  of  another,  is  equal  to  four 
times  the  area  of  the  odier. 

« 

REBIARK. 

It  remains  for  us  to  observe  here,  that  as  the 
circle,  of  all  the  figures  havmg  an  equal  perimeter, 
is  the  greatest  ;  the  sphere  among  the  solids,  jU  that 
which  contains  the  greatest  volume.  Thus»  if  it 
were  required  to  make  a  vessel  of  a  determinate 
capacity,  but  in  siich  a  manner  as  to  save  the 
materisils  as  much  as  possible,  it  ought  to  be  in  the 
form  of  a  sphere.  But  this  will  be  better  illustrated 
by  the  following  problem. 


\ 

«> 
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PttOBLEM   XXXIV. 

A  gentleman  wishes  to  have  a  silver  vessel  of  a 
çylinlslrié  formy  open  at  the  top,  capable  rf  con* 
tainif^  a  cubic  foot  of  liquor  ;  but^  being  desirous 
to  iooc  the  material  as  mudt  as  possible^  requests 
to  know  the  proper  iimensions  of*  the  vessel. 

If  we  appose  that  the  vessel  ought  to  ^  be  a  line 
in  thickness,  for  example,  it  is  evident  that  the 
<|uàntity  of  the  matter  will  be  proportional  to  the 
«lirface.  The  question  then  is:  Of  all  the  cylinders, 
capable  of  containing  a  cubic  foot,  to  determine 
that  which  shall  have  the  least  surface,  exclusive  of 
the  top.  • 

It  will  be  found  that  the  diameter  of  the  base 
àuÀt  to  be  1 6  inches  4  lines;  and  the  height  8 
inches  i-^  Unes,  which  is  the  ratio  of  nearly  s  to  i 
between  the  diameter  and  the  height. 

If  it  were  required  to  have  the  vessel  in  the  form 
of  a  cask,  close  at  both  ends,  the  question  would 
be  :  To  find  a  cylinder  which  shall  have  its  whole 
surface,  comprehending  the  two  bases,  greater  than 
that  of  any  other  of  the  same  capacity.  '  In  this  case 
the  diameter  of  the  base  ought  to  be  13  inches,  and 
the  height  1 2  inches  s^  lines. 

PROQLEM    XXXV. 

On  the  form  in  which  the  bees  construct  their 

combs. 

The  ancients  admired  bees  on  account  of  the 
hexagonal  form  of  their  combs.    They  observed 


i— 
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tliat^  of  all  the  regular  figures  which  can  be  united^ 
tdthout  leaving  any  *  vacuum, .  the  hexagon  2q>4 
proaches  nearest  to.  the  circle,. and  with  the  same 
cacpsidty  has  the  least  perimeter  >  whence  they  in- 
ferred that  this  animal  was  endowed  with  a  sort  of 
instinct,^  which  made  it  choose  this  figure  as  that^ 
which  containing  the  same  quantity  of  honey, 
would  require  the  least  wax  to  construct  the  comb  ; 
for  it  appears  that  bees  do  not  prepare  wax  on  its 
own  account,  but  in  order  to  construct  their  combs 
destined  to  be  the  repositories  of  their  honey,  and 
receptacles  for  their  yotme. 

Tliis  however  is  far  trom  being  the  principal 
wonder  in  regard  to  the  labour  of  bees,  if  we  can 
^ve  the.  name  of  wonder,  to  a  labour  blindly  de* 
Cermined  by  a  peculiar  organization  ;  fiM*  it  may  be 
reinarked,.  m  the  first  place,  that  it  is  not  absolutely 
wonderful  that  small  animals,  all  endowed  with  the 
«ame  activity  and  the  same  force,  pressing  outwards, 
from  within,  small  cells  all  arranged  close  to  each 
oAcTy  and  all  equally  flexible,  should  give  them,  by 
a  sort  of  mechanical  necessky,  a  hexagonal  form. 
If  we  suppose  indieed  a  multitude  of  circks,  or  small 
cylinders,  highly  flexible  and  somewhat  extensible, 
close  to  each  otner,  and  that  forces  acting  internally, 
•and  all  equal,  tend  to  make  their  sides  approadi 
^di  other,-  by  filling  up  the  vacuities  left  between 
'  them,  the  6nt  form  they  will  assume  will  be  the 
hexaffonal^;  lifter  which  all  these  forces  remaining  in 
equihbrium,  iiothing  will  tend  to  change  that  form. 

However,  not  to  deprive  the  bees  of  the  admi- 
ration which  they  have  exdted  in  the  above  respect, 
•we  shall  remark  that  this  is  not  the  manner  in  which 
they  labour.    They  do  not  first  make  circular  cells, 
and  dien  transform  them  into  hexiigons  Irf  extend* 
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{ng  them  in  concert.  The  cells»  ^ehich  terminate 
an  imperfect  comb»  are  composed  of  equal  planes 
inclined  to  each  other,  nearly  in  that  angle  which 
the  hexagonal  form  requires.  But  let  \is  proceed 
to  another  singularity,  still  more  wonderful,  4n 
regard  to  the  labour  of  bees. 

This  singularity  consists  in  the  manner  in  which 
die  \x>ttom  of  their  cells  is  formed.  We  must  not 
mdeed  imagine  that*  they  are  all  uniformly  ter- 
mins^ted  by  a  plane  perpendicular  to  their  axes  ; 
there  is  a  method  of  terminating  them  which  em* 
ploys' less  wax,and  even  the  least  possible,  still  leaving 
to  the  celU  the  same  capacity  ;  and  it  is  this  method 
which  these  insects  adopt,  and  which  they  execute 
wich  great,  precision. 

-  . .  To.  execute  this  disposition,  it  is  necessary,  in  the 
£i3tiplacey.that  the  two  rows  of  cells,  of  which  it  is 
well  known  à  comb  consists,  and  which  stand  back 
to.b^ky  should  not  be  arranged  so  as  to  make  their 
axes  corre^ond,  bût  in  such  a  manner  that  the  axis 
of  thé  one  may  be  in  a  line  with  the  common 
juncture  of  the  three  posterior.  As  is  seen  fig.  60 
pi.'  7^  where  the  hexagon  described  with  black  lines 
coxrci^pDrids  with  the  three  formed  of  dotted  lines, 
.  which  -  represent  the  plane  of  the  posterior  cells; 
and  it  is  thus  that  the  cells  of  bees  are  arranged,  to 
suit  the  disposition  of  their  common  bottoms. 

In  the  second  place,  to  give  an  idea  of  this  ài&m 
position,  let  us  suppose  an  hexagonal  prism,  the 
upper  :base  of  which  is  the  hexagon  A  B  C  D  E  F 
(fig.  61  pi.  8\  with, a  triangle  AE  C  inscribed  in 
it..  Let  the  axis  F  O  be  continued  to  S,  and  through 
the  point  S  and  the  side  A  C  let  a.planç  pass,  which 
shall  cut .  oflF  from  the  prism  the  angle  B,  so  as  tp 
form  a  rhomboidal  face  A  S  C  T  j  such  is  one  of 
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the  bottoms  of  the  cell  of  a  comb  :  if  two  other 
ttmilar  planes  be  made  to  pass  through  S 'and  the 
aides  A  £  and  £  C,  they  vill  form  the  other  two  ; 
80  diat  the  bottom  is  terminated  by  a  triangular 
pyramid.' 

It  may  be  readily  seen,  that  wherever  the  point 
S  may  be  situated,  as  the  pyramid  A  C  O  S  is 
always  equal  to  A  C  3  T,  and  as  the  case  is  the 
same  with  rest,  the  capacity  of  the  cell  will  not 
vary,  whatever  be  the  inclination  of  that  part  of  the 
bottom  turned  towards  A  C.  But  the  case  is 
di£Ferent  with  the  surface  where  there  is  such  an 
inclination,  that  the  whole  surface  of  the  prism  and 
of  its  bottom  will  be  less  than  with  any  other  in- 
clination. It  has  been  found,  by  the  researches  of 
geometricians,  that,  for  this  purpose,  the  angle 
lormed  by  the  bottom  with  the  axis  ought  to  be 
54^  44';  from  which  there  results  the  smsdlèr  angle 
of  the  rhombus  A  T  C  or  A  S  C,  equal  to  70"*  3  a', 
and  the  other  S  A  T  or  S  C  T  of  109^  28'. 

But  this  is  exactly  the  inclination  of  the  sides  of 
the  parallelogram,  formed  by  €;ach  of  the  three 
inclined  planes  of  the  bottom  of  the  cells  of  .a 
comb,  as  appears  by  the  measurement  of  a  great 
many  of  these  cells.  Hence  there  is  reason  to  con- 
clude, that  bees  construct  the  bottom  of  their  celU 
in  the  most  advantageous  form,  so  as  to  have  the 
least  surface  possible,  and  in  such  a  manner  indeed, 
as  can  be  determined  only  by  the  modern  geometry*. 

*  The  Abbé  Dclitle  tajs  impro|>erIy,  in  the  notei  to  the  fourth 
book  of  hit  TraofcUtion  of  the  Gcocg-cs,  that  Rraumcr  having  pnv* 
poctiJ  thii  prohktai  to  K-œntg,  the  Utter,  fifter  a  great  many  calçlat  Ofts^ 
at  length  found  the  an^e  of  the  inclination  of  the  planes  which  form 
the  bottom  of  these  cells.  Nothing  however  is  easier  than  t^ie  lolutinn 
of  this  problem  bv  means  of  fluxions  t  two  lines  of  calculation  are 
fufl^cientp  and  a  soiutioa  may  even  be  given  without  that  assistance. 
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Who  can  have  given  to  these  insects,  so  contempti^ 
ble,  not  in  the  eyes  of  the  philosopner,  who  never 
demises  the  least  of  the  works  of  the  Deity,  but  in 
the  eyes  of  thé  vulgar,  that  wonderful  instinct,  which 
dh-ects  them  to*  perform  so  perfect  a  work,  but  the 
supreme  Geometrician^  of  whom  Plato  said,  what  is 
verified  more  and  more  as  we  become  acquainted 
with  the  works  of  nature,  that  he  does  every  tlung 
numéro^  pondère  et  mensura. 

PROBLEM   XXXVT. 

What  is  the  greatest  polygon  that  can  be  formed  of 

given  lines  f 

It  may  be  demonstrated  that  the  greatest  polygon 
that  can  be  formed  with  given  lines,  is  that  about 
^rixich  a  circle  can  be  circumscribed. 

But  it  may  be  still  asked,  whether  there  be  any 
particular  order,  in  regard  to  the  sides,  capable  of 
giving  a  greater  polygon  than  any  other  arrange- 
ment. We  cian  answer,  that  there  is  not  ;  and  that 
whatever  be  the  arrangement,  if  the  polygon  can  be 
inscribed  in  a  circle,  it  will  be  always  the  same  ;  for 
It  may  be  easily  demonstrated,  that  .whatever  be 
this  order,  the  size  of  the  circle  will  not  vary  ;  the 
polygon  will  always  be  composed  of  the  same  tri- 
angles, having  their  summits  at  its  centre  :  the  only 
difference  wSfl  be,  that  they  will  be  differently 
arranged»' 
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PROBLEM    XXXVn* 


What  U  the  targest  triangle  that  can  be  inscribed 
in  a  circle;  and  what  is  the  least  that  can  be 
circumscribed  aboiit  it  ? 

The  triangle  required  in  both  these  cases  is  the 
equilateral 

The  case  is  thé  same  with  the  other  polygons. 
The  greatest  quadrilateral  figure  that  can  be  in- 
8cribed  in  the  circle,  is  the  square  ;  this  figure  also 
is  the  least  of  all  those  that  can  be  drcumscribed 
about  a  circle. 

The  regular  pentagon  is  likewise  the  greatest  of 
all  the  five-sided  figures  that  can  be  inscribed  in  the 
circle  ;  and  the  same  figure  is  the  least  of  all  the 
pentagons  that  can  be  circumscribed  about  the  circle. 
And  90  on. 

PROBLEM    XXKVIIL 

m 

A  B  (fig.  62  pi.  8)  f>  the  Une  of  separation  between 
two  plains;  one  of  which  ACIB  consists  of  soft 
sand,  in  which  a  vigourous  horse-  can  scarcely 
adoance  at  the  rate  of  a  league  per  hour  ;  the  other 
A  B  P  Kfs  covered  with  fine  turf^  where  the 
same  horse,  without  much  jatigue,  can  proceed 
at  the  rate  of  a  league  in  half  an  hour  ;  the  two 
places  C  anaD  are  given  in  position,  that  is  to 
say  the  distance  C  A  and  D  B  of  each  from  the 
line  of  boundary  A  B,  as  well  as  the  position  and 
length  of  A  B,  dre  known  ;  naio  if  a  traveller 
has  to  go  from  D  to  C,  what  route  tnust  he 
pursue^  so  as  to  employ  the  least  time  possible  on 
lus  journey  f 
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Most  people,  jtidgine  of  this  question  according 
to  common  ideas,  would  imagine  that  the  route  to 
be  pursued  by  the  traveller,  ought  to  be  the  stmight 
line.  In  this  however  they  would  be  deceived,  as 
may  be  eaisily  shewn  ;  for  it  the  straight  line  C  £  D 
be  drawn,  it  may  be  readily  conceived  that  it  will  be 
gaining  an  advantage  to  perfoim,  in  the  first  plain, 
where  it  is  difficult  to  travel,  the  part  of  the  journey. 
C  F,  which  is  somewhat  shorter  than  C  £  i  and  to 
perform  in  the  second,  where  it  is  much  easier  to 
travel,  the  part  F  D,  longer  than  D  E,  that  ia 
to  say  than  the  space  which  would  be  passed  over 
by  going  directly  from  C  to  D  ;  so  that  less  time 
would  really  be  employed  to  go  from  C  to  D,  by 
C  F  and  F  D,  than  by  C  E  and  E  D,  though  the 
road  by  the  latter  is  shorter. 

This  indeed  may  be  demonstrated  by  calculation. 
For,  if  H  G  be  drawn  perpendicular  to  A  B,  through 
the  point  F,  it  will  be  found  that  one  can  go  from 
C  to  D,  in  the  llsast  time  possible,  when  the  sines  of 
the  angles  CFG  and  D  F  H,  are  to  each  other 
respectively  in  the  inverse  ratio  of  the  velocity  with 
which  the  traveller  can  pass  over  the  planes  A  CI  B 
and  A  B  D  K,  that  is  to  say,  in  the  present  case,  as 
I  to  2  ;  and  therefore  the  sine  of  the  angle  C  F  G, 
ought  to  be  half  only  of  that  of  the  angle  D  F  H, 
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On  a  given  base  io  desa^ihe  an  infinite  number  of 
trianglesy  in  such  a  manner^  that  ike  sum  of  the 
squares  of  the  sides  shall  be  constantly  the  aaiw^ 
and  equal  to  a  given  square. 
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Let  A  B  (fig.  63  and  ,64  pi.  8)  be  tKe  given 
base,  which  must  be  divided  into  two  equal  .parts  in 
C  ;  then  from  the  points  A  and  B,  with  a  radius 
equal  to  half  the  diagonjd  of  the  given  square, 
describe  an  isosceles  triangle,  of'  which  F  is  the 
vertex  ;  draw  C  F,  and  from  the  point  C,  with  the 
radius  C  F,  describe  a  semicircle  on^  B,  produced 
if  necessary  :  all  the  triangles  having  A  B  for  their 
base,  and  whose  vertices  are  at  F,  /,  ^,  in  the  cir- 
cumference of  the  circle,  will  be  of  such  a  nature, 
that  the  sum  of  the  squares  of  their  sides  will  be 
equal  to  the  square  given. 

REMARK^ 

.  Every  one  knows  that  when  the  sum  of  the 
squares  ef  the  sides  is  equal  to  the  square  of  the 
base,  the  triangle  is  right  angled,  and  has  its  vertex 
in  the  circumference  of  the  circle  described  on  that 
base.  Here  it  is  seen>  that  if  the  sum  of  the  squares 
of  the  sides  is  greater  or  less  than  the  square  of  the 
base,  the  vertices  of  the  triangles,  which  in  this  first 
case  are  acute-angled,  and  m  the  second  obtuse- 
angled,  are  always  in  a  semicircle  also,  having  the 
same  centre,  but  on  a  diameter  greater  or  less  than 
the  base  of  the  triangle  ;  which  is  a  very  ingenious 
generalization  of  the  well  known  property  pf  the 
right  angled  triangle. 

m 

PROBIfEM    XI.. 

On  a  ^iven  base^  to  describe  Ofi  injinite  7iufnber  of 
triangleSj  in  such  a  mannerj  that  the  ratio  of 
the  trco  sides,  on  that  base^  shall  be  constantly 
the  same. 
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Divide  the  given  base  ÀB  (fig.  ^5  pi.  8).  in 
such  a  maimer  m  D^  that  À  D  may  be  to  D  B,  in 
the  given  ratio,  "which  we  bhali  here  suppose  to  be 
as  2  to  I.  Then  say,  as  the  di£Ference  between  AD 
and  D  B  is  to  DB,  so  is  A  B  to  B  £  ;  and  if  A  D 
exceeds  D B,  BE  must  be  taken  in  the  direction 
A  B  £  ;  then  divide  D  £  into  t^o  equal  parts  in  C, 
and  from  C  as  à  ceAtre,  with  the  radius  C  D  or  C  £, 
describe  a  semicircle  on  the  diameter  DE:  all  the 
triangles^  as  A  F  B,  A/B,  A  ^  B,  &c,  having  the 
same  base  A  B,  and  their  vertices  F,/,  ^,  in  the  cir- 
cumference of  this  semicircle,  will  be  of  suchanature, 
that  their  sides  A  F,  F  B  ;  A /;  /B  ;  A  f>,  ^  B, 
will  be  in  the  same  ratio,  viz,  that  of  A  D  to  D  B, 
or  of  A  E  to  £  B,  which  is  the  same  thing. 

But  the  centre  C  will  be  found  much  easier  by 
the  following  construction:  on  AD  describe  ^e 
equilateral  triangle  A  G  D,  and  on  D  B  the  equi« 
lateral  triangle  D  H  B  ;  through  their  summits, 
G  and  H,  draw  a  straight  line,  which  being  con- 
tinued will  cut  the  continuation  of  A  B  in  the  point 
C,  and  this  point  will  be  the  centre  required. 

THEOREM   VII. 

In  a  circle^  if  two  chords j  as  AB  and  CD  (fig.  66 
pi.  8),  intersect  each  other  at  right  angles  ;  the 
sum  of  the  squares  of  their  segments  y  C  Ey  A  Ej 
E  Z),  and  E  J?,  will  always  be  equal  to  the 
square  oj  the  diameter. 

The  demonstration  of  this  curious  and  elegant 
theorem,  is  exceedingly  easy  jfor  it  may  be  readily 
seen,  if  the  lines  B  D  and  A  C  be  drawn,  that  their 
two  squares  are  together  equal  to  the  squares-  of  the 
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four  segments  in  question.  Moreover,  by  making 
the  arc  F  C  equal  to  A  D,  we  shall  have  the  arc 
F  D  equal  to  Â  C,  and  consequently  the  angle 
F  D  C  equal  to  A  C  £,  which  is  itself  equal  to 
A  B  D  ;  the  angle  F  D  B  therefore  will  be  a  right; 
angle,  since  it  is  equal  to^  £  D  B  and  D  B  £,  which 
together  make  a  right  angle;  hence  the  squares 
of  F  D  and  D  B  are  equal  to  the  square  of  the 
hypoth^snuse  F  B,  which  is  the  diameter. 

It  must  here  be  remarked,  that  the  result  would 
be  thé  same,  if  we  suppose  the  point  e^  where  the 
chords  meet,  to  be  without  the  circle  ;  in  that  case 
the  four  squares»  viz  those  of  e  a^  e  by  e  c  and  e  d 
would  still  be  together  equal  to  the  square  of  the 
diameter. 

REMARK. 

^ .    Circles  being  to  each  other  as  the  squares  of  their  - 

\  diameters  j  it  is  evident  that  if  on  £  A,  E  B,  E  C, 

^  anà  ED, as  diameters,  four  circles.be  described, these 

cirdçs  will  be  together  equal  to  the  circle  A  C  B  D. 

And  they  will  also  be  proportional  ;  for  we  know 

that  BËisto.E  Cas  EDistoEA.    But  if  four 

magnitudes  ar^  proportional,  their  squares  are  so 

.  ako.    Moreover,  it  is  evident  that  whatever  be  the 

•  pcfcition  of  these  two  chords,  their  sum  will  always 

oe  equal,  at  the  most,  to  two  diameters  if  they  both 

pass,  through  the  centre,  or  at  least  to  one,  if  one 

of  them  passes  through  the  centre,  and  the  other 

almost  at  the  distance  of  a  radius.    By  means  of 

•^  this  theorem  therefore^  it  will  be  easy  to  solve  the 

fpllowing  problenu 
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PROBLEM    XLI. 


To  find  four  proportional  circles^  which    taken 
/  .    together  shall  oe  equal  to  a  given  circle,  and 

which  àhall  be  of'  such  a  nature,  that  the  sum  of 
their  diameters  shall  be  equal  to  a  give?i  lifie^^ 

^  It  is  evîdent,  for  the  above  reasons,  that  the 
'  given  line  must  be  less  than  twice  the  diameter  of 
'  the  given  circle,  and  greater  than  once  that  di- 
ameter ;  or,  which  is  the  same  thing,  that  the  half 
of  this  line  must  be  less  than  the  •  diameter  of  the 
given  circle,  and  greater  than  its  radius. 

This  being  premised  ;  let  the  given  line,  or  the 

sum  of  the  diameters  of  the  required  circles,  be 

a  b  (fig.  67  pi.  8  J,  the  half  of  which  is  a  c  ;  let 

A  D  B  £  be  the  given  circle,  the  two  diameters  of 

/^  ,  which  are  A  B  and  D  £,  perpendicular  to  each  other. 

On  thé  radii  C  A  and  C  £  continued,  make  the  lines 
C  F  and  C  G  equal  to  a  r,  and  draw  F  G,  which  will 
necessarily  intersect  C  H,  the  square  of  the  radius 
of  the  circle.  In  the  part  I K  of  that  line  compre- 
hended within  the  square,  assume  any  point  L, 
from  which  draw  the  lines  L  M  ^,  and  L  N  r,  the 
one  parallel  and  the  other  perpendicular  to  the  di- 
ameter A  B  ;  through  the  points  M  and  N,  where 
they  intersect  the  circumference  of  the  circle,  draw 
M  R  and  N  Qj  the  one  parallel  and  the  other  perpen- 
dicular to  A  B  :  the  chords  N  S  and  M  T  will  be 
the  two  chords  required. 

For  it  is  evident  that  N  (^and  M  R  are  equal  to 
1,  <7,  and  L  r,  which  are  together  equal  to  C  G  or 
C  F,  or  to  the  half  of  a  b  ;  the  whole  chords  then 
are  together  equal  to  ab\  consequently,  by  the 
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pteced^  theorem,  they  solve  the  problem,  aod 
the  four  circles  described  on  the  diameters  N  O, 
0  M^  OS,  and  Q  T,  will  be  equal  to  the  circle 
A  D  B  £. 

The  line  P  O  may  happen  only  to  touch  thd 
circle  ;  in  which  case  any  pointy  except  the  point  of 
contact,  \nll  equally  solve  the  problem. 

But  if  F  G  intersect  the  circle,  as  seen  ffig.  68)^ 
the  point  L  must  be  assumed  in  that  part  of  tne  line 
IK,  which  is  without  the  circle,  as  seen  in  the  same 
figure. 

'  This  solution  is  much  better  than  that  given  by 
M.  Ozanam  $  for  he  tells  us  to  take  on  a  c  (^fig.  6j) 
a  pordon  less  than  the  radius,  and  to  set  it  off  from 
C  to  y }  then  to  draw  the  lines  ç  M  and  M  R,  and 
to  set  oflF  the  remainder  of  a  c  froni  C  to  r  ;  but  it 
is  necessary  that  the  point  r  should  fall  beyond  R^ 
otherwise  the  two  semi  chords  would  not  intersect 
each  other.  In  the  last  place,  according  to  the 
magnitude  oî  a  Cy  in  regard  to  the  radius,  there  is 
a  certain  magnitude  which  must  not  be  exceeded, 
and  which  M.  Ozanam  does  not  determine:  this 
therefore  renders  the  solution  defective. 

PROBLEM    ZLIX< 

Of  the  Trisection  and  Multisection  of  an  Angle. 

This  problem  is  celebrated  on  accoimt  of  the 
fruitless  attempts  made,  from  time  to  time,  to  re- 
solve it  geometrically,  by  the  help  of  a  rule  and 
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trompasses/  and  of  the  paralogisms  and  fklse  colV* 
sinictions  given  by  pretended  geometricians.  But 
it  is  now  demonstrated,  that  the  solution  of  it  de- 
pends  on  a  geometry  superior  tp  the  elementary, 
and  that  it  cannot  be  effected  by  any  construction 
in  which  a  rule  and  coiifipasses  only,  or  the  circle 
and  straight  line,  are  employed,  except  in  a -very  few 
cases  ;  such  as  those  where,  the  arc  which  measures 
the  proposed  angle  is  a  whole  circle,  or  a  half,  a 
fourth^  or  a  fifth  part  of  one.  None  therefore  but 
peoj>le  ignorant  of  the  mathematics  attempt  at 
present  to  solve  this  problem  by  the  common 
geometry. 

But  though  it  cannot  be  solved  by  the  rule  and 
compasses  alone,  without  repeated  trials,  there  are 
some  mechanical  constructions  or  methods,  which, 
ton  account  of  their  simplicity,  deserve  to  be 
known.     They  are  as  follow  : 

,  Let  it  be  proposed,  for  example,  to  divide  the 
artgle  ABC  (fig.  69  pi.  8)  into  three  equal  parts. 
From  the  point  A  let  fall,  on  the  other  side  of  the 
angle,  the  perpendicular  A  C,  and  through  the 
same  point  A  draw  the  indefinite  straight  line.  A  E 
parallel  to  B  C  ;  if  from  the  point  B  you  tlien  draw 
to- A  E  a  line  B  F,  in  such  a  manner,  that  the  part 
F  E,  intercepted  between  the  lines  A  C  and  A  E, 
shall  be  equal  to  twice  the  line  A  B,  which  may  be 
done  very  easily  by  repeated  trial,  you  will  have  the 
angle  F  B  C  equal  to  the  third  part  of  A  B  C. 

If  F  £  indeed  be  divided  into  two  equal  parts  in 
D,  and  if  A  D  be  drawn  ;  as  the  triangle  F  A  E  is 
fight-angled,  D  will  be  the  centre  of  the  circle 
jiassing  through  the  points  F,  A,  E  ;  consequently 
I)  A  5  D  1'.,  and  D  F  will  be  equal  to  each  other, 
and  to  the  line  A  B  j  the  triangle  A  D  £  dien  wilt 
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ht  hosttlé^y  aiid  the  angles  D  A  £  and  D  £  A  will 
be  equal  ;  the  external  angle  A  D  F,  which  is  equal 
to  the  two  interior  ones  D  A  £  and  D  £  A^  will 
therefore  be  the  double  of  each  of  them.  But  as 
the  triangle  B  A  D  is  isosceles,  the  angle  A  B  D  is 
equal  to  A  D  B,  and  the  angle  A  £  D,  or  its  equal 
F  B  C9  is  half  of  the  angle  A  B  D  ;  consequently 
the  angle  A  B  C  is  divided  by  B  £,  in  such  a 
manner,  that  the  angle  £  B  C  is  the  third  part  of  it. 

Another  method.  Let  the  given  angle  be  A  C  B 
(fig.  70  pi.  9)  :  from  the  vertex  of  it  as  a  centre, 
describe  a  circle,  and  continue  the  radius  B  C  in« 
definitely  to  £  j  then  draw  the  line  A  £  in  such  a 
manner,  that  the  part  D  E,  intercepted  between 
B  £  and  the  circumference  of  the  circle,  shall  be 
equal  to  the  radius  B  C  ;  if  C  H  be  then  drawn 
through  the  centre  C,  parallel  to  A£,  the  anjjle 
BCH  will  be  the  third  part  of  the  given  angle 
ACB.     . 

If  the  radius  C  D  be  drawn,  it  may  be  readily 
seen  that  the  angle  H  C  A  is  equal,  on  account  of 
the  parallel  lines, .to  C  A D  or  C  D  A.  But  the 
latter  is  equal  to  the  angles  D  C  £  and  D  E  C,  or  to 
the  double  of  one  of  them  ;  since  C  D  and  D  £  are 
equal  by  construction  ;  and  as  the  angle  H  C  B  is 
equal  to  D  C  E  or  D  £  C^  the  angle  A  C  H  is  the 
double  of  H  C  B,  and  consequently  A  C  B  is  the 
triple  of  H  C  B. 

PR0BI»£M  XLIII. 

The  Duplication  of  the  Cube. 

To  double  a  rectilineal  surface,  or  any  curve 
whatever,   as  the  circle,  squa]:e,  triangle,  &Cy  is 


easy  ;  that  is  to  sa)v  one  of  these  figures  being 
given,  it  is  easy  to  construct  a  similar  one,  which 
shall  be  the  double  or  any  multiple  of  it  whatever^ 
or  which  shall  be  in  any  given  ratio  to  it  at  pleasure  ; 
nothing  is  necessary  for  this  purpose,  but  to  fmd 
the  mean  geometrical  proportional  between  one  of 
the  sides  of  the  given  figure,  and  the  line  which  id 
to  that  side  in  the  giveh  ratio  ;  this  mean  will  be 
die  side  homologous  to  that  of  the  given  figure* 
Thus,  to  describe  a  circle  double  of  another,  a 
mean  proportional  must  be  found  between  the  di« 
ameter  or  the  former  and  the  double  of  that  di- 
ameter; this  proportional  will  be  the  diameter  of 
the  double  circle,  &c.  The  case  is  the  s>ame  with 
every  other  ratio. 

All  this  belongs  to  the  elements  of  geometry. 
But  to  construct  a  double  solid  figuie,  or  a  figure 
in  a  given  ratio  to  another  similar  figure,  is  a  much 
more  difficult  problem,  which  cannot  be  solved  .by 
means  of  the  circle  and  straight  line,  or  of  the  rule 
and  compasses,  unless  a  method  of  repeated  trial, 
which  geometry  rejects,  be  employed.  This  at 
present  is  clearly  demonstrated  ;  but  the  demonstra- 
tion is  not  susceptible  of  being  comprehended  by 
every  one. 

Respecting  the  origin  of  this  problem,  a  very 
curious  circumstance  is  related.  During  the  plague 
at  Athens,  which  inauc  a  dreadful  havoc  in  that  city, 
some  persons  bchig  sent  to  Delphos  to  consult 
Apollo,  the  deity  promised  to  put  an  end  to  the  de- 
structive scc^urgc,  when  an  altar,  double  to  that 
which  had  been  erected  to  him,  should  be  constructed. 
The  artists  who  were  immediately  dispatched  to 
double  the  altar,  thought  they  had  nothing  to  do,  in 
•rdcr  to  comply  with  the  demand  of  the  oracle,  but 
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to  double  its  dimensions.  By  these  means  it  was 
made  octuple*;  but  the  god,  being  a  better  geome- 
trician^  wanted  it  only  double.  As  the  plague  still 
continued,  the  Athenians  dispatched  new  deputies,' 
who  received  for  answer,  that  the  altar  was  more 
than  double.  It  was  then  thought  proper  to  have 
recourse  to  the  geometricians,  who.  endeavoured  to 
find  out  a  solution  of  the  problem.  There  is  reasoa 
to  think  that  the  god  was  satisfied  with  an  approxi- 
mation, or  mechanical  solution  ;  had  he  required 
more,  the  situation  of  the  people  of  Athens  would 
have  deserved  pity  indeed. 

Tfhete  was  no  necessity  for  introducing  a  deity 
into  this  business.  What  is  morç  natural  to  geome* 
tricianls  than  to  try  to  double  a  solid,  and  the  cybe 
in  particular,  after  having  found  the  method  of 
doubling  the  square  and  other  surfaces  ?  This  is 
the  progress  of  thé  human  mind  in  geometry. 

Geomet:icians  soon  observed  that,  as  the  duplica^ 
tion  of  any  surface-  consists  in  finding  a  geometrical 
mean  between  two  lines,  one  of  which  is  the  double 
of  the  other,  the  duplication  of  the  cube,  or  of  any 
solid  whatever,  consists  in  finding  the  first  of  two 
continued  mean  proportionals  between  the  same 
lines.  We  are  indebted  for  this  remark  to  Hippo- 
crates of  Chios,  who  from  being  a  wine  merchant, 
ruined  by  shipwreck  or  the  officers  of  the  excise  at 
Athens,  became  a  geometrician.  Since  that  time, 
all  the  efforts  of  geometricians  have  been  confined 
merely  to  the  finding  of  two  continued  geometrical 
mean  proportionals  between  two  given  lines,  and 
these  two  problems,  viz,-  that  of  the  duplication  of 
the  cube,  or,  more  generally,  of  the  construction  of 
a  cube  iu  a  gf^n  ratio  to  another,  and  that  of  the 
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two  continued  mean  proportionals,  have  become 
$ynonimous. 

The  different  piethods  of  solving  this  problem, 
some  of  which  require  repeated  trial,  and  some  no 
other  instruments  than  a  rule  and  compasses,  are  as 
follow  : 

I  St.  Let  the  two  lines  »  between  which  it  is  r&t 
quired  to  find  two  mean  proportionals,  be  A  B  and 
A  C  (fig.  7 1  pi.  9).  Form  of  them  the  rectangle 
B  A  C  P,  and  continue  the  sides  A  B  and  A  C  m«f 
'definitely  ;  draw  the  two  diagonals  of  the  rectangle 
intersçcting  each  other  in  E  ;  and  we  shall  then  have 
the  soludon  of  the  problem,  if  the  line  FDG, 
terminated  by  the  sides  of  the  right  angle  F  A  G,  be 
drawn  through  the  point  P»  in  such  a  manner,  that 
the  points  G  and  F  shall  be  equally  distant  from  the 
point  £  ;  for  in  that  case  the  lines  A  B,  C  G,  B  F, 
and  A  C,  will  be  in  continued  proportion. 

Or,  with  £  as  a  centre,  describe  an  arc  of  a  circle 
as  F I  G,  in  such  a  manner,  that  by  drawing  the  line 
F  G,  it  shall  pass  through  the  point  P  :  we  shall 
then  have  ^  solution  of  the  problem, 

Another  method  is  as  follows:  Circumscribe  a  circle 
about  the  rectangle  B  A  C  D;  then  through  the  point 
D  draw  the  lint  F  G,  in  such  a  manner,  that  the 
segments  F  D  and  G  î^  shall  be  equal  :  the  lines 
C  G  and  B  F  will  be  continued  mean  proportionals 
between  AB  and  A  C. 

id.  Form  a  right  angle  of  the  two  given  lines 
A  B  and  B  C  Cfig.  72  pi.  9};  and  having  continued 
B  C  and  A  B  indefinitely,  from  the  point  B,  as  a 
centie,  describe  the  semicircle  DE  A;  draw  also 
the  line  A  C,  and  in  the  continuation  of  it  find  a 
point  G  of  such  a  nature,  that  by  drawing  the  line 
jp  G  H  I,  the  segments  G  H  and  H  I,  shall  be  equal 


to  each  other  :  the  line  B  H  will  be  the  first  of  the 
two  means. 

3!d.  Let  CA  (fig.  73  pi.  9)  be  the  first  of  the 
given  lines  :  from  the  point  C,  with  the  radius  C  B, 
equal  to  the  half  of  C  A,  describe  a  circle,  and  in 
this  circle  make  the  chord  B  D  equal  to  the  second 
of  the  given  liaes,  which  must  be  continued  in- 
definitely  ;  draw  the  indefinite  line  A  D  E,  and  from  . 
the  point  C  draw  the  Ime  C  E  F,  in  such  a  manner, 
that  the  part  EF,  intercepted  within  the  angle 
EDF,  shall  be  equal  to  CB;  the  line  DF  will 
then  be  the  first  of  the  required  mean  proportionals, 
^d  C  E  will  be  the  second.     This  construction  is' 

that  of  sir  Isaac  Newton. 

> 

PROBLEM    XLIV» 

An  angle^  which  is  not  an  exact  portion  of  the  circum» 
ference^  being  given,  to  fin4  its  value  içith  grçat 
accuracy  by  means  of  a  pair  of  compasses  only. 

From  the  vertex  of  the  given  angle,  with  as  great 
^  radiujs  as  possible,  describe  a  circle^  and  mark  its 
principal  points  of  division,  as  the'half,  third,  fourth, 
lifth,  sij{:th,  leîghth,  twelfth,  and  fifteenth  parts  of 
the  circumference  ;  then  by  means  of  the  compasèes 
take  the  chord  of  the  gîven  arc,  and  set  it  off  along 
the  circumference,  from  a  determinate  point,  going 
round  it  once,  twice,  thrice,  &c  ;  and  counting  the 
jiumber  of  times  that  the  chord  is  applied  to  the  cir- 
cumference, until  you  fall  exactly  on  one  of  thô 
points  of  division,  which  cannot  fail  to  be  the  case 
after  a  certain  nuniber  of  revolutions,  unless  the 
given  arc  be  incommensurable  to  the  circumference  ; 
fhei)  examine  what  th^î  point  of  division  is,  qx  how 
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many  and  what  aliquot  parts  of  the  circumference  it 
i$  distant  from  the  iirst  point  ;  add  the  number  of 
degrees  which  it  gives  to  the  product  of  360  degrees 
multiplied  by  the  complete  number  of  turns  made 
with  the  compasses,  and  divide  the  sum  by  the 
number  of  times  that  the  compasses  were  applied  to 
the  circumference  :  the  quotient  will  be  the  number 
of  degrees,  minutes  and  seconds  required. 

Let  us  suppose  for  example,  that  the  compasses, 
with  an  opening  equal  to  the  chord  of  the  given  arc» 
have  been  appliea  to  the  circumference  se^'enteeq" 
times,  and  that  after  four  complete  revolutions  they 
have  coincided  exactly  on  the  second  division  of  the 
circle  divided  into  five  equal  parts.  The  fifdi  part 
of  che  circumference  is  72  ,  and  two  fifths  arc  144^  ; 
if  144  then  be  added  to  the  product  of  360^  by  4, 
which  is  the  number  of  the  complete  revolutions, 
and  if  the  sum  1^84^  be  divided  by  1 7,  the  quotient 
93°  10'  35^^^  win  be  the  value  of  the  required  arc. 

PROBLEM    XLV. 

A  straight  line  being  given  ;  to  find^  by  an  easy 
operation^  and  without  a  scale ^  to  a  thousandth^  ten 
thousandth^  hundred  thousandth ^  l5fc  part^  nearly ^  its 
proportion  to  another. 

Let  the  first  or  least  of  these  lines  be  Called,  A, 
and  second  B. 

Take  with  a  pair  of  compasses  the  extent  of  the 
line  A,  and  set  it  off  as  many  times  as  possible  on 
B  :  we  shall  here  suppose  that  A  is  contained  in  the 
latter  3  times,  with  a  remainder. 

Take  this  remainder  in  the  compasses,  and  set  it 

pff,  in  like  manner,  on  the  line  B,  as  ofcea  as 
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possible  :  we  shall  suppose  that  it  is  contained  In  it 
7  times,  with  a  remainder. 

Take  the  second  remainder,  and  perform  the 
same  operation  on  the  line  B,  in  which  we  shall 
suppose  it  to  be  contained  13  times,  with  a  re» 
mainder  ;  and,  in  the  last  place,  let  us  suppose  that 
this,  third  remainder  is  contained  in  B  exactly  24 
times. 

Then  form  the  following  series  of  fractions  ;  ^ 
tV»  tt'tt»  tttt-tt,  ^a  reduce  them  to  dedmal 
fractions,  which  will  be  o*;^23333*  0'0476i9, 
O'o03663,  0*000152.  The  given  line  is  in  decimals 
equal  to  the  first  of  these  fractions,  minus  the 
second,  plus  the  third,  minus  the  fourth,  whic& 
gives  0*289225,  without  the  error  of  one  of  these 
pans  entirely,  that  is  to  say  of  a  millionth  part. 

It  may  be  easily  seen  that  no  scale,  however  small 
the  divisions,  could,  give  so  approximate  a  ratio j 
and  even  if  we  sppose  such  a  scale  to  exist,  there 
would  still  remain  an  uncertainty  in  regard  to  the 
division  on  which  the  extremity  of  the  given  line 
would  fall;  whereas,  a  line  applied  with  the  com- 
passes  along  a  greater  one,  can  never  leave  any  un* 
certainry  in  regard  to  the  number  of  times  it  is  con* 
tained  in  it,  ^ith  or  without  a  remainder. 

If  the  above  fractions  be  added,  in  the  usual 
manner,  we  shall  find  that  the  given  line  is  equal  to 
-  -  ?  tl  of  the  second. 

o  >  i   * 


P&OBLEM  XLVI. 

To  make  the  same  body  pass  through  a  square  hole^  d 
round  hole^  and  an  elliptical  i^le. 


r 
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We  give  a  place  to  this  pretended  problem^ 
merely  because  it  is  found  in  all  the  A/athematical 
Récréations  hitherto  published  ;  for  nothing  is  easier 
to  those  who  arc  in  the  least  ac(][uainted  with  the 
simplest  geometrical  bodies. 

Provide  a  right  cylinder,  and  suj^ose  it  to  be  cut 
through  its  axis^  this  section  will  be  a  square  or  a 
rectangle  ;  if  cut  through  a  plane  perpendicular  to 
the  axis^  the  section  will  be  a  circle;  and  if  cut 
obliquely  to  that  axis,  the  section  will  be  an  ellipsis. 
Consequently,  if  three  holes,  the  first  equal  to  this 
rectangle,  the  secoAd  to  the  circle,  and  the  third  to 
the  ellipsis,  be  cut  in  a  piece  of  wood  or  pasteboard, 
it  is  evident  that  the  cylinder  may  bç  made  to  pass 
through  the  first  of  these  holesj  by  moving  it  in  a 
direction  perpendicular  to  its  axis  }  ic  will  also  pass 
through  the  circular  hole  when  moved  in  the  di- 
rection of  its  axis  ;  and  through  the  elliptical  hole^ 
when  held  with  the  p^-oper  degree  of  obliquity  ;  in 
all  these  cases  it  will  exactly  touch  the  adges  of  the 
hole,  so  that  if  the  hole  were  smaller  it  would  b(î 
impossible  to  make  it  pass  through  it. 

'1  his  problem  might  be  solved  by  means  of  other 
bodies  ;  but  it  is  so  simple  that  nothing  farther 
needs  be  said  on  the  subject. 

PROBLEM    XLVII. 

To  meastire  the  circle^  that  is  to  say,  to  find  a  rectilineal 
space  equal  to  the  circle^  or  more  generally^  to  find  a 
straight  line  equal  to  the  circumference  of  the  circle^ 
or  to  a  given  arc  of  that  circumference. 

We  are  far  from  pretending  to  give  an  exact  an4 
perfect  solution  of  this  problem  :  it  is  more  than 
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probable  that  it  will  ever  baffle  the  efforts  of  the 
human  mind }  but  it  is  allowed  in  geometry,  that 
when  a  problem  cannot  \)e  completely  solved,  it  is 
some  merit  to  Sipproach  near  to  it,  and  the  more  so 
when  the  unknown  quantity  is  circumscribed  within 
.the  nearest  liipits.  But  though  geometricians  despair 
ef  ever  being  able  to  find  the  exact  measure  of  the 
circle,  they  have  accomplished  things  highly  worthy 
of  notice  ;  for  they  havç  found  means  to  approach 
so  near  tp  it,  that  even  if  thp  radius  of  a  circle  were 
'  çq^usd  to  the  distance  between  the  sun  and  the  first 
ot  the  fiised  stars,  it  is  certain  that  its  circumference 
might  be  found  from  the  radius,  without  the  error 
pf  a  hair's  breadth.  This  is  doubtless  more  than 
sufficient  to  answer  the  nicest  purposes  in  the  arts.; 
but  it  must  be  allowed  that  it  would  give  great 
pleasure  to  a  geometrical  genius,  to  be  able  to  teU 
exactly  the  measure  of  the  circle  ;  that  is  to  say,  to 
Ipiow  it  with  the  same  precision  that  we  know,  for 
example,  that  a  parabolic  segment  is  equal  to  twp 
thirds  of  a  parallelogram  havmg  the  same  base  an4 
the  same  altitude. 

§.  I.      • 

The  diameter  of  a  circle  being  given  ;  to  find  in  approxU 
mate  numbers^  the  circumference  ;  or  vice  versa. 

When  moderate  exactness  only  is  required.  We 
may  employ  the  proportion  of  Archimedes,  who 
has  demonstrated  that  the  diameter  is  to  the  cir- 
cumference,  nearly  as  i  to  3^,  or  as  7  to  22* 

If  we  therefore  make  this  proportion  :  as  7  is  to 
^2,  «o  is  the  given  diameter  to  a  fourth  term  ;  or 
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if  we  triple  the  diameter  and  add  to  it  a  serenth^ 
we  shall  have  the  circumference  very  nearly. 

The  circumference  of  a  circle,  the  diameter  of 
which  is  equal  to  loo  fèet,  will  be  found  therefore 
to  be  314  feet  3  inches  5^  lines  :  the  error  in  this 
case  is  about  i  inch  6  lines. 

If  we  are  desirous  of  approaching  still  nearer  to 
the  truth,  we  must  employ  the  proportion  of  MetiuSj^ 
which  is  that  of  113  to  355:  we  must  therefore  say 
as  1x3  to  355,  so  is  the  given  diameter  to  the  re- 
quired circumference.  The  same  diameter  as  before 
being  supposed,  we  shall  find  the  circumference  to 
be  314  feet,  I  inch,  10444  hi^es;  the  difference 
between  which  and  the  real  circumference  is  les» 
than  a  line^ 

If  still  greater  exactness  be  recjuired,  we  have 
only  to  employ  the  proportion  of  loccooooooo  to 
3.^4*59^^535  >  ^^^  error  in  this  case,  if  the  cir- 
cumference  \^ere  a  great  circle,  such  as  the  equator 
of  the  earth,  would  be,  at  most,  hiilf  a  line. 

To  find  the  diameter,  the  circumference  being 
given,  it  is  evident  that  the  inverse  proportion  must 
be  employed.  We  must,  therefore,  say  as  22  is  to 
7,  or  as  355  to  113,  or  as  314159  is  to  looooo,  or 
^^  3^4^^ 5 y^^ 53 5  ^o  loooooooooo,  so  is  the  given 
circumference  to  a  fourth  term,  which  will  bç  <hc 
diameter  required. 

S.II. 
57r  diameter  of  a  circle  being  given  ;  tojind  the  area. 

Arcpimfdfs  has  demonstrated,  that  a  circle  is 
equal  to  the  rectangle  of  half  the  radius  by  the  cir- 
cumference,   Knd  therefore  the  circumference,  by 


î»ROBLEMS,  34g 

the  preceding  paragraph,  and  multiply  it  by  half 
the  radius,  or  the  fourth  part  of  the  diameter  :  the 
product  will  be  the  area  of  the  circle,  and  the  more 
exact  the  nearer  to  truth  the  circumference  has  been 
found. 

,  By  employing  the  proportion  of  Archimedes,  the 
error,  in  a  circle  of  loo  feet  diameter,  will  be  about 
3  J-  square  feet. 

That  of  Metius  would  give  an  error  less  than  25 
square  inches,  or  about  a  sixth  of  a  square  foot. 
As  the  circle  in  question  would  contain  about  7854 
Square  feet,  the  error,  at  most,  would  be  only  one 
471 24th  part  of  the  whole  area. 

But  the  area  of  a  circle. may  be  found,  without 
determining  the  circumference  ;  for  it  follows,  from 
the  proportion  of  Archimedes,  that  the  square  of 
the  diameter  is  to  the  area,  as  1 4  to  11;  from  that 
of  Metius,  that  it  is  as  452  to  355  ;  from  the  pro- 
portion of  1 00000  to  3 1 41 59,  that  it  is  as  1 00000 
to  78539,  or  with  still  greater  exacmess  as  1000000 

to  785398. 

The  area  of  the  circle  therefore  will  be  found  by 

making  this  proportion,  as  14  is  to  11,  or  as  452 

to  355,  or  as  loooooo  is.to  785398,  sois  the  square 

of  the  given  diameter,  to  a  fourth  proportional, 

which,  u  the  last  proportion  has  been  employed, 

will  be  very  near  the  truth. 

S-  in- 

Geometrical  constructions  for  making  a  square  very  nearly 
equal  to  a  given  circle^  or  a  straight  line  equal  to  a 
given  circular  circumference» 


éSO  GtOMETRldAt 

HaviKg  she^xrtt  some  methods  for  finding  nuitie^ 
TÎcally,\and  very  near  the  truth,  the  propoitiori 
between  a  circle  and  the  square  of  its  diameter,  we 
shall  now  give  some  geometrical  constructions, 
exceedingly  simple  and  ingenious,  for  accomplishing 
the  same  object. 

•  ist.  Let  B  AD  C  (fig.  74  pL  9)  be  a  circle,  of 
which  A  C  is  the  diameter,  and  A  B  a  quadrant  i  , 
let  A  E,  ED  and  D  C  be  chords  equal  to  the 
radius  ;  from  the  point  B,  draw  to  the  points  E  and  D 
the  lioes  B  E  and  B  D,  intersecting  the  diameter  in 
F  and  G  ;  the  sum  of  the  lines  B  F  and  F  G,  will 
be  equal  to  the  quadrant  of  the  circle^  within  a  five 
thousandth  part. 

ad.  Let  À  D  (fig.  75  pi.  9)  be  the  diameter  of 
the  circle,  C  thé  centre,  and  C  B  the  radius  per- 
pendicular to  that  diameter.  In  A  D  continued, 
make  D  E  equal  to  the  radius  ;  then  draw  3  E,  and 
in  A  E  continued  make  E  F  equal  to  it  ;  if  to  this 
fine  E  F,  its  fifth  part  F  G  be  added,  the  whole  line 
A  G  will  be  equal  nearly  within  a,  1 7000th  part  to 
the  circumference  described  with  the  radius  C  A. 

For  if  DA  be  supposed  equal  to  1 00000,  A  G 
will  be  found  equal  to  314153,  with  less  than  an 
unit  of  error  :  but  the  circumference  corresponding 
to  this  diameter  is,  with  the  differ ence  of  nearly  an 
unit,  3 141 59;  the  error  therefore  at  most  is 
of  the  diameter,  or  about  the  i7cooth  part. 

3d.  If  the  semicircle  ABC  (fig.  76  pi.  9)  be 
given  ;  from  the  extremities  A  and  C  of  its  diameter, 
raise  two  perpendiculars,  one  of  them  C  E  equal  to 
the  tangent  of  30°,  and  the  other  A  G  equal  to 
three  times  the  radius  ;  if  the  line  G  E  be  then 
drawn,  it  will  be  equal  to  the  semi -circumference  of 
the  circle,  within  a  hundred  thousandth  part  nearly» 
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For  it  will  be  found  by  this  construction,  the 
radius  being  supposed  to  be  looood,  that  the  liiie 
£  G9  within  a  unit  nearly,  is  equal  to  314162,  and 
the  semi-circumference  would  be,  with  the  difference 
of  nearly  an  unit,  3 141 59  ;  the  error  therefore  is 
about  Tob'ooo  of  ^he  radius,  or  less  than  a  hundred 
thousandth  part  of  the  circumference. 

4th.  Let  A  (fig.  77  pi.  9)  be  the  centre  of  the 
given  circle,  and  D  E  and  C  B  its  two  diameters, 
perpendicular  to  each  other.  On  any  radius,  such 
as  A  D,  make  A  F  equal  to  half  the  side  £  C  of 
the  inscribed  square  ;  draw  B  F  I  indefinitely,  and 
to  the  point  H,  draw  F  H  dividing  A  C  in  extreme 
and  mean  ratio,  A  H  being  the  lesser  segment  ;  if 
C  I  be  drawn  parallel  to  F  H  through  the  point  C, 
the  square  B  L  K  I,  constructed  on  B  I,  will  be 
nearly  ■  equsd  to  the  circle  of  which  B  C  is  the  di- 
ameter. 

For  it  will  be  found  by  calculation,  that  BH 
and  BF  are  respectively  equal  to  69098  and  61237, 
the  radius  being  looôoo  ;  B  I  therefore  will  be 
found  equal  to  88623,  the  square  of  which  is  78540 
&c,  the  square  of  the  diameter  being  1 00000  &c, 
while  the  circle  is  78539  &c. 

5th.  Inscribe  in  the  given  circle  a  square,  and 
to  three  times  the  diameter  add  a  fifth  part  of  the  side 
of  the  square  ;  the  result  will  be  a  line  which  will 
differ  from  the  circumference  by  about  a  I7000t!h 
p?irt  only. 

§.IV. 

Several  methods  fir  makings  either  numerically  or  geome- 
tricalfyy  and  very  near  the  truths  a  straight  line  equal 
to  the  given  arc  of  a  circle. 
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I  St.  Let  the  given  arc,  which  ought  nevet  ta 
exceed  30%  be  B  G  (fig.  78  pi.  9).  To  obtain  the 
loigth  of  it  very  nearly  in  a  straight  line,  draw  B  U 
perpendicular  to  the  diameter  A  B,  and  continue  the 
diameter  to  D,  so  that  A  D  shall  be  equal  to  the  ra- 
dius ^  if  D  il  be  then  drawn,  it  will  cut  off  from  3  H 
the  line  B  E  somewhat  less,  but  very  nearly  equal 
to  the  arc  B  G. 

But  if  the  line  df  G  Cyhe  drawn  in  such  a  man* 
fier^  that  the  segment  df^  intercepted  between  the 
drde  and  the  diameter  continued,  shall  be  equal 
to  the  radius,  the  straight  line  B  e  will  then  be  some- 
what greater  than  the  arc  B  G  ;  but  very  near  it^ 
if  the  arc  does  not  exceed  ^o  degrees. 

For  this  theorem  we  arc  indebted  to  Snellius  ; 
but  it  was  first  demonstrated  by  Huy^ens.  We 
shall  shew  hereafter,  that  it  is  ver)'  useful  in  trigo« 
nometry. 

2d.  It  has  been  demonstrated  also  by  Huygens, 
that  twice  the  chord  of  half  an  arc,  plus  the  third 
of  the  difference  betv;een  that  sum  and  the  chord 
of  the  whole  arc,  is  nearly  equal  to  the  arc  itself, 
when  it  do<?s  not  exceed  30°. 

For  if  we  suppose  the  arc  to  be  30^,  the  chord 
will  be  25882  pares,  the  diameter  being  looooo; 
that  of  half  the  same  arc,  or  of  15%  will  be  13053, 
the  double  of  which  is  26106  ;  if  from  this  we  sub- 
tract 25882,  the  difference  will  be  224,  the  third 
Qf  which,  74H1,  addjJ  to  26106,  will  give  261804- 
for  the  arc  of  30^.  Twelve  times  this  arc  ought  ta 
give  the  whole  circumference;  but  26 180^  multi- 
plied by  12,  is  equal  to  314168,  and  the  circum- 
ference is  3 1 41 59,  the  difference  therefore  is  only 
the  nine  hundred  thousandth  part  of  the  radius. 
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RElfAllK. 

* 

As  we  promised  to  give  a  short  account  of  the 
ilifièrent  attempts  made  respecting  the  quadrature 
of  the  circles  we  shall  here  discharge  our  promise* 
W}iat  we  are  going  to  say  on  the  subject,  is  only 
an  abstract  from  a  very  curious  work,  pubUshed  by 
Jombert  in  1754  ** 

It  will  first  be  proper  to  divide  those  who  have 
employed  themselves  on  this  problem,  into  two 
classes.  Tlie  first,  cônsbting  of  able  geometric 
4iians,  were  not  led  away  by  illusions.  Being 
aware  of  the  difficulty  or  impossibility  of  the  pro- 
blem, they  confined  diemselves  merely  to  the  find*- 
ing  out  methods  of  approximation  more  and  more 
exact  ;  and  thdr  researches  have  often  terminated 
in  discoveries  in  almost  every  part  of  geometry^ 

,The  other  class  consists  of  those  who,  though 
scarcely  acquainted  with  the  elements  of  geometry, 
and  scarcely  knowing  on  what  principles  the  pro- 
blem depends,  have  made  every  eSon  to  solve  it, 
by  accumulating  paralogisms  on  paralogisms.  Like 
the  unfortunate  Ixion,  condenmed  to  roll  up  a 
heavy  burden  eternally  without  being  able  to  bring 
.'it  to  the  place  of  its .  destination,  we  find  them  twist- 
ing and  turning  the  circle  in  every  direction,  with- 
out advancing  one  stq)  further.  When  a  geome- 
trician has  convinced  them  pf  an  error  in  their  pre- 
■  tended  demonstrations,  we  see  them  returning  a  few 
days  after,  with  the  same  demonstration  in  a  new 
form,  but  equally  contempdble.    Very  often  they 

*  The  author  of  that  curious  Uttlit  work  was  Montuda  himcclf. 
TOL.  U  A  A 
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,    .  do  not  hesitate  to  contest  the  best  established  truths 

.V  in  the  elements  of  geometry,  and^  in  general,  sensi- 

f  ble  of  the  iveakness  of  their  knowledge  in  this  de- 

j  f  airtmeat  of  science,  they  consider  themselves  as 

^  ,  ipecially  iUuminated  by  Heaven  to  reveal  truths  to 

niinkiad,  the  discovery  of  which  it  has  withheld  from 
the  learned,  in  order  to  confer  the  honour  of  it  on 
idiots.  Such  is  the  ridiculous  but  real  picture  of  this 
sort  of  men.  It  may  be  readily  conceived  that  in  the 
short  history  we  are  about  to  give  of  the  quadrature 
of  the  circle,  we  shall  hot  be  so  unjust  towards  die 
eminent  geometricians,  as  to  couple  them  with  such 
visionaries.  The  singular  flights  of  the  latter  will 
only  furnish  us,  towards  the  end  of  this  article, 
«dth  mattev  for  an  amusing  addition  to  it. 

Geometry  had  scarcely  been  introduced  among 
the  6neeks>  when  the  quadrature  or  measure  of  the 
circle  bc^an  to  give  employment  to  all  those  who 
possessed  a  mathematical  genius.  Anaxagoras,  it 
is  said,  exercised  himself  \xpon-  it  while  in  prison  % 
but  with  what  success  we  are  not  informed. 

The  question  had  been  already  become  celebrated 
in  the  time  of  Aristophanes,  and  perhaps  had  made 
some  geometrician  lose  his  senses  ;  for  in  order  to 
ridicule  the  celebrated  Meto,  that  comic  writer  in- 
troducea  him  on  the  stage,  promising  to  square  the 
circle. 

Hippocrates  of  Chios,  certainly  made  it  an  object 
of  his  research  j  for  it  could  be  only  by  endeavour- 
ing to  square  the  circle  that  he  discovered  his 
famous  lunules.  Some  even  ascribe  to  him  a  cer- 
tain combination  of  lunules,  from  which,  as  they 
pretend,  he  deduced  the  quadrature  of  the  circle  ; 
but  in  our  opinion  without  any  foundation  ;  for  as 
he  held  a  distinguished  place  among  the  geomctri- 
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dans  dÈ  hh  time^  lie  could  not  be  a  dupe  to  the  pa-^ 
l:alogism  of  a  school-boy  :  his  object  was  only  to 
shew,  that  tf  the  lunule  described  on  the  side  of  an 
inscribed  iiescagon,  could  be  made  equal  to  areô* 
filmialraoBce,  the  quadrature  of  the  circle  could  te 
thence  deduced  $  abd  in  this  he  vas  perfectly  right. 

it  is  *véry  probable  that  geometricians  were  noft 
long  ignorant  that  the  circle  is  equal  to  the  rect* 
vifft  of  half  the  circumference  by  the  radius.  Be-^ 
fore  die  time  of  Plato,  geometry  had  be^i  én^ 
riched  widi  more  difficult  discoveries^  ydt  thië  truth 
is  first  fouàd  in  the  writings  of  Archimedes.  Some- 
thing  mote  however  was  necessary  :  the  proportion 
4>etween  the  circumference  and  the  diameter,  or  the 
tadius,  remained  to  be  determined  ;  and  this  disco* 
*very.  oecaaioiicd  no  doubt  many  a  sleepless  night  to 
that  prdbscnd  geomxetridan.  Not  being  aUe  to 
succeed  mûk  geometrical  precision,  he  had  recoufsie 
to  aj^M^ifiunadon,  and  found,  by  calcukiting  the 
length  of  an  inscribed  polygon  of  96  sides,  and  that 
<yS  a  skoUar  one  circumsci^d,  .that  the  diametO: 
being  I ,  the  cârcùmference  would  be  more  âian  344^ 
gpd  fess  than  34^  or  3^;  For  he  shewed  that  the  ixt* 
scribed  |X4ygon'  is  somewhat  greater  than  3-^  and 
that  the  itffcumscribed  is  soniewhat  less  than  Srf. 

Smoé  that  time,  if  gteat  exactness  be  not  re-» 
«quired,  tiD  ibid,  tfre  ratio  of  the  diameter  to  the  oT'» 
icuin£Brenoe,  the  prq}ordon  of  i  to  34  ot  of  7  to 
ft:(,  is  emfdoyed;  that  is  to  say,  the  diameter  is 
tripled  and  one  seventh  of  it  is  added  :  this  seventh 
is  never  neglected^  but  by  the  most  ignorant  \trork* 
men. 

This  object,  we  iuiow,  engaged  -the  afttention  of 
•several  «néte  of  the  'attdent  geMMOidans  j  among 
whom  were  ApoU9ttiut>  lotd  oile  FUlo  of  Gadara^ 
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but  the  ezacfest  approzmiatioiis^  which  they  fbtind 
have  not  reached  us. 

1  he  first  of  the  modem  gtometricians,  who  made 
any  additions  to  what  the  ancients  had  transmitted 
to  us,  respecting  the  measure  of  the  circle,  was 
Peter. Metius,  a  geometrician  of  the  Netherlands, 
who  lived  about  Uie  end  of  the  sixteenth  century. 
Being  employed  in  refuting  the  pretended  quadx^ 
tare  of  one  Simon  à  Quercu,  he  found  this  very  re^ 
markable  proportion,  which  approaches  exceedingly 
near  to  the  truth,  between  the  diameter  and  the 
circumference,  viz.  as  11310  355.  The  error  is 
scarcely  the  ten  millioilth  part  of  the  circumference; 

After  him,  or  about  the  same  time,  Vieta,  a  cele* 
brated  French  annalyst  and  geometrician,  expressed 
the  ratio  of  the  circumference  to  the  radius  by  the 
proportion  of  1 0000000000  to  31415926535,  and 
shewed  that  the  latter  number  was  too  small,  but 
that  if  it$  last  figure  were  augmented  by  only  one 
•unit,  it  would  be  too  great.  About  the  same 
period  also  Adrian  Romanus,  a  geometrician  of 
the  Netherlands,  carried  this  approximation  to  16 
^gures  ;  but  all  these  Were  far  exceeded  by  Ludolph 
van  Ceulen,  a  native  of  the  Netherlands  likewise,, 
who,  carried  this  proportion  to  35  figures,  and 
.shewed  that,  if  the  diameter  be  unity  followed 
by  35  ciphers^  the  circumference  will  be  greater  than 
314159265358979323846264338327950288,  and 
less  than  3i4i592653589793?3M26433832795o. 
289.  He  was  so  proud  of  this  labour,  which  how- 
ever required  less  sagacity  than  patience,  that,  like 
Archimedes,  he  requested  it  might  be  inscribed  on 
his  tomb-stone  :  his  desire  was  complied  with,  and 
this  singular  monument  is  still  to  be  seen,  it  is  said» 
in  one  of  the  towns  of  Flanders. 
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l^Uelîrord  Snell,  another  countryman  of  Metius, 
made  several  unportant  additions  to  what  had  been 
done  on  this  subject,  in  his  book  entided  Cyclwne^ 
tria.  He  discovered  the  method  of  expressing,  by 
a  very  approximate  proportion,  and  an  exceedingly 
simple  caleiilation,  the  magnitude  of  any  arc  what* 
and  he  made  use  of  it  to  verify  die  calcula- 
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tion  of  van  Ceulen^  which  he  found  to  be  correct. 
He  then  calculated  a  series  of  polygons,  both  in- 
scribed and  ckcumscribed,  always  doublin?  the  num- 
ber of  sides,  from  the  decagon  to  that  of  5242880 
sides  ;  so  d^at  when  a  propordon  betwe^i  the  dia- 
meter and  circumference  of  the  circle  pretended  to 
be  exact  is  proposed,  one  may  refute  it  by  means  of 
this  table,  apd  shew  which  is  the  circumscribed 
polyton  greater  then  the  supposed  value  of  the  cir- 
cumlerence,  and  what  circumscribed  polygon  it 
surpasses  :  in  either  case  this  will  serve  to  prove  the 
fdsity  of  the  pretended  recdficadon  of  the  circular 
drcnmference. 

The  celebrated  Huygens^  when  very  young,  en- 
riched the  theory  of  the  measure  of  the  circle  with 
a  great  many  new  theorems.  He  combated  also 
die  pretended  quadrature  of  the  circle,  which  father 
Gregory  Saint  Vincent,  a  Jesuit  of  the  Netherlands, 
annoimced  as  discovered,  and  requiring  only  a  few 
calculadons,  which  he  dexterously  forgot  to  make. 
Gregory  Saint  Vincent  however  was  an  able  geome- 
trician \  he  wrote  an  answer  to  Huygens»  and  the 
latter  replied  ;  some  of  Gregory's  pupils  entered  the 
lists  also,  and  another  jesmt,  a  geometrician,  com- 
bared  on  the  same  side.  But  it  is  certain,  whatever 
father  Castel  may  have  said,  that  Gregory  was  mis- 
taken, and  that  his  large  work,  which  contains  some 
very  ingenipus  diings,    ended   with  an  error,  or 
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something  unmtelligi)>le.  As  he  preteqded  to  lutvci 
found  the  quadrature  pf  ^c  drcle,  why  did  he  npt 
perform  those' calculadons  which  are  hecess^  to 
express  it  numerically  i  But  this  was  never  do]>e, 
either  bv  him»  or  by  any  of  his  pupils,  who  carried 
on  the  aispute  with  a  great  deal  of  asperity. 

James  Gregory,  a  celebrated  geometrician  in 
Scotland,  undertook,  in  1Ç68,  to  demonstrate  the 
absolute  impossiblity  6f  the  quadrature  of  the  circle. 
This  he  did  by  a  very  ingexuous  method  of  reason- 
ing, which  deserves  perhaps  to  be  better  examined. 
However  it  did  not  w^t  •  with  the  approbation  of 
Huygens,  and  thi^.  produced  a  very  warm  dispute 
between  these  two  geometricians.  JBut,  it  must  be 
çonfe$iBed  that  Gregory  gave  several  very  ingenious; 
methods  for  approaching  nearer  to  the  measure  of 
the  circle,  and  even  to  that  of  the  hyperbola. 

,The  higher  geometry  supplies  us  with  a  great 
number  of  different  methods  for  finding,  by  ap^ 
proxîmaùon,  the  measure  of  the  circle,  and  thé 
greater  part  of  them  are  easier  than  the  preceding  ; 
but  this  is  not  a  proper  place  for  entering  into  an 
explanation  of  them.  We  shall  content  ourselves 
with  observing,  that  by  means  of  these  methods  the 
approximation  of  Ludolph  van  Ceulen  has  been  carried 
as  faT  as  127  figures  or  decimals.  Sharp,  an  Eng* 
lifh  geometrician,  first  carried  it  to  74  figures  ;  Mr. 
Machin  extended  it  to  a  hundred,  and  M.  de  Lagny 
continued  it  to  127  :  it  is  as  follows.  If  the  diameter 
be  unity,  followed  by  1 2  7  cipher^,  the  circumference 
will  be  greater  than  3141592653589793238462-.. 
6433832795^28841971693993751058209749445. 
923078 1 7406296208998628034825342 1 1 706798- 
21480865132723066470938446,  and  less  than  the 
same  number,  when  the  last  figure  is  increased  oçly 
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by  umty.  .  The  error  therefore  is  less  than  a  por« 
lion  of  the  diameter  expressed  hj  imity,  divided  by 
unity  followed  by  1 27  ciphers.  Ifwe  suppose  a  circle, 
the  diameter,  of  which  is  a  thousand  million  of  times 
greater  than  the  distance  of  the  sun  from  the  earth, 
the  error  in  the^  circumference  would  be  a  tho.usand 
millions  of  dmes  less  than  the  thickness  of  a  hair. 

It  is  even  possible  to  go  still  furthé!r  ;  and  Euler 
has  pointed  out  the  method,  in  the  Transactions  of 
the  Imperial  Academy  of  Sciences  at  Petersburgh  ^ 
but  it  must,  be  confessed  that  it  would  be  superflu* 
ous  labour. 

We  cannot  conclude  better  this  short  history  of 
the  quadrature  of  the  circle,  than  by  an  account^i 
which  will  no  doubt  amuse  some  of  our  riders,  of 
ihose  who  havojliiscarried  in  their  attempts  to  solve 
this  probliem,  or  who  have  M\ea  into  ridiculous 
errors  on  the  subject. 

The  first,  among  the  modems,  who  pretended  to 
have  found  the  quadrature  of  the  circle,  was  car- 
dinal de  Cusa.  One  of  his  methods  was,  to  roll  a 
aircle  or  a  cylinder  over  a  plane,  till  the  point  whidt 
first  touched  it  should  touch  it  again  ;  and  he  then 
endeavoured,  by  a  train  of  reasoning,  which  dis- 
played nothing  geometrical,  to  determine  the  length 
of  the  line  thus  described.  He  was  refuted  by  Re^  . 
giomantanus,  in  1464  or  1465. 

After  him,  that  is  to  say,  about  the  middle  of  the 
sixteenth  century,  Orondus  Finsus,  though  pro-^ 
fessor  «royal  of  the  mathematics,  rendered  himself 
famous  by  his  paralogisms,  not  only  in  regard  to  the 
quadrature  of  the  circle,  but  also  in  regard  to  the 
trisecdon  of  an  angle  and  the  duplication  of  the 
cube.  Peter  Nonius  however,  a  Portuguese  geo^ 
.metrician^  and  J.  Borelli  his  former  pupil,  clearly 
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exposed  the  fallâq^  of  his  reasonings  The  same 
Orontius  Finaeus  published  also  a  work  on  Gnomo- 
picSf  which  is  nothing  but  a  series  of  paralogisms. 

We  are  astonished  to  find  the  celebrated  Joseph 
Scaliger  fall,  soon  after,  into  the  same  error.  As 
he  hsul  no  great  esteem  for  geometricians,  he  was 
desirous  to  shew  them  the  superiority  of  a  man  of 
letters,  in  solving»  by  way  of  amusement,  what  had 
so  long  (GiEculted  them  :  he  attempted  the  quadnu 
ture  of  the  circle,  and  seriously  imagined  he  had 
discovered  it,  by  giving,  as  the  measure  of  it,  a 
quantity  which  was  only  a  little  less  than  the  in^ , 
scribisd  dodecagon.  It  was  therefore  no  great  dif- 
ficulty for  Vieta,  Clavius,  and  others,  to  refute  his 
teaspAing  :  this  threw  hun  into  a  violent  passioB  ; 
and,  according  to  the  practice  of  that  period,  ex- 
posed the  latter  in  particular  to  a  great  many  epithets 
not  very  decent,  while  it  confirmed  Scaliger  mor« 
and  more  in  his  opinion,  that  geometricians  were 
destitute  of  common  sense. 

We  are  sorry  to  include,  among  this  class,  the 
celebrated  Danish  astronomer,  Longomontanus, 
who  pretended  to  prove  that  the  diameter  of  a  circle 
is  to  the  circumference,  exactly  as  looooo  is  to 
3 141 85.  Soon  after,  the  famous  Hobbes  imagined 
also  that  he  h^d  found  the  quadrature  of  the  circle, 
and  being  refuted  by  Dr.  Waliis,  he  undertook  to 
prove  that  the  whole  system  of  geometry  before 
taught  was  nothing  but  a  series  of  paralogisms. 
This  forms  the  subject  of  a  work  entitled.  De 
ratiociniis  etfasiu  Geonietrarunu 

Olivier  de  jSerres,  the  agriculturist,  by  weighing 
a  circle  and  a  triangle,  equal  to  the  equilateral 
triangle  inscribed,  believed  he  had  found  that  the 
circle  was  exactly  the  double  of   it.     This  weak 
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man  did  not  see  that  this  double  is  exactly  the 
hexagon  inscribed  in  the  same  circle. 

A.  M.  De^lef  Cluver  pretended,  in  1695,  to 
have  squared  the  circle  ;  and  he  reduced  the  pro-» 
blem  to  one  much  easier,  which  he  announced  in  the 
following  manner:  Invemre  mundtmi  Menti  dhina 
anahguM.  He  unsquared  thé  parabola,  and  en- 
deavoured to  prove  ÛiisX  Archimedes  had  been  de- 
ceived in  regard  to  the  measure  of  that  figure. 

Leibnitz  endeavoured  to  engage  him  in  a  dispute 
with  M.  Nieuwentyt,  who  then  started  ar  great 
many  difficulties  against  these  new  calculations; 
but  the  attempt  did  not  succeed. 

Though  these  ridiculous  attempts,  as  appears, 
ought  to  have  prevented  others,  men  were  seen,  and 
are  still  seen  daily,  falling  into  errors  of  the  like 
kind.  About  thurty  years  ago  a  M«  Liger  pre- 
tended that  he  had  tound  out  the  quadrature  of  the 
circle,  by  demonstrating  that  the  square  root  of  24 
was  the  same  as  that  of  25;  and  that  of  50  the 
same  as  that  of  49  :  this  he  demonstrated,  according 
to  his  own  terms,  not  by  geometrical  reasoning, 
which  he  abhorred,  but  by  mechanism  combined 
with  figures. 

A  certain  Sieur  T  de  N  found  out  some- 

thing not  less  curious,  viz,  that  curves  ought  not 
to  be  measured  by  comparing  thçni  with  straight  lines, 
but  by  comparing  them  with  curves.  This  being 
once  demonstrated,  the  quadrature  of  the  circle  is 
merely  children's  amusement. 

M.  Clerget  made  another  discovery  no  less  inte- 
resting, viz,  that  the  circle  is  a  polygon  of  a  deter, 
minate  number  of  sides  ;  and  he  theace  deduced, 
which  is  very  curious,  the  magnitude  of  the  point 
where  two  unequal  spheres  touch  each  other.    He 
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demonstrated  also  the  impossibility  of  the  motioa, 
of  the  earth.  No  one  before  him  had  been  able-  to' 
suspect  the  least  affinity  between  these  questions* 

But  what  shall  we  say  of  the  complex  calculation^ 
cf  the  late  M.  Basselin,  a  professor  in  a  university, 
whoy  after  as  much  labour  almost  as  van  Ceulen, 
found  a  proportion  between  the  diameter  and  cir« 
cumference  beyond  the  limits  even  of  Archimedes? 
This  ^eak  man,  who  had  so  happily  discovered  the 
quadrature  of  the  circle,  was  ignorant,  till  some 
days  before  his  death,  that  Archimedes  had.  squared 
the  parabola.  He  proposed  also,  had  he  recovered 
from  his  malady,  to  examine  the  process  of  Archi^i 
medes,  being  hilly  convinced  that  the  geometrician 
^f  Syracuse  had  been  deceived. 

But  if  these  men  incurred  only  ridicule,  and  re- 
dicule  confined  to  the  circle  of  a  small  number  of 
geometricians,  we. are  now  going  to  introduce  one 
to  whom  the  ambition  of  squaring  the  circle  cost 
much  dearer.  We  allude  to  the  Sieur  Mathulpn, 
V^ho,  from  being  a  manufacturer  of  stuffs  at  Lyons» 
commenced  geometrician  and  mechanist  ;  but  with 
less  success  than  Hippocrates  of  Chios,  who,  from 
being  a  wine  merchant  at  Athens,  became  an  illustri^ 
ous  geometrician.  Sieur  Mathulon,  about  forty 
years  ago,  deposited  the  sum  of  looo  crowns  at 
Lyons,  and  having  announced  to  geometricians  and 
mechanists  the  discovery  of  the  quadrature  of  the 
circle  and  the  perpetual  motion,  declared  he  would 
give  the  above  sum  to  the  person  who  should  prove 
that  he  was  in  an  error.  M.  Nicole,  of  the  Academy 
of  Sciences,  proved  that  his  knowledge  of  geometry 
was  very  limited;  that  his  pretended  quadrature  waa 
a  mere  paralogism  ;  and  demanded  the  looo  crowns, 
which  were  adjudged  to  him.     The  Sieur  Mathulpft 


PROBLEMS.  3()â 

demurred,  and  maintsdned  that  he  ought  to  prove 
also  the  falsity  of  his  perpetual  motion  ;  but  he  lost 
his  suit,  and  M.  Nicole  gave  up  the  looo  crowns 
to  the  general  hospital  at  Lyons,  to  which  they 
were  delivered. 

Had  the  Chatelet  of  Paris  been  equally  severe,  a 
similar  folly  would  have  cost  much  more  to  a  man 
of  some  property,  who,  about  thirty  years  ago, 
announced  the  quadrature  of  the  circle  ;  defied  the 
whole  world  to  refute  him  i  and  at  last,  by  way  of 
challenge,  deposited  loooo  livres  to  be  adjudged  to 
the  person  who  should  prove  that  he  was  mistakeiu 
It  is  impossible,  without  lamenting  the  weakness  of 
the  human  mind,  to  see  this  grand  discovery  re* 
duced  to  dividing  a  circle  into  four  equal  parts,  by 
perpendicular  diameters,  turning  these  quadrants 
with  their  four  angles  outwards,  so  as  to  form  a 
square,  and  then  pretending  that  this  square  is  equal 
to  the  circle.  According  to  the  principles  of  this 
pretended  niathemadcian,  for  two  figures  to  be 
equal  it  is  not  necessary  that  they  should  touch  each 
other  throughout  their  whole  extent  ;  it  is  sufficient 
that  they  touch  or  can  touch.  Thus  the  square  is 
not  only  equal  to  the  inscribed  circle,  but  even  to 
any  figure  included  in  the  circle,  the  salient  angles 
of  which  touch  the  circumference. 

It  would  not  have  been  difficult  to  shew  to  any 
other  person  than  the  author,  that  this  was  absolute 
nonsense.  Three  persons  appeared  as  claimants  of 
the  loooo  livres;  the  cause  was  tried  at  the  Chatelet, 
but  this  tribunal  was  of  opinion  that  a  man's  fortune 
ought  not  to  suffer  for  the  errors  of  his  judgment, 
when  these  errors  are  not  prejudicial  to  society. 
On  the  other  hand,  the  king  decreed  that  the  bet 
$hoMld  be  considered  as  void;  and  that  both  parties 
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should  take  back  their  money.  The  author  extorted 
from  the  Academy  of  Sciences  â  sentence,  by  which 
be  was  desired  to  study  the  elements  of  geometry  ; 
but  he  was  still  convinced  that  future  ages  would' 
blush  for  the  injustice  done  to  him  by  that  in  which 
he  Jived.  Before  we  conclude  this  article,  we  must 
say  a  few  words  respecting  M.  le  Rohberger  de 
Vausenville,  who  in  a  work  called  Consultaihn  sur 
la  ^adrature  du  Circle^  asks  geometricians,  whether 
the  quadrature  of  the  circle  would  not  be  found,  if 
means  could  be  devised  for  determining  the  centre 
of  gravity  of  a  sector  of  a  circle,  in  common  parts 
of  the  radius  and  the  circumference  of  the  same 
circle.  We  do  not  rightly  understand  what  the 
author  means  by  common  parts  of  the  radius  and 
the  circumference.  If  he  means  those  parts  of  the 
radius  in  which  it  is  usual  to  express  the  circumference, 
as  when  it  is  said  that  if  the  radius  be  i  oo,  the  dr^ 
cumference  will  be  314,  we  can  answer,  in  the 
name  of  all  geometricians,  that  the  quadrature  of 
the  circle  would,  in  that  case,  be  found.  We  will 
even  not  hesitate  to  tell  him,  that  in  whatever 
manner  he  deternlines,  iii  the  axis  of  a  sector  or 
arc  of  a  circle,  its  centre  of  gravity,  provided  that 
in  this  determination  the  arc  itself  is  not  employed 
as  one  of  the  data,  he  will  have  solved  this  famous 
problem  ;  for  who  does  not  know  that  the  distance 
of  the  centre  of  gravity  of  the  semi-circumference, 
for  example,  from  the  centre,  forms  a  third  propor- 
tional to  the  fourth  part  of  the  circle  and  the  r^ 
diu3  ?  But  this  determination  of  the  centre  of  gra- 
vity of  the  sector,  or  arc  of  a  circle,  is  a  discovery 
rather  to  be  wished  than  hoped  for. 

M.  de  Vausenville  had   no  need  to   challenge, 
either  individually  or  in  general,  all  the  geomc'» 
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trioans'of  Europe,  aodeven  those  of  Turkey  and 
^1  ica,  where  die  meaning  of  the  words  centre  of 
gravity  is  certainly  not  known  ;  and  he  had  still 
less  occasion  to  inform  them  that  if  they  did  not 
refute  him  he  would  consider  their  silence  as  a  sign 
-of  their  defeat,  -and  that  his  quadrature  was  ac- 
knowledged as  resting  on  a  solid  foimdation.  This 
bravado  will  certainly  excite  neither  the  Eulers^  the 
d'Alemberts,  nor  the  Bernouillis,  &C9  to  attack  his 
quadrature.  Either  M.  de  Vausçnville  is  right, 
and  in  that  case  mathematicians  will  acknowledge 
his  discovery,  and  bestow  on  him  everyjust  praise  ;  or 
his  pretended  quadrature  is  a  mere  paralogism,  and 
of  course  it  will  meet  with  as  little  attention  as  that 
of  Henry  Sullamar,  a  real  Bedlamite,  who  found  it 
in  the  number  666,  inscribed  on  the  forehead  of 
the  beast  in  the  Revelations,  or  those  of  many 
others  which  deserve,  in  like  manner,  to  be  con« 
signed  to  oblivion. 

PROBLEM  XL VIII. 

Of  the  Length  <f  the  Elliptical  Circunference. 

We  have  spoken  in  a  pretty  full  manner  of  the 
circular  circumference,  the  exact  determination  of 
which  in  length  would  give  the  quadrature  of  the 
circle.  But  no  author,  as  fietr  as  we  know,  has  said 
any  thing  satisfactory,  or  useful  in  a  practical  view, 
respecdng  the  circumference  of  the  ellipse.  It  is 
however  necessary,  in  many  cases,  and  even  in 
practical  geometry,  to  i;now  the  length  of  that 
curve  ;  in  the  higher  geometry  there  are  also  a  great 
many  problems  the  soludon  of  which  depends  on 
the  same  knowledge  :  a  few  observations  therefore 
on  this  subject  may  be  of  utility. 
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Sortit  auAort,  ^ho  have  xvrittcii  6n  practfcaî 
geometry,  art  of  ôpîhîon  that  the  circumference  of 
an  ellipse  is  an  arithmetical  mean  between  the  cir- 
cumference of  the  circles  described  on  the  two  axe^ 
as  diameters  ;  but  this  is  a  mistake  ;  and  had  they 
possessed  a  Kttle  more  of  the  spirit  of  geometry,  they 
would  have  readily  perceived  it;    for  it  may  be 
tesilv  demonstrated  that  this  is  false  in  an  ellipse 
tnucii  elongated,  as  in  that  which  has  the  greater 
axis  20,  and  the  lesser  2.     Ihe  circumference  of 
this  ellipse  indeed  will  certainly  be  greater  than  40, 
while  the  mean  proportional  between  the  circum- 
ferences of  the  circleis  described  on  its  axes,  as  dia- 
meters, will  be  only  344. 

The  rectification  of  the  elliptical  circumference  is 
a  problem  which  is  almost  the  same,  in  regard  to 
the  quadrature  of  the  circle,  as  the  latter  is  to  a 
common  problem  in  geometry.  John  Bernouilli  is 
the  only  person  who  has  given  a  method  suscep- 
tible  of  Jbeing  reduced  to  practice  for  measuring  the 
length  of  the  elliptic  line.  He  shews  indeed  in  an 
excellent  memoir,  published  in  his  works,  how  to 
determine  the  circular  circumferences  which  arc 
limits  alternately  less  and  greater  than  the  circum- 
ference of  a  given  ellipse  :  and  by  this  method  we 
have  calculated  the  following  table.  We  have  sup- 
posed a  series  of  ellipses,  one  half  of  the  common 
greater  axis  of  which  is  i  o  parts,  while  the  half  of 
the  less  axis  becomes  successively  i,  2,  3,  &c,  as 
far  as  10,  the  last  value  given  by  a  circle  ;  and  we 
have  found  that  the  length  of  the  circumference 
of  the  ellipse  is  as  here  expressed. 
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Common  length  of  the  greater  axis    SO* 
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20 


Lensth  of  the 
elUptic  circum- 
ference. 


' 


40-63945 
42-01968 
43-685£6 
46-02506 
48-44215 
51-05407 
53-82377 
56-72739 
.'$9-81024 
62-83185 


Length  of  the  mean  cir- 
cumference of  the  circles 
described  on  the  greater 
and  less  axis. 


34-5579 
37'6990 
40-8406 
43-9822 
47-1238 
50-2654 
53-4070 
56-5486 
59-6902 
62-33185 


t 

It  here  appears,  that  the  circumference  of  the 
circle,  which  forms  a  mean  between  those  described 
on  the  greater  and  less  axis,  is  always  less  than 
the  elliptic  line,  and  the  more  sensibly  so,  the  more 
the  ellipsis  differs  from,  a  circle  :  in  the  first  of  the 
above  ellipses  the  error  is  the  7ch  part. 

By  the  help  of  this  table  all  the  mean  lengths  of 
the  ellipsis  between  the  preceding  may  be  calculated^ 
nothing  is  necessary  but  to  take  the  proportional 
parts. 

Let  us  suppose,  for  example,  that  the  greater 

*  Sir  JoDis  Moore  also  calculated  a  like  table  for  the  elliptic  cîr- 
cumferetioei,  exteodiog  ten  times  as  far,  that  is  to  a  hundred  diffèrent 
ellipsesy  the  coojttgate  axes  gradually  increasing  from  t  to  loo,  which 
is  tke  constant  transverse.  The  numbers  indeed  are  set  down  to  f(Mir 
dcanalsi  but  they  are  not  commonljr  true  to  more  than  two*  EoiTOR. 
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axis  of  a  semi-elHpse  k  20  feet,  and  that  the  hal/  df 
its  less  axis  is  yi  feet  ;  it  is  evident  that,  in  thia 
case,  the  whole  of  the  less  axis  will  be  1 5  feet.  This 
ellipsis  then  will  hold  a  mean  place  •  between  that  in 
which  half  the  less  axis  is  44  of  the  greater  and 
another  in  which  the  less  axis  is  44«  But  by  divide 
ing  the  difference  between  the  lengths  of  these  two 
ellipses  into  two  equal  parts,  it  will  be  found,  iRnith« 
out  any  considerable  error,  that  the  length  of  the 
circumference  of  the  mean  ellipse  will  be  5.y27558 
pares,  the  axis  being  20  ;  consequently  the  ludf  of 
the  proposed  ellipsis  having  its  transverse  diameter 
equal  to  20  feet  and  its  conjugate  to  7I,  vnil  be  27 
feet  6  inches  and  8  lines  :  the  error  being  scarcely 
aline. 

PROBLEM    XLIX. 

To  describe  geometrically  a  circle ^  the  circumference  of 
which  shall  approach  very  near  to  that  of  a  given 
ellipse. 

It  is  to  Mr  John  BemouilU  also  that  we  are 
indebted  for  this  simple  and  ingenious  method  of 
describing}  a  circle  isoperimtrous  to  a  given  ellipse. 
As  it  may  serve  as  a  supplement  to  what  we  have 
said  on  the  rectification  ot  the  ellipse,  we  shall  here 
give  it  a  place. 

Form  the  two  axes  of  the  given  ellipsis  into  one 
straight  line,  as  AD  (fig.  130  pi.  16),  in  which 
A  B  is  equal  to  the  greater  axis,  and  B  D  to  the 
less  :  let  this  line  A  B  be  the  diameter  of  a  semi- 
circle A  E  D,  which  must  be  divided  into  4,  8,  16, 
or  32  parts,  &c,  at  pleasure,  and  according  as 
greater  precision  may  be  required.  We  shall  here 
suppose  the  number  of  equal  parts  to  be  16.    From 
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the  point  B  draw  to  each  point  of  division  straight 
lines  ;  then  take  the  i6th  pare  of  the  sum  of  all  these 
lines  B  A,  B  I,  B  2,  B  3,  &c,  as  far  as  BD  in* 
clusively,  and  if  with  the  line  hence  arising  as 
radius^  a  circle  be  described^  you  will  have  a  circular 
circumference  so  nearly  equal  to  that  of  the  given 
ellipse,  that  it  will  not  differ  from  it  one-  hundred 
thousandth  part,  even  in  the  most  unfavourable 
case,  such  as  that,  for  example,  where  the  ratio  of 
the  axes  of  the  ellipse  is  as  10  to  i« 

It  may  be  readily  seen,  that  if  the  semicircle  had 
been  divided  into  8  parts,  it  would  «have  been 
necessary  to  take  only  the  8th  part  of  the  sum  of  all 
the  lines  drawn  to  the  points  of  division,  including 
the  points  D  and  A. 

If  this  operation  were  performed  with'  a  circle  of 
a  foot  ra^us,  the  precision  of  the  result  would 
approach  very  near  the  truth  ;  and  by  means  of  a 
geometric  scale,  with  exceedingly  minute  divisions, 
a  very  satisfactory  numerical  approximation  might 
be  found  without  calculation^. 

•  It  it  noticed  «bove,  bv  Montucla,  that  m  arithmeticsil  mean 
between  the  two  «izet  of  an  cUipse,,has  been  often  taken  as  the  diameter 
of  a  circle  of  cqtud  circumference  with  the  ellipse.  It  may  be  added 
that  this  rule  alwavt  gives  the  perimeter  in  detect,  or  less  than  jast. 

Another  role»  almost  as  easy,  which  gives  the  perimeter  always  in 
czcesa*  or  more  than  just,  is  this  :  Square  each  axis,  and  take  the 
arithmetical  mean  between  these  squares,  that  is,  add  the  squares 
tqgftbwrtand  take  half  the  sum  ;  then  extract  the  square  root  or  this 
meant  Ûd  it  wiUbe  nearly  the  diameter  of  a  circle  of  equal  circum- 
rerenot* 

As  this  latter  rule  is  nearly  as  much  in  excess  as  the  former  is  in 
defect,  if  an  arithmetical  mean  between  them  be  uken,  that  is  half 
their  sum,  it  will  be  the  diameter  of  a  circle  of  equal  circumference^ 
within  the  fifty  thousaodthpart  of  the  whole,  and  is  the  nearest  a^rox- 
imating  rule  yet  given.  These  rules  arc  ^en  from  my  treatise  oa 
Mensuration,  where  several  others  mky^wo  be  seci^,  both  for  the 
whole  circumfercBOt  and  alto  for  any  part  «it.        ËD  it  oh. 

VOL.  I.  B  B 
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PROBLEM    L. 

Ta  determine  a  itraigbt  line  neatly  equal  to  the  arc  cf 
,    .  any  curve  whatever. 

■       i  •  - 

We  shall  suppose  thitf  the  amplitude  of  the  given 
arc  it.  not  very  constderable^  as  not  more  than  20 
degreor  ;  that  is  to  say,  if  tangents  be  drawn  at  the 
extremities  of  the  arc,  and  then  perpendiculars  to 
these  tangents,  the  angle  included  between  these 
perpendiculars  shall  be  at  most  20  degrees. 

1  his  supposition  being  made  ;  draw  the  chord  of 
the  arc  ;  and  then  find,  either  by  calculation,  or  by 
means  of  fhe  compasses,  the  thitd  of  the  tangents 
comprehended  between  the  place  where,  they  meet 
and;the  points  of  contact  ;  if  we  then  add  to  this 
third;  two.  thirds  of  the  chord,  we  shall  have  a 
straight  line  so  nearly  equal  to  the  arc,  that  in  th^ 
present  case  the  difference  willbe  but  a  ten  thousandth 
part.  But  if  the  amplitude  be  only  about  5  degrees, 
,  the  error  will  not  be  a  millionth  part,  as  has  been 
shewn  by  M.  Lambert,  member  of  the  Academy  of 
Sciences  at  Berlin,  in  a  very  interesting  work, 
published  in  German,  which  is  highly  worthy  of 
being  translated. 

If  the  amplitude  of  the  given  arc  be  greater, .  as 
about  50  degrees  for  example,  nothing  will  be 
necessary  but  to  divide  it  into  three  parts  nearly 
equal,  and  to  diaw  tangents  to  the  extremities  of 
the  arc  and  to  the  points  of  section,  which  will 
give  a  portion  of  the  polygon  circumscribed  about  the 
curve  ;  if  the  three  chords  of  the  three  parts  of  the 
arc  be  then  drawn,  and  if  two  thirds  of  these  three 
chords  be  added  to  the  third  of  the  tangents,  form- 
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ing  the  circumscril>ed  polygon,  the  result  will  be  a 
line  equals  mthin  a  hundredth  thousandth  part,  to 
the  length  of  the  given  arc. 

PHQBLBM  lj« 

jf  ciftky  havifig  a  s^are  inscribed  in  it^  being  gi/ven  ; 
to^d  the  diameter  ffa  circle  in  which  an  octagon  of 
a  perimeter  equal  to  tlje  square  can  be  inscribed. 

Let  a  B  (fig.  79  pi.  i  o)  be  the  diameter  of  the . 
given  circle,  -  and  A  D  the  side  of  the  inscribed 
square.  Divide  A  D  into  two  equal  'parts  in  E,  and 
raise  E  F  perpendicular  to  A  D,  meetiilg  the  given 
chxie  in  F  ;  if  A  F  be  then  driwn,  it  will  bè  the 
diameter  of  a  circle,  in  w^hich  if  an  octagon  bé 
inscribed,  it  will  be  equal  in  perimeter  to  the  given 
square. 

For  H  is  efvidcut  that  the  circle  dèsciibed.on  the 
diameter  A  F,  will  pass  through  the  point  E,  since 
the  angle  A  E  F  is  a  right  angle*  ft  is  also  evident 
that  the  line  drawn  from  I,  the  centre  of  the  second 
cfrele,  to/the  pctet  E,  will  be  parallel  to  DF, 
because  the  sides  A  D  and  A  P*  of  the  triangle 
DA  F  are  bisected  in  the  points  E  aîîd  f.  But  the 
angle  AFD  is  half  a  right  angle,  being  half  of 
DCA,  which  is  a  right  angle,  since  the  chord  of 
the  inscribed  square  subtends  an  arc  of  90""  :  con- 
sequently the  angle  AIE  is  equal  to  45^  ;  whence 
it  follows  that  A  E  is  the  side  of  the  octagon  in- 
scribed in  the  circle  having  A  F  for  its  diameter. 
And  it  is  evident  that  ei^t  times  A  £  is  equal  to 
four  times  A  X>. 


> 
^ 


'•^^^<^i«^v  v.^ 


»  -r.*ia*efi'î_.'Sr  .-■  -s.  *.. 
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BEBIARK. 


If  A  £  be,  in  like  manner,  divided  into  two 

equal  parts  in  G,  and  if  G  H  be  drawn  perpen- 

'  dicular  from  the  point  G,  till  it  meet  the  second 

circle  ;  bv  drawing  A  H,  that  line  will  .be  the  dr« 
ameter  or  a  third  circle,  in  which  if  a  polygon  of  1 6 
sides  be  inscribed,  it  will  be  isoperimetrous  to  the 
above  square  or  octagon. 
;  Hence  it  follows,    that  if  this  operation  were 

infinitely  continued,  we  should  obtain  a  circle  or 
polygon  of  an  infinite  number  of  sides,  isoperi^ 
metrous  to  a  given  square*.  The  circumference  of 
this  circle  therefore  would  be  equal  to  the  perimeter 
of  the  square,  and  we  should  thus  have  the  quadra* 
lure  of  the  circle. 

We  have  seen  a  very  ingenious  attempt  to  dis- 
cover the  quadrature  of  the  circle  on  this  principle. 
The  author,  M.  Janot,  professor  of  mathematics  in 
'  the  Royal  Military  School,  reduced  the  problem  to 
a  very  exact  equation,  but  complex,  by  the  solution 
of  which  he  expected  to  obtain  this  last  diameter  ; 
but  when  he  seriously  tried  to  reduce  it,  he  found 
the  two  members  of  his  equation  to  be  composed  of 
the  same  terms,  which  of  course  gave  him  no  so- 
lution. 


PROBLEM    III. 


ne  three  sides  of  a  rightarigled  triangle  being  given  ; 
to  find  the  value  of  its  angles  ivifhottt  trigonometrical 

tables. 
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'  'We  shall  first  suppose  that  the  ratio  of  the 
hypothenuse  to  the  least  side  is  greater  or  not  less 
than  2' to  I  y  in  order  that  the  angle  opposite  tq  that 
side  may  be  at  most  about  30^;  for  the  error  wiU 
be  less  the  more  that  angle  is  below  30**. 

This  being  premised;  let  us  suppose,  for  example, 
that^the  hypothenuse  of  the  triangle  is  equal  to  13, 
the  greater  side  comprehending  the  right  angle  1 2, 
and  the  less  5.  We  must  then  make  this  propor- 
tion :  as  twice  the  hypothenuse,  plus  the  greater 
side,  or  38,  is  to  the  less  side  or  5,  so  is  three 
times  imity  or  3,  to  a  fourth  proportional,  which 
will  be  44.  But  44  reduced  to  a  decimal  fraction 
IS  0*39473  :  if  this  number  be  divided  by  0*1745, 
the  quotient  will  be  the  number  of  the  degrees  and 
parts  of  a  degree  contained  in  the  angle  opposite  to 
the  less  side.  This  quotient  is  22-^^^^^^  which 
makes  22°  37'  if.  By  the  tables  it  will  be  found 
to  be  22^  37'  28^ 

If  the  sides  of  the  triangle  are  nearly  equal,  such 
for  example  as  3,  4,  5,  we  must  suppose  in  the 
trisuigle  a  line  CD  (fig.  80  pi.  10),  dividing  the 
angle  opposite  to  the  side  A  B,  or  tliat  represented 
by  3,  into  two  equal  parts.  But  U  is  known  that 
in  this  case  the  opposite  side  A  B  ^11  be  divided  in 
the  same  ratio  ais  the  adjacent  sides  ;  consequently 
the  segment  B  I>  may  be  found  by  the  following 
analogy  : 

As  die  sum  of  the  two  other  sides  or  9,  is  to  3, 
the  third  side,  so  is  C  B  or  4,  to  B  D,  which  will 
be  V  ^  t5  if  the  squares  of  ♦  and  4,  or  of  C  B  and 
BD,  be  then  add^  together,  by  extracting  the 
square  root  of  the  sum,  which  in  decimals  is  1 7777, 
we  shall  have  for  the  square  root  4*21637,  which 
will  be  the  value  of  C  D.    In  the  last  place,  by 
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applying  the  above  rule  to  the  triangle  BCD,  we 
shall  find  the  angle  B  C  D  to  be  1 8^  26'  7^  and 
consequently  its  double^  or  the  angle  A  C  B^ 
3Ô*  52^  I4^  By  triffpnometrical  tables  the  latter 
will  be  found  to  be  36°  $%'  15^  j  so  that  the  differ- 
ence is  only  one  second. 

PaOBI«£M  LUI. 

An  arc  of  a  circle  being  given^  in  degrees^  minutes^ 
and  seconds  ;  to  find  the  corresponding  stjie,  without 
the  help  of  trigonometrical  tables. 

The  solution  we  are  going  to  give  of  this  problem, 
is  not  30  simple  and  short  as  the  preceding  ;  but  it 
appears  to  be  the  best  hitherto  proposed,  especially 
as  it  is  easy^  and  may  be  readily  remembered  by 
xneans  of  an  observation  we  shall  make  at  the  end, 
and  which  will  shew  its  source  as  well  as  the  demon** 
stration  of  it. 

In  this  problem  there  are  three  cases,  which  re- 
quire three  different  methods  of  operation.  The 
given  arc  may  exceed  60^,  or  it  may  be  less  or  at 
most  not  more  than  30^;  and  in  the  last  place  it 
may  be  greater  than  30^  but  less  than  60"*. 

I  St.  We  shall  suppose  that  the  arc  exceeds 
60^,  and  that  its  sine  is  required.  Take  its  com- 
plement to  90^,  and  reduce  that  arc  into  pares  of 
the  radius,  which  we  shall  suppose  to  be  looooo; 
for  this  purpose,  nothing  is  necessary  but  to  multi- 
ply the  degrees  it  contains  by  17451-5  and  the 
minutes  by  29*09,  and  then  to  add  the  products. 
Square  this  arc  thus  reduced,  and  raise  it  also  to 
the  fourth  power  ;  divide  the  sqiiare  of  it  by  2,  and 
from  the  quotient  subtract  unity  or  the  radius  : 


y 
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ilivide  the  fcfurth  power  of  it  by  24,  and  add  the 
quotient  to  the  above  remainder  :  the  number  thence 
resulting  will  be  nearly  this  sine  of  the,  given  arc. 

Lee  the  given  arc,  tor  example,  be  70^  30'  j  its 
complement  to  90^  is  19*  3c/,  -which  reduced  to 
parts  of  the  ladius,  as  beforesaid,  will  give  34025. 
llie  square  of  this  number,  suppressing  the  five  last 
figures,  which  are  useless,  because  we  nave  no  occa- 
sion for  mofe  than  1 00000  parts  of  the  radius,  is 
ii5lfj^  and  its  half  5792,  which  taken  from 
loobbo  leaves  94208.  Square  11583,  «^hich  will 
give  the  fourth  power  of  34035  ;  artd  if  five  figures 
be  ^upprëèsifâ,  as  useless  ror  the  reason  before 
mentioned,  we  shall  have  13.41,  which  must  he  di- 
vided by  24.  The  quotient,  whkh  is  somewhat  less 
than  56,  beine  added  to  94208,  will  make  94264» 
which  will  be  me  sine  of  70^  30'.  And  this  is  œactly 
what  it  will  be  found  to  be  in  the  tables  of  sines. 

2d.  Let  us  now  suppose  that  the  given  arc  is  at 
most  30^.  Find  the  cube  and  fifth  power  of  that 
arc  reduced  to  parts  of  the  radius  ;  then  divide  the 
cube  by  6,  and  the  fifth  power  by  1 20 }  if  the  first 
quotient  be  subtracted  from  the  arc,  and  the  second 
be  added  to  the  remainder,  we  shall  have  the  value 
of  the  sine»  a  very  small  error  excepted. 

Let  the  given  arc,  for  example,  be  30^.  When 
reduced  to  1 00000th  parts  of  the  radius  it  will  give 
52362,-  the  cube  of  which,  suppressing  the  last  ten 
figures,  will  be  14354.  The  sixth  part  of  this 
number  is  2392,  which  taken  from  the  arc 
52362,  leaves  49970.  ITie  fifth  power  of  the  same 
number  52362»  suppressing  the  last  twenty  figures, 
is  3935,  which  divided  by  120  gives  32  ;  if  32  be 
added  to  the  above  remainder,  we  shall  have  50002 
for  the  Mie  rf  jo^i  which  it  is- well  known  is 
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exactly  50cx)o  ;  consequently  the  error  is  only  two 
units  ifi  the  last  figure. 

3d.  If  the  arc  be  between  30^  and  60^.  for  ex- 
ample 45^  ;  take  the  difference  between  that  arc  and 
160^  which  is  15^9  and  add  it  to  60^  i  the  sum  will 
be  75%  the  sine  of  which  muse  be  found  by  the  first 
rule.   . 


Thep  find  that  of  15^  by  the  second  ^  a 
traa  it  from  that  of  75''  ;  the  remainder  wîÛ  Jbe  the 
sine  of  45^  i  for  according  to  a  theorem  in  tiuonp« 
'  metry,  that  the  sines  of  two  arcs,  equally  distant 
from  60^,  have  for  deference  the  sine  of.  that  arc 
by  which  each  of  these  two  arcs  ^en  from  that  of 

U9  instead  of  the  sine  of  an  arc,  that  of  its  com- 
plement be  required»  the  same  rules  may  be  employ- 
^d  :  the  sine  of  the  ^complement  of  20^,  for  exam- 
pie,  is  tUe  right  sine  of  70^  ;  and,  on  the  other  hanii» 
the  sine  complemeiit  of  70^,  is  the  right  sine  of  20^  ; 
by  which  it  may  be  readily  seen,  that  to  find  the  sine 
complement  of  an  arc,  nothing  is  necessary  but  to 
find  the  right  sine  of  the  complement  of  the  arc. 

When  the  right  sine  and  the  sine  complement  of 
an  arc  are  known,  it  will  be  easy  to  find  the  tangent 
by  the  follgwing  proportion  :  As  the  sine  comple- 
ment, or  cosine,  is  to  the  sine,  so  is  radius  to  the 
tangent  ;  nothing  therefore  is  necessary,  but  to 
divide  the  sine,  increased  with  any  number  of 
ciphers  ^t  pleasure,  by  the' cosine. 


REMARK. 


We  h^ve  here  giyen  ^  method  for  supplying  the 
place  pf  tables,  so  necessary  in  practical  trigono- 
metry, or  pf  forming  them  very  expeditiously,  in 
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cases  when  tfaey  are  not  at  hand^  or'  cannot  be 
procured.  I  was  once  myself  in  such  a  âtuatioiiy 
having  lost  my  baggage^  which  was  taken  from  me 
by  a  party  of  the  Iroquois  Indians^  when  posted  at 
Oswego  in  Canada.  In  that  dreary  sdxnie,  1  en« 
deavoured  to  amuse  myself  by  the  study  of  geometry. 
An  opportunity  of  performing  some  trigonometrical 
operaMM  occurred  ;  but,  being  destitute  of  books^ 
I  fortmnely  remembered^  the  dieqi  em  of  SneUias, 
which  M\es  as  a  basis  for  the  solution  of  the  pre- 
ceding |Nro)>lçiu  :  in  short,  I  recollected  two  ex- 
pressions^  in  infinite  series,  which  give  the  value  c^ 
the  sihe  and  cosine,  the  arc  being  given.  The  first, 
as  is  wiell  known,  a  being  made  to  represent  the  arc, 

is  tf  —  ^  +  -^ —  *&c,   and  the  second  i  — 

o     '     ISO  5040  ' 

f  4.X^^.4L  &c.    But  when  the  arc  a  is  ^txn 

much  below  the  value  of  the  radius  or  unity,  it  is 
evident  that  the  three  first  terms  of  each  will  be 
sufficient,  because  all  the  following  terms  become 
excessively  small.  After  what  has  been  said,  «the 
demonstration  oi  these  rples  may  be  eadly  dis- 
coyerçd. 

PROBLEM   JLIY« 

A  circle  and  two  faints  being  given  ;  to  describe  another 
circlet  which  sbaU  pass  through  these  points^  and 
touch  the  former  circle^ 

It  is  here  evident,  that  these  two  points  must  be 
both  within,  or  both  without  the  given  circle- 
Let  the  two  given  points  then  be  A  and  B,  as  in 
the  two  figures  81  and  82,  pL  lo.   Join  these  points 
by  a  straight  line  A  B }  and  through  one  of  them» 
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Aneaprnple  A,  -and  the  centre  of  the  given  circî< 
,drk«r  the. straight  line  A I  H,  intersecting  it  in  th 
two  paints  H  and  I  ;  dien  take  A  D  a  fourth  propo: 
tiooal  to  A'B,  AH,  AI,  and  from  the  point  I 
dra#  the  rivao  tangents  D  £-,  D  ^  ;  lastly,  from  tli 
pcmt  A,  through  the  two  points  of  contact  dra^ 
the  two  lines  £ji  F^  e  A  f^  intersecting  the  circ! 
.in. F  and/;  the  circle  described  throui^rtic  tvv 
poixits  A  and  B,  and  through  F,  will'^ch.  ti: 
given  circle  in  F  ;  and  if  one  be  described  throug 
the  paints  A,  B,  and/,  it  will  touch  'tfie  give 
circle  in/ 


PROBLEM   LV. 


T%vo  circles  and  a  point  being  given  ;  to  describe 
third  circle^  which  shall  pass  through  the  given  poin 
and  touch  the  other  two  circles. 


\ 


Lft  the  centres  of  the  two  given  circles  be  th 
points  A  and  C,  (fig.  83  pi.  10)  and  their  rad 
A  B,  CD.  In  the  line  which  joins  their  centre 
continued,  find  the  point  F,  the  tangent  from  whic 
to  one  of  the  circles  shall  be  the  tangent  to  tli 
other,  (by  Prob.  xii),  and  join  the  point  F  to  th 
given  point  E  :  then  make  F  G  a  fourth  propo] 
tional  to  FE,  FB,  FD,  and  by  the  precedin 
problem,  through  the  points  G  and  E  describe 
circle  which  shall  touch  one  of  the.  two  circles  A  ] 
or  G  D  :  this  thbrd  circle  will  touch  also  the  othc 
circle. 


PftpBL£li(S«  979 


P^ROBLEM  Lyi. 

Three  circles  being  given  ;  to  describe  a  fourth,  which 

shall  touch  them  all. 

It  may  be  readily  seen  that  this  problem  is  sus- 
ceptible  of  a  great  number  of  different  cases  and 
solutions  ;  for  the  required  circle  may  contain  the 
three  given  circles,  or  only  two  of  them,  or  even 
one,  or  the  given  circles  may  all  be  without  it.  But, 
for  the  sake  pf  brevity,,  we  shall  confine  ourselves  to 
one  of  these  cases,  that  where  the  circle  to  be  de- 
jscribed  itiust  leave  the  other  three  without  it. 

Let  the  three  given  circles  then  be  denoted  by 
A^  B,  C,  (fig.  84  pi.  10)  and  let  their  radii  foe 
\A  i7,  BA,  C  tf  ;  let  A  also  be^the  greatest,  B  the 
mean  one,  and  C  the  least.  In  the  radius  A  a 
make  a  d  equal  to  C  c^  the  radius  of  the  least  circle, 
and. from  A  as  a  centre,  with  the  radius  A  </,  de- 
scribe  a  new  circle.  In  the  radius  B  b,  make  b  e 
equal  to  C  ^  also,  and  from  B  as  a  centre,  with  the 
radius  B  e,  déscribe  another  circle  ;  then,  by  the 
preceding  proposition,  through  the  centre  C  de* 
scribe  a  circle,  which  shall  touch  the  two  new  dr* 
des;  let  its  centre  be  E,  and  ks  radius  £  Gj 
diminish  this  radius  by  the  radius  C  r ,  and  from 
the  same  centre  Ë  describe  another  circle,  which, 
will  evidently  touch  the  three  first  circles  given. 

For  since  the  circle  described  from  the  centre  A 
with  the  radius  A  </,  is  within  the  proposed  circle 
A,  by  the  quahtity  ^  ^  or  C  r,  it  is  evident  that  if 
the  radius  £  6  be  diminished  by  that  quantity,  the 
circle  described  with  this  new  radius,  instead  of 

tiHuching  the  interior  circle,  baring  A  </  for  its 
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ndîus,  vin  touch  the  proposed  circle,  the  radius  of 
which  is  A  tf  » 

It  may  be  seen  also  that  the  same  circle  described 
with  the  radius  £  G,  less  C  r,  will  touch  externally  ' 
the  circle  which  has  for  its  radius  B  b.  Lastly,  it 
will  touch  externally  the  circle  having  C  c  for  its 
ndius  ;  consequently  it  will  touch  them  all  three 
eternally. 

REMARK. 

This  problem  had  some  celebrity  among  the 
ancients;  and  indeed  it' is  attended  with  a  certain 
degree  of  difficulty,  ft  terminated  a  treatise  of  Apot- 
ionius,  entitled  De  Contactibusj  which  has  been  lost^ 
|Mit  which  Vieta,  a  celebrated  geometrician  wdio 
fired  about  the  end  of  the ,  sixteenth  century,  rt^ 
stored,  and  which  may  be  found  in  his  \i-orks, 
printed  in  Latin,  at  Leyden,  in  1646,  in  folio,  with 
the  title  of  Applhnius  Gallus,  seu  exjuscitata  Afollwm 
Pergai  de  Taetionibus  Geometria. 

Newton  has  given  a  beautiful  and  ingenious  so- 
lution of  this  problem  ;  but  that  of  Vieta  appeared 
to  us  preferable  for  the  present  work,  being  found- 
ed on  easier  principles.  We  cannot  omit  this  op- 
jportunity  of  observing,  that  the  above  work  of 
Vieta,  is  a  most  elegant  piece  of  geometry,  treated 
in  the  manner  of  the  ancients, 

PROBLEM    LVIT. 

What  bodies  arc  those,  tlje  surfaces  of  which  have  the 
same  ratio  to  each  other  as  their  solidities  ? 

This  problem  was  proposed,  in  the  forpi  of  an 
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eo^inay  in  one  of  the  French  Journals^  entitled  the 
Mercury,  of  the  year  1.773. 
» 
'  ^Refcnds-moiy  d'AIembertj  qui  découvre  les  traces 
Des  plus  sublimes  vérités  ; 
^mls  sont  les  corps  dent  tes  surfaces 
Sont  en  mémerapport  que  leurs  solidités  i 

We  do  not  find  tfas^  d'Alembert  condescended  to 
answer  this  problem^  for  it  may  be  readily  seen»  by 
those  in  the  least  acquainted  with  geometry,  thadt 
two  bodies  well  known,  the  sphere  and  the  drcum* 
scribed  cylinder,  will  solve  it.  Archimedes  demon- 
strated long  ago,  that  the  sphere  is  equal  to  two 
thirds  of  that  cylinder,  both  in  surface  and  solidity, 
provided  the  two  bases  of  the  cylinder  are  compre- 
hended in  die  farmer  ;  and  this  is  the  answer  which 
was  given  to  the  enigma  in  the  following  Mercury. 

But  we  may  go  a  little  further,  and  say,  that 
ther.e  are  a  gr^t  number  of  bodies  which  whea 
compared  with  each  other,  and  with  the  sphere, 
will  answer  the  problem  also  :  such  are  all  solids 
formed  by  the  circumvolution  of  a  plane  figure  cir« 
cumscribed  about  the  same  sphere,  and  even  all 
plane-faced  solids,  re^lar  or  irregular,  that  can  be 
circumscribed  about  me  same  sphere;  for  the  solidity 
of  all  these  bodies  h  the  product  of  their  surfaces  bf 
the  third  of  the  radius  of  the  inscribed  sphere,  while 
the  solidity  of  the  sphere  is  the  product  of  its  sur- 
face by  the  third  of  its  radius. 

Thus,  the  equilateral  cone  is  to  the  inscribed 
sphere,  both  in  surface  and  solidity,  as  9  to  4. 

The  case  is  the  same  in  regard  to  the  sphere  and 
the  circumscribed  isoiiceles  cone;  except  that  the 
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r»tk>»  mitead  of  4  to  9»  will  be  different  accordhig^ 
to  the  elongation  or  obEate  form  of  the  cone. 

If  the  sphere  and  the  circumscribed  cylinder  pos- 
sess this  property»  it  is  because  the  latter  is  a  body 
produced  by  the  circumvolution  of  the  square  dx^ 
cumscribed  about  the  great  circle  of  the  ^here,  on 
an  axis  perpendicular  to  two  of  the  parallel  sides.* 

If  the  square  and  inscribed  circle  revolved  around 
the  diagonal  of  the  square,  the  surface  and  soKdity 
of  the  body,  thus  produced,  would  be  to  each  other 
as  v^2  is  to  I. 

We  shajU  here  prq>ose  a  similar  problem  : 

What  are  those  figures^  *the  surfaces  and  ferimeiers  cf 
which  are  to  each  other  m  the  same  ratio  f 

The  answer  is  easy  :  the  circle  and  all  polygons, 
regular  or  irregular,  drcumscriptible  of  it. 

THEOREM  VIIK 

The  dodecagon  inscribed. in  the  circle j  is  ^  of  the  square 
of  the  diameter^  or  equal  to  the  square  of  the  side  cf 
the  inscribed  triangle. 

This  theorem,  which  is  exceedingly  curious,  was 
first  remarked  by  Snellius,  a  Dutch  geometrician. 

Let  A  C  (fig.  85  {il.  10)  be  the  radius  of  a 
circle»  in  which  is  inscribed  the  side  A  B  of  the 
hexagon  ;  and  if  A  D  and  D  B,  be  the  sides  of  the 
regular  dodecagon,  it  thence  follows  that,  by  draw- 
ing the  radius  D  C,  it  will  cut  the  side  A  B  perpen- 
dicularly, and  divide  it  into  two  equal  parts.  But 
it  is  evident,   that  the  area  of  the  dodecagon  is 
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equal  to  1 2  times  one  of  the  triangles  A  D  G,  or 
D  C  B }  and  as  the  triangle  A  D  C  is  equal  to  the 
product  of  the  radius  by  the  half  of  A  F,  or  by  the 
fourth  part  of  the  radius,  that  is  to  say,  is  equal  to 
a  fourth  of  the  square  of  the  radius,  the  twelve  will 
be  equal  to  three  times  the  square  of  the  radius,  or 
to  three  fourths  of  the  square  of  the-  diameter. 

On  the  other  hand,  the  side  of  an  equilateral 
triangle  inscribed  in  a  circle,  the  diameter  being 
unity,  is  equal  to  \/4  ;  consequently  its  square  is 
also  equal  to  4 -of  the  square  of  the  diameter,  or  to 
the  dodecagon. 

REMARK. 

Two  of  the  inscribed  polygons,  ^iz.  the  square  and 
dodecagon,  possess  the  property  of  having  a  nume* 
rical  ratio  to  the  square  of  aie  diameter  ;  for  the  in- 
scribed square  is  exactly  the  half  ;  but  of  the  re- 
gular polygons  circumscribed,  this  property  belongs 
only  to  the  square. 

Irregular  polygons  however,  and  even  a  great 
variety  of  them,  commensurable  to  the  square  of  the 
radius,  might  be  inscribed  in  a  given  circle: 

Let  the  diameter  of  the  circle,  for  example^  be  t  ; 
and  let  the  four  sides  of  the  inscribed  quadrilatéral- 
be  -^j  Vrry  ttj  -rr'  ^^  Surface  will  be  rational,  ahd 
equal  to  j-^^S-  ^\  ^^.  ^^^  of  the  diameter. 

PROBLEM   LVIII. 

m 

If  tlje  diameter  A  B  ffig.  86  pi.  10)  rf  a  seniicirclf 
A  C  Br  be  divided  into  any  two  parts  whatever ^ 
A  D  and  DB  ,*  and  if  on  these  parts  as  diameters 
there  be  described  two  semicircles  AED  àndDFB^ 
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if  reqmredejual  t9  the  remainder  rf  the  first 


From  the  point  D  raise  D  C  perpendicu^  to 
A  By  till  it  meet  the  semicircle  A  C  B  :  if  a  circle 
be  then  described  having  D  C  for  its  diameter^  it 
irill  be  that  required. 

The  demonstration  of.  this  problem,  so  well 
known,  is  deduced  from  a  theorem  in  the  second 
book  of  the  ,  Elements  of  Euclid,  viz,  that  the 
square  of  A  B,  is  equal  to  the  squares  of  A  D  and 
D  B  and  twice  the  rectangle  of  A  D  and  D  B  ;  a 
rectangle  to  which  the  square  of  D  C  is  equal  by 
the  property  of  the  circle.  Instead  of  these  squares 
if  we  substitute  semicircles^  .which  are  in  the  same 
latio,  the  problem  will  be  demonstrated. 

•  ) 

PROBLEM    LIX.  i 

•■ 
I  *  r 

A  square  being  given  ;  to  cut  off*  its  angles  in  such 
a  mamieri  that  it  shall  be  transformed  into  a  re- 
galar  octagon. 

Let  the  given  square  be  AB  C  D  (fig.  87  pi.  lo)» 
In  the  two  sides  D  C  and  D  A,  which  meet  in  D, 
take  any  two  equal  segments  whatever,  DI  and, 
D IC,  and  draw  the  diagonal  I K  ;  make  D  L  equal 
to  twice  D  K,  plus  the  diagonal  I K,  and  draw  LI; 
if  C  M  be  then  drawn  paullel  to  L  I,  through  the 
point,  Cy  it  will  cut  off*  from  the  side  of  the  square 
the  quantity  D  M,  to  which  if  D  N  be  made  equal, 
by  drawing  the  line  N  M,  we  shall  have  the  side  of 
the  octagon  required.  If  AE,  AF,  BG,  B  H, 
C  N  and  C  O  be  made  equal  to  the  line  D  M,  by 
drawing  E  F,  G  H  and  O  N,  the  required  octagon 
will  be  completed. 


J 
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•R£AtARK» 

The  solution  above  given,  is  an  example  of  what 
pften  happens  in  employing  the  algebraic  calculus 
in  the  solution  of  geometrical  problems  ;  for  there 
is  a  solution  much  more  simple,  and  that  of  a  na- 
ture to  be  self-evident  even  to  a  beginner.  It  is  as 
follows  :  . 

Draw  the  diagonal  A  C  (fig.  131  ph  17)  of  th« 
square,  and  also  £  F  bisecting  the  opposite  sides  in 
E  and  F,  and  the  diagonal  in  G.  Draw  G  H  so 
as  to  bisect  the  angle  C  G  £  j  so  shall  £  H  be  half 
the  side  of  the  octagon.  Therefore  make  C  I,  B  K^ 
B  L,  A  M,  A  N,  D  O,  D  P  each  equal  to  C  H,  and 
the  angles  of  the  octagon  will  be  founds 
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A  triangle  ABC  being  given  ;  to  inscribe  in  it  a 
rectangle^  in  such  a  manner ^  that  F  H  or  G  t 
shall  be  éditai  to  a  given  square* 

On  the  base  B  C  (fig.  88  pi.  ï  i)  describe  the  rect- 
angle BD,  equal  to  the  given  square,  and  let  E  be  the 
pomt  where  A  C  is  intersected  by  the  side  of  this 
rectangle  parallel  to  Ë  C.  On  A  C  describe  a  semi- 
circle, and  having  raised  the  perpendicular  £  L,  till 
it  meet  the  circumference,  draw  C  L  ;  on  C  K,  the 
half  of  A  Ç,  describe  also  a  semicircle,  in  which 
make  C  M  equal  to  C  L  :  if  K  F  and  K  G  be  then 
made  equal  to  K  M,  we  shall  have  the  points  E  and 
G,  through  which  if  two  lines  be  drawn  parallel 
to  the  base  till  they  meet  A  B,  and  alsg  two  other 

vol.  I.  c  c 
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Unes  perpendioilar  to  the  base,  they  vrill  form  die 
rectangles  F  H  and  G I,  equal  to  each  other,  as 
veil  as  to  the  rectangle  D  B,  which  was  equal  to 
the  given  square  :  therefore  &c. 

PROBLEM  LXt. 

Tbrûugb  agivenptnnt  D  (fig.  89  pi.  11)  xcithin  an 
angle  BAC,  to  draw  a  line  H  /,  in  such  a  man^ 
ffer^  that  the  triangle  I H  A  shall  be  equal  to  a 
given  square. 

Through  the  point  D  draw  L  £  parallel  to  one 
of  the  sides  of  the  given  angle,  and  make  the  rhoin« 
bus  L  E  G  A,  equal  to  the  given  square.  On  the 
line  D  E  describe  a  semicircle,  in  which  apply  D  F 
equal  to  D  L,  and  draw  E  F  ;  lastly,  if  G  H  be 
made  equal  to  E  F,  and  H  D  I  be  drawn  through 
the  point  H,  the  Une  H  D  I  will  be  the  one  re- 
quired. 

PROBLEM    LXII. 

Of  the  Lwmlc  of  Hippocrates  of  Chios. 

Though  the  quadrature  of  the  circle  be  in  all 
probability  impossible,  means  have  been  devised  to 
find  certain  portions  of  the  circle  which  are  demon- 
strated to  be  equal  to  rectilineal  spaces.  The  oldest 
instance  of  a  circular  portion,  which  may  be  thus 
squared,  -is  that  of  the  lunules  of  Hippocrates  of 
Chios }  the  construction  of  which  is  as  follows  : 

Let  ABC  (fig.  90  pi.  1 1  )  be  a  right-angled 
triangle,  on  the  hypothenuse  of  which  describe  the 
semicircle  A  B  C,  touching  the  right  angle  B  :  if 
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semicircles  be  then  described  on  the  sides  A  B 
and  BC,  the  spaces  in  the  form  of  a  crescent^ 
A  E  B  H  A  and  B  D  C  G  B,  will  together  be  equal 
to  the  triangle  A  B  C. 

For  it  is  well  known  that  the  semicircle  on  the 
base  A  C,  is  equal  to  the  two  semicircles  A  £  B  and 
B  D  C,  because  circles  are  to  each  odier  as  the 
squares  of  their  diameters  :  if  the  segments  A  H  B 
and  B  G  C,  which  are  common  to  both,  be  taken 
away,  there  will  remain,  on  the  one  hand,  the  tri- 
angle A  B  C,  and  on  die  other  the  two  spaces  in 
the  form  of  a  crescent,  A  £  B  H  and  B  D  C  G,  and 
these  remainders  will  be  equal  :  therefore  &c. 

If  the  sides' ^  bj  be  zte  equal,  as  in  %.  91,  the 
two  lunules  will  evidently  be  equal,  and  each  will 
be  half  of  the  triangle  abcj  that  is  to  say,  equal 
to  the  triangle  bfa  or  bfc. 

Hence  wc  obtain,  a  simpler  construction  of  the 
lunule  of  Hippocrates.  Let  ABC  (fig.  92)  be  a 
semicircle  on  the  diameter  A  C,  and  A  F  C  an 
isosceles  right-ailgled  triangle.  If  from  the  point  F 
as  a  centre,  there  be  described  through  A  and  C, 
the  arc  of  a  circle  ABC  on  the  base  A  C,  the 
lunule  A  B  C  D  will  be  equal  to  the  triangle 
C  A  F. 

Since  the  square  ef  F  C  is  double  the  square  of 
£  C,  or  of  £  F,  the  circle  described  with  the 
radius  P  C  will  be  double  that  described  with  the 
radius  £  C  :  consequently  a  fourth  part  of  the  for*- 
mer,  or  the  quadrant  F  A  D  C,  will  be  equal  to  the}  ' 
half  of  the  second,  or  to  the  semicircle  ABC.  If 
the  common  segment  A  D  C  £  A  therefore  be 
taken  away,  the  remainders,  that  is  to  say,  the 
triangle  AFC,  on  the  one  hand,  and  the  lunule 
A  B  CD  A,  on  the  other,  will  be  equal. 
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REMARKS. 


We  shall  take  this  oppoutuniiy  of  making  the 
reader  acquainted  with  several  curious  observations, 
added  by  modem  geometricians  to  the  discovery  of 
Hippocrates. 

1st.  From  the  centre  F  (fig.  93)  if  there  be 
drawn  any  straight  line  whatever  F  E,  cutting  off 
a  portion.  <jf  the  lunule  A  E  G  A  ;  that  portion  will 
still  be  squarable,  and  equal  to  the  rectilineal  tri- 
angle A  H  E  right-angled  at  H. 

For  it  may  be  easily  demonstrated,  that  the 
segment  A  E  will  be  equal  to  the  semi-s^ment 
AGH. 

2d.  From  the  point  E,  if  £  I  be  let  fall  perpen- 
dicular on  A  C,  and  if  F I  and  FE  be  drawn,  the 
same  portion  of  the  lunule  A  E  G  A,  will  be  equal 
to  the  triangle  A  F  I. 

For  it  may  be  easily  demonstrated  that  the  tri- 
angle A  F I  is  equal  to  the  triangle  A  H  E. 

3d.  The  lunule  therefore  may  be  divided  in  a 
given  ratio,  by  a  line  drawn  from  tlie  centre  F  : 
nothing  more  is  necessary,  than  to  divide  the  dia- 
meter A  C  in  stich  a  manner,  that  A  I  shall  be  to 
C  I  in  that  ratio;  to  raise  E  I  perpendicular  to 
A  C,  and  to  draw  the  line  F  E  :  the  two  segments 
of  the  lunule  AGE  and  G  E  C  will  be  in  the 
ratio  of  A I  to  I  C. 

All  these  remarks  were  first  made  by  M.  Artus 
de  Lionne,  bishop  of  Gap,  who  published  them  in 
a  work  entitled  Curvilineorum  Amanior  Contewplatiej 
1654,  4^.  and  afterwards  by  other  geometricians. 

4th.  If  the  two  circles,  forming  the  lunule  of 
Hippocrates,  be  completed,  the  result  will  be  an- 
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Other  lunule,  which  may  be  called  Conjugate,  and 
in  which  mixtilineal  spaces,  absolutely  squarable, 
may  be  found. 

From  the  point  F,  if  there  be  drawn  any  radius 
F  M,  întçrsectine  the  two  circles  in  R  and  M  j  we 
shall  have  the  mixdlineal  space  R  A  M  R,  equal  to 
the  recdlineal  triangle  L  A  R  :  which  caa  be  easily 
demonstrated  ;  for  it  may  be  readily  seen  that  the 
segment  A  R,  of  the  small  circle,  is  equal  to  the 
semi-segment  L  A  M  of  the  greater. 

Hence  it  follows,  that  if  the  diameter  tn  O  touch 
the  small  circle  in  F,  the  mixt  triangular  space 
AKY  m  A,  will  be  equal  to  the  triangle  A  S  F^ 
right-angled  in  S,  or  to  half  the  lunule  A  G  C  B  A. 

5th.  There  are  also  some  other  portions  of  the 
lunule  of  Hippocrates  that  are  absolutely  squarable; 
which,  as  fax  as  we  know,  were  never  before  re- 
marked. 

Let  ABCFA  (fig.  94) 'be  a  lunule,  and  let 
A  B  be  a  tangent  to  the  interior  arc.  Draw  the 
lines  '£  A  and  e  A  making  with  A  B  equal  angles  ; 
if  from  the  point  B  there  be  then  drawn  the  chords 
B  Ë,  B  e^  which  will  be  equal,  we  shall  have  the 
mixtilineal  space,  terminated  by  the  two  circulai- 
arcs,  £  B  ^,  A  G  F,  and  the  straight  lines  A  e  and 
F  E,  equal  to  the  rectilineal  figure  ^  A  £  B  ^. 

This  would  be  true,  even  if  the  figure  ABCFA 
were  not  absolutely  squarable;  that  is  to  say, 
though  ABC  should  not  be  a  semicircle,  provided 
the  two  circles  w^re  always  in  the  ratio  of  2  to  i, 

PROBLEM  LXTII. 

To  construct  other  lunules,  besides  that  of  Wppocratesy 
which  are  absolutely  à-quarable* 
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The  lunixle  of  Kppocrates  is  absolutely  squarable 
because  the  chords  A  B,  B  C  i  fig  92)  and  A  C 
are  such,  that  the  square  of  the  last  is  equal  to  th< 
squares  of  the  other  two  ;  so  that  by  describing  01 
the  last  an  aic  of  a  circle,  similar  to  those  sub 
tended  by  A  B  and  B  C,  the  two  segments  A I 
and  B  C  are  equal  to  ADC. 

'  This  method  of  considering  the  lunule  of  Hippo 

crates  conducts  us  to  more  general  views  ;  for  w( 

^ay  conceire  in'  a  circle  any  equal  number  of  chord! 

at  pleasure,  for  example  four,  as  A  B,  B  C3  CI 

f  and  DE,  (fig.  95)  of  such  a  nature,  that  by  draw 

ing  the  chord  A  £,  the  square  of  it  shall  be  qua 
druple  of  one  of  them  ;  or  more  generally,  the 
number  of  the^e  chords  being  rh  the  square  of  A  £ 
maybe  to  that  of  A  B,  a3  ^  to  i^  Thus,  if  we  de 
scribe  on  A  £  an  arc  similar  to  those  subtended  b] 
the  chords  AB,  BC,  &c,  the  segment  A£  will 
be  equal  to  the  segments  A  B,  B  C,  &c,  together  : 
if  from  the  rectilineal  figure  A  B  C  D  E  therefore, 
we  take  away  the  segment  A  £,  and  add  it  to  the 
ri  segments  A  B,  B  C,  &c,  the  result  will  be  a  lunule 

y  formed  of  the  arcs  A  C  £  and  A  £,  which  will  be 

n  equal  to  the  rectilineal  polygon  A  B  C  D  £. 

i  The  question  then  i3,  to  resolve  the  following 

geometrical  problem  : 

In  a  given  circle  to  inscribe  a  series  of  equal  chords^ 
A B,  B  C,  CD,  &c,  in  stub  a  manner^  thai  the 
square  of  the  chord  AY.  y  by  which  they  are  all 
subtended^  shall  be  to  the  square  of  one  Cff  them,  as 
the  whole  number  of  them  is  to  unity  ;  triple^  if  there 
are  three;  quadruple  ^  if  there  are  four,  i^c. 


\ 


Bu(  we  shall  confine  ourselves  to  cases  that  can 
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be  constructed  by  the  elements  of  geometry,  which 
will  still  give  us  two  lunules,  similar  to  those  of 
Hippocrates,  the  one  formed  by  circles  in  the  ratio 
of  I  to  3,  and  the  other  by  two  circles  in  that  of  i 
to  5,  besides  two  other  lunules,  formed  by  circles 
in  the  ratio  of  2  to  3  and  of  3  to  5. 

■ 

Construction  of  the  ^rst  Lunule. 

f  ■ 

Let  A  B  (fig.  96)  be  the  diameter  of  the  lesser 
drcle,  with  which  the  lunule  is  to  be  constructed. 
Continue  A  B  to  D,  so  that  B  D  shall  be  equal  to 
the  radius^  and  on  A  D  as  a  diameter  describe  the 
semicircle  A  ED,  cutting.  B  £,  drawn  perpendi- 
cular to  AD,  m  £;  draw  D£,  and  make  D  F 
equal  to  it  !  on  A  F  d^cribe  also  a  semicircle 
A  H  F,  intersecting  the  radius  C  G,  perpendicular 
to  A  B,  in  H;  draw  AH,  and  in  the  given  circle 
make  the  chords  A  I,  I K  and  K  L  equal  to  A  H  ; 
then  draw  A  L,  and  on  that  chord,  with  a  radius 
equal  to  D  E,  describe  an  arc  of  a  circle  A  L  ;  by 
these  means  we  shall  have  the  lunule  A  G  B  L  A, 
equal  to  the  rectilineal  figure  A  I K  L  A. 

Vonsf  ruction  of  the  second  lunule^  where  the  circles  are 

as  1  to  ^. 

Continue  the  diameter  of  the  given  or  less  circle, 
till  the  part  P  D  (fig.  97)  be  equal  to  half  the 
radius  ;  and  draw  the  indefinite  line  D  £  perpen- 
dicular  to  AD;  then  from  the  point  S,  which 
divides  the  radius  A  C  into  two  equal  parts,  vnth  a 
radius  equal  to  3  times  A  C,  describe  an  arc  of  à 
drcle»  cutting  the  before^mendoned  perpendicular 


N-* 
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in  £  :  make  £  F  equal  i  of  A  C,  and  D  H  equal 
to  the  radius  ;  divide  H  F  into  two  equal  parts  ia 
G  ;  and  from  G  as  a  centre,  with  a  radius  equal  to. 
G  H,  decribe  an  arc  of  a  circle  cutting  the  straight 
line  A  D  in  1  :  then  make  D  K  equal  to  H  I,  and 
draw  K  R  perpendicular  to  the  diameter,  intersect- 
ing the  semicircle  described  on  A  C  in  L  ;  lastly, 
draw  AL,  and  let  the  chords  AM,  MN,  NO, 
OP,  P  O,  be  made  equal  to  it  :  if  an  arc  of  a 
^!_-i_L_.     _  Jçscribed  on  A  Q, wi;h  r      '*  ' 

nule  A N P OA,  will 
igure  AMNOPC^A 

Lunules  absolutely  squarable  may  therefore  bç 
formed  with  circles,  which  are  to  each  other  in  the 
ratios  of  i  to  2,  i  to  3,  and  of  i  to  5.  But  there 
;irc  no  others  formed  by  circles  in  simple  multiple 
or  sub-multiple  ratio,  which  can  be  constructed 
merely  by  the  rule  and  compasses.  Those  which 
might  be  formed  with  circles  in  the  ratio  of  i  to  4, 
I  to  6,. or  1  to  7,  &c,  would  require  the  assistance 
of  the  higher  geometry.  The  trisection  of  an  angle, 
or  the  finding  of  two  mean  proportionals,  is  a  pro.» 
blem  of  the  same  nature,  and  of  the  same  degree, 
and  to  be  solved  only  by  the  same  means.  But 
there  are  still  two,  which  tnay  be  constructed  by  the 
help  of  simple  geometry,  and  which  are  formed  by. 
circles  in  the  ratio  of  2  to  3  and  of  3  to  5.  For  the 
sake  of  brevity,  we  shall  confine  ourselves  to  shewing 
the  method  ot  construction. 

For  the  first.  Let  there  be  any  circle,  the  radium 
of  which  is  supposed  to  be  i  ;  inscribe  \n  it  a  chord 
A  B  (fig.  98  pi.  12),  equal  to  \/^  —  v/^^,  and  let 
It  be  twice  repeated,  from  B  to  C,  and  from  C  to  D; 
draw  the  chord  A  D,  and  on  A  D  describe  an  arc 
similar  to  the  arc  A  B  C  j  if  the  two  equal  chords 


PROBLEMS.  393 

A  E  and  E P  be  then  drawn,  the  lunule  A  BCDE  A, 

will  be  equal  to  the  rectilineal  polygon  A  BCDE  A. 

For  tbe  second.  In  a  circle,  the  radius  of  which  is  i, 

inscribe  achord  equal  to   /^ — 4  \/t — v^t'^-t  \/t> 

and  carry  it  round  five  times  ;  draw  the  chord 
of  the  quintuple  arc,  and  describe  on  it  an  arc 
with  a  radius  =  >/|  ;  in  this  arc  inscribe  the  three 
chords  of  its  three  equal  parts,  which  may  be  done 
by  common  geometry,  because  each  of  these  thirds 
is  similar  to  a  fifth  of  the  first  arc  already  given. 
We  shall  then  have  a  lunule  equal  to  a  rectilineal 
figure,  formed  by  the  five  chords  of  the  small  circle 
and  the  three  chords  of  the  greater, 

PROBLEM    LXIV, 

A  lunule  being  given  ;  to  find  in  it  portions  absolutely 
squarabhy  provided  the  circles  by  which  it  is  formed 
are  to  each  otl^er  in  a  certain,  numerical  ratio. 

Let  ABC  D  A  (fig.  99,  100,  loi)  be  a  lunule, 
formed  by  two  circles  in  any  of  the  above  ratios, 
ABC  bcong  a .  portion  of  the  lesser  circle,  and 
A  D  C  of  the  greater.  Draw  A  E  the  tangent  of 
the  arc  A^  D  C,  and  then  draw  the  line  A  F  in  such 
a  manner,  that  the  angle  E  A  C  shall  be  to  the 
angle  F  A  C  in  the  same  radio  as  the  less  circle  is  to 
the  greater  j  then  one  of  the  three  following  things 
will  take  place  :  A  F  will  be  a  tangent  to  the  circle 
ABC,  fig.  99  ;  or  it  will  cut  it,  a3  in/,  fig.  100 ; 
or  as  in  f  fig.  loi. 

In  the  first  case,  the  Ijinule  will  be  absolutely 
squarable,  and  equal  (o  the  rectilineal  figure 
JC  A  L  C  (fig.  99).  , 

\s\,  the  second,  this  lunule,  mipus  the  circular 
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segment  A/,  will  be  equal  to  the  rectilineal  figure 
A/K  C  L  A,  or  the  space  A  K  C  L,  plus  the 
triangle  AK/(fig.  xoo). 

In  the  third,  the  same  lunule,  plus  the  circular 
segment  a  p,  'will  l^e  equal  to  the  rectilineal  space 
flflLcla  or  the  space  aKcI  minus  the  triangle 

4?Kf  (fig.   IDl), 

We  omit  the  demonstration,  both  for  the  sake  of 
brevity,  and  because  it  may  be  easily  conceived 
from  what  has  been  already  said. 

Hence  it  may  be  readily  seen,  that  if  the  given 
circles  have  to  each  other  a  certain  ratio,  which  ^ill 
adnrft  of  the  oagie  F  A  C  (fig.  99,  ico)  being  con- 
structed with  the  rule  and  compasses,  in-  such  a 
manner  as  to  be  to  the  axigb  E  A  C,  in  the  reciprocal 
ratio  of  these  circles,  we  may  draw  the  line  FA, 
which  will  cut  off  from  the  lunule  the  portioa 
A  DC  By  A,  equal  to  an  assignable  rectilineal  space. 
Now  this  will  always  be  the  case  when  the  less  circle 
is  to  the  greater  in  the  ratio  of  i  to  2,  or  1  to  3 >  or 
I  to  4,  or  I  to  5,  &c  ;  for  the  angle  F  A  C  must  then 
be  double,  triple,  quadruple,  or  quintuple  of  E  A  C: 
in  this  there  is  no  difficulty.  The  case  will  be  the 
same  if  the  less  circle  is  to  thç  greater  in  the  ratio 
of  2  to  3,  or  2  to  5,  or  2  to  7,  &c  ;  or  the  arc 
ADC,  being  susceptible  of  geometrical  trisection, 
as  is  often  the  case,  if  the  greater  circle  be  to  the 
less  as  3  to  4,  or  3  to  5,  or  3  to  7,  &c. 

Another  method.  Let  A  F  (fig.  102)  be  a  tangent 
to  the  circle  A  B  C  in  A,  and  A  E  a  tangent  to  the 
arc  A  D  C  in  the  same  point.  Draw  the  line  A  G 
in  such  manner,  that  the  angle  FAG  may  to  be  to 
the  angle  E  A  G,  as  the  greater  circle  is  to  the  less  ; 
that  is,  that  the  angle  F  A  E  shall  be  to  E  A  G  j  as 
the  greater  circle  minus  the  less  is  to  the  latter  :  the 
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line  A  G  will  then  fell  either  on  A  C,  ot  above  it> 
as"*  in  A  G,  or.  below  it  as  in  A  ^. 

Now,  in  the  first  case,  it  may  be  easily  demon- 
strated, that  the  lunule  is  absolutely  squarable. 

In  the  second,  it  may  be  shewn  that  the  same 
lunule,  minus  the  mixtilineal  triangle  M  G  C  M,  is 
equal  to  an  assignable  rectilineal  space. 

In  the  third,  it  may  be  proved  that  the  same 
lunule,  if  the  mixtilin^  triangle  C  ;7i  ^  be  added, 
will  be  equal  to  the  same  rectilineal  space. 
'  Lastly,  let  there  be  drawn,  in  each  of  the  preced- 
ing figures,  between  AC  and  AE  (fig.  99,  loo, 
10 1,  Ï02),  any  line  whatever  AN,  forming  with 
the  tangent  AE  any  angle  N  A£;.  then,  in  the 
angle  VA£,  draw  anotrier  line  Ati,  in  such  a 
manner,  that  the  angle  n  A  £  shall  be  to  E  A  N  as 
F  A  E  to  C  A  £•  It  may  still  be  demonstrated,  that 
the  mixtilineal  figure  formed  of  the  two  arcs  N  n, 
>^P,  and  the  two  lines  An,  PN  will  be  equal  to 
a  rectilineal  space;  which  may  be  found,  by  divid- 
ing die  arc  N  n  into  as  many  parts,  similar  to  the 
arc  À  P,  as  the  number  of  times  that  the  less  circle 
is  xrontained  in  the  grieater  :  this  may  be  performed 
geometrically^  if  the  ratio  of  the  one  circle  to  the 
bthe;r  be  as  i  to  2,  or  i  to  3,  or  i  to  4,  &c.  If  we 
here  suppose  it,  for  example,  to  be  as  i  to  3,  we 
shall  have  three  equal  chords  ;2  0^  0  E,  £  N,  and  the 
portion  of  the  lunule  in  question,  will  be  equal  to 
the  redilineal  figure  A  n  0  E  N  A,  since  the  three 
segments  no^  ^£,  &Cj  are  together  equal  to  the 
segment  A  P. 

REMARK  I. 

t 

We  have  also  proposed  and  solved  the  following 
problem;    * 
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A  lunule^  not  squarablcy  but  formed  by  iwo  circles  in 
tbe  ratio  cf  i  to  2,  being  given  ;  to  iricrsect  it  by  a  line 
farallel  to  its  Jbase^  which  shall  cut  qff from  it  a  portion 
absolutely  squarablj. 

REMARK    2. 

The  following  method  for  dividing  circles  &c,  is 
60  curious,  that  it  is  well  deserving  of  a  place  here, 
in  addition  to  the  foregoing  ways  of  dividing  thein 
into  certain  portions. 

To  divide  Geometrically  Circles  and  r/yr^  into  any 
Number  of  Parts  at  pleasure^  and  in  any  proposed 
Ratios. 

Although  the  learned  labours  of  all  ages  have 
failed  in  their  attempts  at  the  geometrical  quadrature 
of  the  circle,  and  even  of  the  division  of  the  cir- 
cumference into  '  any  number  of  equal  parts  at 
pleasure  ;  yet  our  own  time  has  furnished  the  so- 
lution of  a  problem  but  little  less  curious,  and  here- 
tofore esteemed  almost,  if  not  altogether,  as  difficult 
as  it  ;  namely  the  division  of  the  circle  into  any  çro- 
posed  number  of^rts  whatever,  of  equal  perimeter, 
and  the  areas  either  equal  or  in  any  proportion  to 
each  other.  The  solution  of  this  seeming  paradox 
was  first  published  by  Dr  Hutton,  in  his  quarto 
volume  of  Tracts,  in  1786.  That  curious  solution 
was,  in  substance,  as  follows  ; 

Divide  the  diameter  A  B  (fig.  132  pi-  17)  of 
the  given  circle  into  as  many  equal  parts  as  the 
circle  itself  is  to, be  divided  into,  at  the  points 
C,  D,  E,  &c.  Then,  on  the  lines  AC,  AD. 
A  E,  &c,  as  diameters^  describe  semicircles  on  on^ 
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side  of  the  diameter  A  B,  and  also  on  the  lines 
B  E,  B  D,  B  C,  &c,  on  the  other  side  of  that  dia- 
meter  ;  then  will  these  semicircles  divide  the  whole 
given  circle.in  the  manned  proposed^  viz,  into  parts 
w^iich  are  all  equal  to  each  other^  both  in  area  and 
in  perimeter. 

For, •the  several  diameters  of  the  dividing  semi- 
circle being  in  arithmetical  progression,  and  the 
diameters  of  circles  being  in  the  same  proportion  as 
their  circumferences,  these  will  al?o  be  in  arithme- 
tical progression.  But,  in  such  a  progression^  the 
sum  of  the  extremes  being  (  qual  to  the  sum  of  each 
pair  of  terms  that  are  equally  distant  from  «them  ; 
therefore  the  sum  of  the  circumferences  on  A  C  and 
C  B,  is  equal  to  the  sum  of  those  on  A  I)  and  D  B, 
and  to  the  sum  of  those  on  AE  and  E  B,  &c,  and 
each  sum  equal  to  the  semicircumference  of  the  given 
circle  on  the  whole  diameter  A  B.  Therefore  all 
the  parts  have  equal  perimeters  ;  and  each  perimeter 
is' equal  to  the  whole  circumference  of  the  first 
given  circle.  Which  satisfies  one  of  the  conditions 
in  tht  problem. 

Again,  the  same  diameters  being  in  proportion 
to  each  other  as  the  numbers  i,  2,  3,  4,  &c,  and 
the  areas  of  circles  being  as  the  squares  of  their 
diameters,  the  semicircles  will  be^  as  the  square 
numbers  i,  4,  9,  16,  &c,  and  consequently  the 
differences  between  all  the  adjacent  semicircles  are 
as  the  terms,  of  the  arithmetical  progression,  1,3, 
5,  7,  '&c  :  and  here  again  the  sums  of  the  exti  ernes 
and  of  every  two  equidistant  means,  make  up  the 
several  equal  parts  of  the  circle.  Which  is  the 
other  condition  of  the  problem. 

But  this  subject  admits  of  a  still  more  geometrical 
form,andis  capable  of  being  rendered  very  general  and 
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extensive^  and  is  moreover  very  fruitful  in  curiov» 
consequences.  For  first,  in  whatever  ratio  thé 
whole  diameter  is  divided,  whether  into  equal  or 
unequal  parts,  and  whatever  be  the  number  of  the 
parts,  the  perimeters  of  the  parts  will  always'  be 
equal.  For  since  the  circumferences  of  circles  are 
in  the  same  proportion  as  their  diameters,  and 
because  A  B  (fig.  123  pi.  17)  and  AD  +  D  B,  and 
A  C  +  C  B  are  all  equal,  therefore  the  semicir- 
cumferences  r,  and  ^  +  ^,  and  a  +  ezre  all  equal, 
and  constantly  the  same,  whatever  be  the  ratio  of 
the  parts,  A  D,  DC,  C  B,  of  the  diameter.  We 
shall  presently  find  too  that  the  spaces  TV,  R  S, 
and  P  O,  will  be  universally  as  the  same  parts,  A  D, 
D  C,  CB,  of  the  diameter. 

The  semicircles  having  been  described  as  before 
mentioned,  erect  C  E  perpendicular  to  A  B,  and  join 
B  E.  Then  will  the  circle  on  the  diameter  B  E,  be 
equal  to  the  space  P  Q^  For,  join  A  E.  Now  the 
space  P  is  iz  semicircle  on  AB  — semicircle  on  AC: 
but  the  semicir.  on  A  B  :=  semicîr.  on  A  E  + 
semicir.  on  B  E,  and  the  semicir.  on  A  C  :=  semicir. 
on  A  E  —  semicir.  on  C  E,  therefore  semic.  A  B  — 
semic.  A  C  =  semic.  B  E  +  semic.  C  E,  that  is, 
the  space  P  is  iz  semic.  B  E  +  semic.  C  E  ;  to  each 
of  these  add  the  space  Ç),  or  the  semicircle  on  B  C 
then  P  +  Q^^  semic.  BE  +  semic.  C  E  +  semic^ 
B  C,  that  is,  P  +  Q^zi  double  the  semic.  B  E,  or 
—  the  whole  circle  on  B  E. 

In  like  manner,  the  two  spaces  P  Q^  and  R  S 
together,  or  the  whole  space  P  Q^R  S,  is  eqiial  to 
the  circle  on  the  diameter  BF.  And  therefore  the 
space  R  S  alone,  is  equal  to  the  difference,  or  the 
circle  on  B  F  mim/s  the  circle  on  B  E. 

But,  circles  being  as  the  squares  of  their  dia- 
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meters,  BE%  BF%  and  these  again  being  as  the 
parts  or  lines  B  C,  B  D,  therefore  the  spaces  P  O, 
P Q^R  S,  R  S,  TV,  arp  resôctîvely  as  the  lines  B  C,  ' 
BD,  CD,AD.  And  if  B C be  equal  to  C D, then 
will  P  QJbe  equal  to  R  S,  as  in  the  first  or  simplest 
case.  V: 

Hence  to  find  a  circle  equal  to  the  space  R  S, 
^here  the  points  D  and  C  are  taken  at  random  : 
From  either  end  of  the  diameter,  as  A,  take  A  G 
equal  to  D  C,  erect  G  H  perpendicular  to  A  B,  and 
join  AH}  then  the  circle  on  AH  will  be  equal  to 
the  space  R  S.  For,  the  space  P  Q^is  to  the  space 
RS,  asBCis  to  CD  or  AG,  that  is  as.  BE*  to 
AH%  the  squares  of  the  diameters;  or  as  the  circle 
on  B  E  to  the  circle  on  A  H.  But  the  circle  on 
B  E  is  equal  to  the  space  P  O  ;  therefore  the  circlp 
on  A  H  is  equal  to  the  space  K  S. 

Hence,  to  divide  a  circle  in  this  manned",  into  any 
proposed  number  of  parts,  that  shall  be  in  any  ratio 
to  one  another  :  Divide  the  diameter  into  as  many 
parts,  at  the  points  D,  C,  &c,  and  in  die  same 
ratios  as  those  proposed  ;  then  on  the  several  di- 
stances of  these  points  from  the  two  ends  A  and  B, 
as  diameters,  describe  the  alternate  semicircles  on 
the  different  sides  of  the  whole  diameter  A  B  ;  and 
they  will  divide  the  whole  circle  in  the  manner  pro- 
posed. That  is,  the  spaces  TV,  R  S,  P  (X  will  be 
as  the  lines  A  D,  D  C,  C  B. 

But  these  properties  are  not  confined  to  the  circle 
alone.  They  are  to  b& found  also  in  the  ellipse,  as  the 
genus  of  which  the  circle  is  only  a  species.  For  if 
the  annexed  figure  be  an  ellipse  described  on  the 
axis  AB  (fig.  131  pi.  17)  the  area  of  which  is,  ia 
like  manner,  divided  by  similar  semiellipsçs,  de- 
scribed on  A  D^  A  C,  B  C,  B  D,  as  axes,  all  the 
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scmîperimeters  ^  ae^  6  dj  r,  will  be  equal  to  one 
another,  for  the  same  reason  as  before  in  the  circle^ 
namely,  because  the  peripheries  of  similar  ellipses 
are  in  the  same  proportion  as  their  diameters*  And 
the  same  property^  would  stijl  hold  good,  if  A  B 
*  were  any  other  diameter  of  the  ellipse,  instead  of 
the  axis  j  describing  on  the  parts  of  it  semiellipses 
which  shall  be  similar  to  those  into  which  the  dia- 
meter  A  B  divides  the  given  ellipse. 

And  farther,  if  a  circle  be  described  about  the 
ellipse,  on  the  diameter  A  B,  and  lines  be  drawn 
sinular  to  those  in  the  second  figure  ;  then  by  a  pro- 
cess the  very  same  as  before  in  the  circle,  substitut- 
ing only  semiellipse  for  semicircle,  it  is  found  that 
the  space 

P  Q  z=  the  similar  ellipse  on  the  diameter  B  E, 

P  C^R  S  =:  the  similar  ellipse  on  the  diameter  B  F, 
R  S  zi  the  similar  ellipse  on  the  diameter  A  H, 

or  to  the  difference  of  the  ellipses  on  B  F  and  B  E  ; 
also  the  elliptic  spaces  P  Q,  F  Q  R  S,  R  S,  T  V, 
are  respectively  as  the  lines  B  C,  B  D,  D  C,  AD  ; 
being  the  same  ratios  as  the  circular  spaces.  And 
hence  an  ellipse  is  divided  into  any  number  of  parts, 
in  any  assigned  ratios,  after  the  same  manner  as  the 
circle  is  divided,  namely,  dividing  the  axis,  or  any 
diameter,  in  the  same  manner,  and  on  the  parts  of 
it  describing  similar  semiellipses. 

PROBLEM    LXV. 

0/  various  other  Circular  Spaces  absolutely  Squarable. 

1st.  Let  there  be  two  concentric  circles,  through 
which  is  drawn  the  line  b  B  (fig.  1 03  pi.  12),  a 
tangent  or  secant  to  the  interior  circle.     Draw  C  A 
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iknd  C  B,  forming  an  angle  A  C  D»  and  make  the 
arc  D  F  in  proportion  to  the  arc  D  A^  as  the  square  of 
C  D  is  to  the  difference  of  the  squares  of  C  B  and 
CD:  if  C  £  be  then  drawn,  we  shall  have  the  mixti^^ 
lineal  space  A  B  £  F  equal  to  the  rectilineal  triangle 
ACB. 

It  is  evident  that^  to  r^der  the  position  of  C  £ 
determinable  by  common  geometry,  the^  ratio 
'  between  the  arcs  A  D  and  D  P  must  be  that  of 
certain  numbers,  as  i  to  i,  i  to  2,  i  to  3,  &C)  or 
ti  to  I,  2  to  3,  &€•  Consequently,  the  difference 
of  the  squares  of  the  radii  of  the  two  circles,  must 
be  to  the  square  of  the  less,  as  i  to  i,  or  1  to  i,  or 
3  to  I,  &c.  The  sectors  of  the  different  circles 
being  then  in  the  compound  ratio  of  the  squares  of 
their  radii  and  pf  their  amplitudes,  we  shall  have  the 
8ectorBC£equalto  ACF;  if  Ae  common  sector 
D  C  F  therefore  be  taken  away,  and  the  space  A  I)  B 
be  added  to  both,  the  rectilineal  triangle  ACB 
will  be  equal  to  the  space  A  F  £  B. 

2d.  Let  there  bç  any  sector,  as  A  C  B  O  A 
(iig.  104),  of  «^hich  AB  is  die  chord.  In  a 
double,  or  quadruple,  or  octuple  circle»  take  a 
sector  actgûf  the  angle  of  which  shaU  be  the 
half,  or  the  fourth,  or  tne  eighth  part  of  the  angle 
ACB,  which  it  19  possible  to  do  with  the  rule  and 
compasses  ;  let  diid  second  sector  be  disposed  as  seen 
in  the  figure,  that  is  to  say  in  such  a  manner»  that 
the  arc  ag  b^  shall  stand  on  the  chord  AB.  We 
shall  then  nave  the  space  A  « ^i  B  G  A,  equal  to 
the  rectilineal  Qgure  £  ÇF^t  minus  the  two  tri« 
angles  AaTL  and  6 B F. 

This  is  almost  evident  ;  for,  by  the  above  con- 
struction, die  s^or  ACB.Gis  equ^  to  isf  f/f 

.VOL.  u  BX) 
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îf  the  part  therefore  MiJiich  is  common  be  talcOl 
away,  there  will  be  an  equality  between  what  re- 
mains on  the  one  hand,  viz,  the  kind  of  lunule 
A  G  B  ^  ^  ^r,  plus  the  two  iriangles  A  a  E,  and 
B  ^  F,  aijd  what  remains  on  the  other,  or  the 
rectilineal  figure  E  r  F  C  :  this  kind  of  lunule  there- 
fore is  equal  to  the  above  rectilhieal  figure,  di- 
minished by  these  two  triangles. 

3d.  If  two  equal  circles  cut  each  other  in  A  and 
B  ifig.  105),  and  if  any  line  A  C  he  drawn  inter- 
secting the  interior  arc  in  E,  and  the  exterior  in  C, 
it  is  evident  that  the  arc  B  B  will  be  equal  to  the 
arc  B  C  ;  and  consequently  the  segment  E  B  will 
be  equal  to  the  segment  B  C.  Hence  it  follows, 
that  the  triangle  formed  by  the  two  arcs  E  B  and 
B  C  and  the  straight  line  E  C,  will  be  equal  to  the 
rectilineal  triangle  EBC.  Lastly,  that  if  A  D  be 
a  tangent  in  A  to  the  arc  A  E  B  ;  the  mixtilineal 
figure  A  E  B  C  D.  A,  will  be  equal  to  the  rectilineal 
triangle  A  D  B. 

4th.  If  two  equal  circles  touch  each  other  in  C 
(fig.  106),  and  if  a  third  equal  circle  be  described 
thr()ugh  the  point  of  contact  ;  the  curvilineal  space 
A  F  C  E  D  B  A  will  be  equal  to  the  rectilineal  qua- 
drilateral A  B  D  C. 

For  if  C  B  be  drawn  a  tangent  to  the  first  two 
circles,  the  space  tromprehended*  by  the  arcs  C  FA 
and  A  B  and  the  straight  line  C  B,  is  equal  to  the 
rectilineal  trîâhçle  CAB,  as  has  been  shewn 
already.  I1ie  (hise  is  the  same  with  the  mixtilineal 
space  C  E  D  B  in  regard  to  the  triangle  C  D  B  : 
therefore  &c. 

5th.  The  above  remark  was  made  by  M.  Lambert, 

•  ^n  the  Acta  Helvetica^  vol.  III.     But  other  spaces,  of 

the  same  form  may  be  found  equal  to  rectilineal 


.  -fi 
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figures,  though  bounded  by  circular  arcs,  two  pf 
which  only  are  equal. 

Let  AB  C  P  (fig.  I (37)  be  a  circle,  from  which  it 
IS  required  to  cut  ofF,  by  two  other  circular  arcs,  a 
space  of  the  above  kind  absolutely  squarable.  Oa 
an  indefinite  right  line  make  the  parts  C  E,  EF,  FH, 
each  equal  to  die  side  of  the  square  inscribed  in  the 
given  circle  ;  and  let  the  third  part  F  H  be  divided  into 
two  equal  parts  in  G  :  on  the  extremity  of  C  E  raise 
the  perpendicular  Ë  I,  and  let  it  bé  intersected  in  I, 
by  a  circle  described  from  G  as  a  centre  with  the 
radius  G  C.  Draw  C  I,  and  make  C  K  equal  to  it; 
lastly,  on  F  G  describe  a  semicircle,  cutting,  in  L,  the 
line  K  L  perpendicular  to  F  G  ;  draw  H  L,  and  in 
the  given  circle  make  the  chords  A  B  and  *A  D 
è4ual  to  it.  If  with  â  radius  equal  to  C  £,  there  be 
then  described  arcs,  passing  through  the  points 
A  and  B,  A  arid  D,  with  their  convexity  turned 
towards  C  ;  we  shall  haVe  the  space  bounded  by 
the  ârés  A B,  A D  and  BCD,  equal  to  the  recti- 
lineal space  formed  by  the  chords  A B,  AD,  and 
the  four  chords  DM,  M C,  C N  and  N B,  of  the 
four  equal  portions  of  the  arc  B  C  D 

But,  as  ehoiiçh  has  been  said  on  this  subject,  we 
shall  oiily  add  one  rejection,  which  is,  that  these 
quadrature  ought  not  to  be  considered  as  real  qua* 
dfatures  of  a  curvilihéàl  space.  All  thé  marvellous 
in  these  opérations,  as  M.  de  Fontenelle  has  yêty 

I)roperly  remarked,  consists  in  a  kind  of  geometric 
ègerdemain,  by  means  of  which  as  much  is  dexter* 
biisly  added  on  théone  hand,  to  a  rectilineal  space,  as 
is  taken  from  it  on  the  other.  It  was  not  in  diis 
iTJfânnef  that  Archimedes  first  squared  the  parabola, 
and  in  which  modem  geometricians  have  giveh  the 
quadrature  of  so  many  other  curve».    All  these 
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things  however  appeared  to  us  suiCdently  cimoûf 
to  entitle  them  to  a  place  in  a  work  of  this  naQir& 

rROBLEM  LXVI. 

iOftbe  measure  of  the  Ellipte  or  Geometrical  Oval^  and 

(fits  farts. 

It  nlay  he  easily  demonstrated,  that  the  ellipse 
(fig.  109  pL  13)  is  to  .the  rectangle  of  its  axes  A  B 
and  DÉ,  as  the  circle  is  to  the  rectangle  of  iu 
axes^  or  to  the  square  of  its  diameter  A  B,  since  each 
axis  is  equal  to  the  diameter. 

Thus,  as  the  circle  is  44  nearly  of  the.  square  pf 
Its  diameter,  the  ellipse  is  also  44  of  the  rectangle  6f 
its  axes. 

Nothing  then  is  necessary,  but  to  multiply  the 
rectangle  of  the  axes  of  the  given  ellipse  by  1 1,  and 
to  divide  the  produa  by  14 }  the  quotient  will  give 
the  area. 

We  shall  here  add,  that  each  segment  or  sector  of 
the  ellipsis  is  always  in  a  given  ratio  to  the  sector  or 
segment  of  a  circle,  as  is  easy  to  be  determined. 
Let  the  elliptical  sector  F  C  G,  (fig.  no)  for  ex- 
ample,  or  the  segment  F  B  G^  be  given  :  on  the  axis 
AB  describe  a  circle  from  the  centre  C;  and  if 
G  F  be  contmued  to  D  and  £,  we  shall  have  the 
elliptical  sector  F  C  G  B  to  the  circular  sector 
D  C&B,  as  F  G  to  D  E,  or  as  the  less  axis  of  the 
ellipsis  is  to  the  greater:  the  elliptical  segaaent 
B  F  G  will  also  be  to  the  circular  segment  D  B  E^ 
as  F  G  to  D  £,  or  as  the  less  axis  of  the  ellipsis'to 
the  greater. 

Let  there  be  likewise,  in  an  ellipsis,  any  segment 
whatever»  as  n  ojp.    On  the  axes  let  fiUl  two  perpen^ 
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oculars  froja  n  and  p^  and  continue  them  till  they 
meet  the  circle  iaN  and  P  ;  if  N  P  be  then  drawn^ 
we  shall  have  the  segment  n  op  to  the  circular  8eg« 
ment  NO P,  in  the  same  ratio  as  the  less  aids  is  ta 
the  greater.  From  this  is  deduced  (he  solution  of 
the  folloving  problem» 

FROBLBM  LXVII. 

To  divide  tic  sector  of  on  ellipsis  into  two  equal  parts. 

Let  it  be  required^  for  example»  to  divide  the 
elliptical  sector  jDCB  (fig.  iii)  into  two  equal 
parts,  byalmeasCG. 

Qfi  me  diameter  AB  describe  a  drcle;  and 
bavbg  drawn  D  Ij>erpendicalar  to  A  B,  continue  it 
to  £,  and  dntw  Ç^  C,  which  will  give  the  circular 
sector  ECB;  divide  the  arc  £B  into  two  equal 
parts  in  F»  and  draw  F  H  perpendicular  to  the  axis 
A  B;^then  from  the  centre  C»  to  the  point  G, 
where  that  perpendicular  cuts  the  ellipsis,  draw  the 
fine  G  C  ;  the  elliptical  sector  B  C  G  will  be  equal 
to  GOD,  asthjpdrcularBCFistoFCE. 

The  case  woàld  be  the  same  if  thé  seaor  were 
equal  to  the  4th  part  of  an  ellipsis,  or  any  higher 
part(  and  also  if  the  sector  were  comprehended 
be^e»  W7  twosemi^diameters  of  the  effi^^^ 
and  dCf 

In  this  case»  from  the  pobts  D  and  d^  let  fall  on 
the  ajds  the  perpeQdicuIars  D  I  and  d'i^  which 
when  contiQUol  will  cut  tfit  semicircle  A  E  B  in  £ 
and  e  ;  divide  the  arc  £  <  into  two  equal  psurts  in /^ 
;md  drzw  fb  p^pendicular  to  AB»  cuttmg  the 
ellipsis  in  ^  :  wit  Une  C  g  will  divide  the  sector 
&  C:  i/ ioto  twp  equal  fart9. 
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PROBJUElf   I'XVIII. 

A  carpenter  has  a  triangular  piece  of  timber  ;   and^. 
wishing  to  make  tie  most  *fit^  is  desirous  to  know  by,^ 
il  bat  means  he  can  cttt  from  it  the  greatest  right* 
angled  quadrangular  table  possible  :  In  ubat  manner 
muft  he  proceed  ? 

» 

liKT  the  given  triangular  piece  of  timber  be 
ABC  (fig.  1 1 2  pi.  13).  Divide  the  two  sides  A  B,^ 
B  C  into  two  equal  parts,  in  F  sbid  G,  and  draw 
F  G  ;  then  from  the  points  F  and  G  draw  F  H  and 
G I  perpendicular  to  the  base  :  the  rectangle  F I^ 
inll  be  the  greatest  possible  that  can  be  inscribed  in 
^e  triangle,. aiid.'fvîll  be  exactly  the  half  of  it. 

Jitht  triangle  be  right-angled  at  A  (fig.  113)  the 
question  m^y  be  solved,  in  two  different  ways,  by 
which  there  may  be  obtained  the  two  rectangular 
tables  F I  and  F  I,  which  will  each  be  the  greatest 
inscriptible  in  the  given  triangle,  and  both  equal. 

Whpii  the  triangle  has  all  its  angles  acute,  the  so- 
lution will  be  difl'erent  according  to  the  side  assume4 
as  base.  There  will  consequently  be  three,  and  each 
will  give  a  table  more  or  less  elongated,  and  always 
of  the  same  area,  otherwise  the  greatest  \^ouId 
exclusively  solve  the  problem  :  such  are  the  rect- 
^gles  F  I,  G  L,  and  K  m  (fig.  114). 

But  the  carpenter  having  consulted  a  geometri- 
cian, the  latter  observed  that  it  would  be  most  ad- 
vaQtageous  to  convert  this  piece  of  timber  into  ai\ 
oval  table  ;  in  what  manner  then  must  he  prôcee4 
Co  trace  out  on  it  the  greatest  oval  possible. 

Let  the  given  triangular  piece  of  wood^  as,  before. 
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be  ABC  (fig.  115).  First  divide  each  side  into 
two  equal  parts  in  F,  D,  and  E  ;  these  three  points 
ivill  be  the  points  of  contact  where  the  ellipsis 
touches  the  sides  of  the  triangle  ;  if  the  lines  AE, 
CF  and  BD  be  then  drawn^  intersecting  each 
other  in  G,  the  point  G  will  be  the  centre  of  the 
ellipsis. 

Then  make  G  L  equal  to  G  E,  and  through  G 
draw  G  G,  parallel  to  BC»  and  through  the  point 'D' 
draw  D (^parallel  to  AE;  then  take  G  P  a  mean, 
proportional  between  G  Q^and  GO:  if  the  triangle 
BAC  be  isosceles,  the  lines  G  L  and  G P  will  be 
the  semi-axes  of  the  ellipsis  ;  and  we  luive  already 
shewn  in  what  manner  an  ellipsis .  may  be  described 
when  the  two  axes  are  giyen.  ... 

But  if  the  angle  L  G  P  be  acute  or  obtuse,  the 
ellipsisi  may  be  traced  out  at  once  by  means  of  an  in- 
stnunent,  described  in  Pi^pUpcxii;  for  it  is  of  little 
importance  whether  the.angli^.of  die  two  eivendi« 
ameters  be  a  right  angle  or  hot.  This  method  will 
always  be  equjly  successful;,  with  this  only  differ- 
ence, that  when  the  above  angle  is  not  ^  right 
angle,  the  portions  of  the; ellipsis,;  described  in  the 
two  adjacent  angles,  L  G  P  and  L  G  k,  ^^ill  not  be 
^quai  and  siinikur. 

The  two  axes  may  be  determined  also  directly  : 
the  method  may  be  found  in  books  on  conic  sections, 
and  to  these  we  must  refer,  as  the  nature  of  this  w^ork 
will  not  admit  of  entering  deeply  into  the  subject. . 

PROBLEM  LXIX,  •     .   • 

'.'1.'  '' 

^he  points  B  and  C  (fig.  Ï28  pU  16)  are  the  adjuion 
tftwo  basons  in  a  garden,  and  A  is  the  point  where 
a  conduit  is  introduced^  and  to  be^  dividçd  into  two 
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■ 

parts^  ht  order  fâ  lu^fy  B  and  C  wUh  vktterm 
Where  must  tbepoini  rf  sefaratim  bey  that  the  swn 
9f  the  three  cùndmts  A  D,  DB  and  D  C,  and^on* 
sequentlj  the  expence  in  pipes^  shall  be  the  least 
possible  f 

» 

This  problem,  which  belongs  to  that  branch  of 
ckril  engineering  that  relates  to  the  conveyance  of 
water^  when  reduced  to  geometiical  language,  may 
be  enounced  as  follows  :  in  a  triangle  A  B  C  to  find 
a  pointy  from  which  if  three  lines  be  drawn  to  the 
tbee  angles,  the  turn  of  these  lines  shall  be  the  leasts 
possible.  Now  it  is  evident  that  there  must  be  such 
a  point,  and  that  its  position  being  found,  the 
expence  in  pipes  will  be  less  than  if  the  point  of 
separadon  were  assumed  in  any  other  place. 

It  would  be  tedious  to  explain  the  reasoning  by 
means  of  which  this  problem  is  solved  ;  and  it 
ipoxxXà  bè  im^ssible  to  employ  calculation  without 
great  proliidty.  We  shall  therefore  only  observe, 
Slat  it  may  be  demonstrated,  that  the  required  point 
D  must  be  so  situated,  that  the  angles  ADC, 
A  D  B,  and  B  D  C  shall  be  equal  to  each  other,  an4 
consequçntly  each  equal  to  i  lo^. 

To  construct  this  problem,  on  the  side  A  G  as  a 
ébord  describe  an  arc  of  ^  circle  ADC,  capable  of 
contaînîîig  an  angle  of  1 20^,  or  equal  to  one  third 
of  the  circle  of  which  it  forms  a  part  ;  if  the  same 
thing  be  done  on  another  of  the  sides,  as  B  C,  the 
intersection  of  these  two  circular  arcs  will  determine 
the  required  point  D  ;  and  it  is  from  this  point  that 
the  conduit  must  be  divided^  in  order  to  be  conveyed 
thence  to  B  and  to  C. 

Such,  at  least,  would  be  the  solution  of  the  pro-, 
blem  if  the  three  pipes  A  D^  D  C,  and  D  B  wereall 
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to  be  of  tlie  same  bore.  But  an  intelligent  engineer 
will  not  make  the  pipes  equal  in  size  ;  he  will  be 
sensible  that  to  rive  greater  height  to  the  jet,  it  will 
be  proper  that  tne  pipes  D  B  and  D  C,  should  not 
together  admit  a  greater  quantity  of  ws^tçr  than  the 
pipe  A  Dy  otherwise  the  water  in  these  pipes,  ;iter 
coming  from  the  pipe  D^  would  be  in  a  state  of 
stagnation,  and  would  not  receive  the  impulse  ne- 
cessary to  make  it  rise  to  its  greatest  height. 

The  solution  of  the  problem,  in  this  new  case,  if 
as  foUoDi^  :  We  shall  suppose  that  the  bore  of  the 
ppe  AD,  or  its  capacity,  is  exactly  double  that  of 
the  other  two  ;  that  is  to  say,  that  the  diameters  are 
in  the  ratio  of  lo  to  7  nearly }  for  by  these  means 
the  water  will  always  sustain  an  equal  pressure  ia 
the  former  and  in  the  two  latter.  We  shall  suppose 
jilso,  that  the  price  of  the  foot  of  each  kind  of  tnesç 
pipes  is  in  the  same  ratio,  because,  in  economical 
problems  of  this  sort,  it  is  the  ratio  of  the  prices 
that  ought  chiefly  to  be  considered. 

These  thkigs  being  premised,  we  shall  find  dial: 
die  pœnt  of  separation  of  the  pipes  ought  to  be  in  ^ 
80  situated^  that  the  angles  C  ^  A  and  B  d  A  shall  be 
equal,  and  of  such  a  nature,  that  the  sine  of  each 
shall  be  to  radius  as  10  is  to  14  ;  or  more  generally, 
as  the  price  of  the  foot  of  the  larger  pipe  is  to 
double  àiat  of  die  smaller»  Hence  it  will  be  easy, 
according  to  tins  hypothesis,  to  determine  the  angle, 
which  wul  be  found  to  be  132^  56'  or  near  133?» 

If  on  the  sides  A  B  and  A  G  then,  of  the  iriangle 
ABC,  thei^  be  described  two  circular  arcs,  each 
containing  an  angle  of  133S  their  point  of  sectioii 
will  be  m  1/,  where  the  main  pipe  ought  to  be 
divided,  to  convey  water  to  B  and  C^  so  as  to  insor 
tbcAast  pos^blc  es^encç  in  ppetf 
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from  45^  to  46**,  the  poînt  F  wîU  be  that  where  the 
prhicipal  pipe  ought  to  be  divided. 

If  m  were  to  ;2  as  2  to  i ,  the  above  expression 
yrould  becoine  equal  to  o'866oo,  which  is  the  sine 
of  an  angle  of  60°  ;  in  this  case  therefore  the 
angle  DC  F  ought  to  be  made  cquivi  to6c^,  or 
each  of  the  angles  D  F  C  and  D  F  B  equal  to  30**. 

It  is  here  evident  that,  to  render  the  problem 
i^uscepdble  of  i,  solution,  m  and  n  muse  be  such^ 
that  the  above  expression  shall  not  be  imaginary, 
nor  greater  thfin  unity.  In  either  of  these  cases  there 
could  be  no  solution  ;  and  this  would  indicate,  at 
most,  that  the  division  ought  to  be  made  at  the 
ppinx  A,  or  at  as  great  a  distance  as  pos$iblefrom 
the  line  B  C.  This  expresion  also  must  not  be 
=  o  :  in  that  case  wç  ought  to  conclude  that  the 
division  should  be  xnadç  at  the  poinc  D. 

PROBtEM  LXX. 

Geometrical  paradox  of  lines  xibicb  always  approach* 
each  otèer'y  without  ever  being  able  to  meet  or  to  coin* 
ciclf* 

Every  person,  In  the  least  acquainted  vnth  geo- 
metry, knows,  that  if  two  straight  lines,  in  the  same 
plane,  approach  each  other,  they  ivill  necessarily 
pieet  m  a  common  point  of  inter  section.  We  say 
in  the  same  p'ane,  for  if  they  were  in  different 
planes,  it  i$  evident  that  they  might  approach  till  a 
certain  term,  without  cutting  each  other,  and  that 
they  would  then  diverge  from  each  other  more  and 
mt)rc.  If  we  suppose,  for  example,  two  parallel 
and  vertical  planes,  on  one  of  which  is  drawn  a 
|iorizontal  line,  and  on  the  other  one  inclined  to 
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the  horizon,  it  may  be  readily  conceived  diat  ûiCf, 
^ill  not  be  parallel,  and  yet  they  can  never  inter- 
sect each  other,  their  least  distance  being  necessarily 
that  of  the  tviro  planes.  Here  then  we  have  two 
lines,  not  parallel,  which  never  meet  :  but  this  if 
not  die  sense  in  which  the  problem  is  understood. 

It  may  be  demonstrated  tnat  there  are  many  lines, 
and  in  the  same  plane,  which  continually  approach 
each  other,  and  which  however  can  never  meeU 
They. are  indeed  not  straight  lines,  but  a  curve 
combined  with  a  straight  line,  or  two  curved  lines 
together*  We  shall  here  give  a  few  examples  of 
these  lines,  which  are  very  familiar  to  those  wh<^ 
i^re  versed  in  the  higher  geometry. 

In  the  indefinite  straight  line  A  G,  (fig.  ii6  p1« 
13)  take  the  eyiàdl  parts  A  B,  B C,  CD,  &c  j 
and  from  the  pomts  B,  C,  D,  &c,  raise  the  per* 
pcndiculars  B  r,  C  r,  D  €/,  £  ^,  &c,  which  decrease, 
according  to  a  progression  no  term  of  which  caa 
become  o,  though  it  may  become  indefinitely  small  { 
let  these  terms  decrease,  for  example,  according  to 

the  progression,  i,  4,  -p  t>  t»  t>  &c*  "  is  evi- 
dent that  the  curve  passudg  through  the  summits  of 
the  lines,  decreasing  according  to  this  progression  | 
can  never  meet  the  line  G,  however  far  continued, 
since  its  distance  from  that  line  can  never  become 
o  :  it  will  however  approach  it  more  and  more,  an4 
in  such  a  manner,  as  to  be  nearer  it  than  any  quan<» 
tity,  however  small.  This  curve,  in  the  present 
case,  is  that  so  well  known  to  geometricians  under 
the  name  of  the  hyperbola  ;  which  has  the  property 
of  being  cont^ed  between  the  branches  ot  two 
fectilineal  angles,  having  their  vertices  opposed  to 
each  other,  towards  which  it  approaches  aiorç  an4 
jnorcjj^  without  evej  touching  them. 
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If  the  progression^  according  to  which  these  lines 
B  ^9  CCf  Ddi  &c,  decrease^  were  i,  4>  79  t»  -rr» 
&C9  the  line  passing  through  the  points  by  Cj  J^  e^ 
ice,  would  s  [ill  approach  more  and  more  to  the 
straight  line  A  G,  without  ever  meeting  It  ;  for 
whatever  might  be  the  distance  of  any  term  of  this 
progression,  it  could  never  become  as  o. 

Another  example.  Without  the  indefinite  line  A  F, 
(fîg.  117)  aflume  any  point  P,  from  which  draw 
r  A  perpendicular  to  A  F,  and  zn^j  other  lines  at 
pleasure  P  6,  P  C,  P  D,  &c,  more  and  more  in« 
clined  ^  in  the  continuation  of  which  make  the  lines 
Any  3bj  Ccy  &c,  always  equal  :  it  is  evident  that 
the  line  passing  through  the  points  a^  b,  c,  d^  kc^ 
never  can  meet  the  line  A  F,  though  it  may  ap« 
proach  it  more  and  tnore,  and  nearer  than  any  de« 
terminate  quantity;  because  F/  becomes  more  and 
more  inclined.  This  curve  is  that  known  to  geo* 
tnetridans  by  the  name  of  the  conchoid^  and  was  in^i 
vented  by  Nicomedes,  a  Greek  geometrician^  to 
serve  for  the  solution  of  the  problem  respecting  two 
mean  proportiootk. 

A  ereâtlpAy-other  examples  might  be  found  in 
the  higher  geometry  ;  but  these  will  be  sufficient 
for  our  purpoiCi 

h  the  island  rf  Deks,  a  temple  conteefated  1$  GeO'^ 
metrj  was  erected^  on  a  circular  basis,  (fig.  itS 
pL  14),  atid  covered  bj  abenHsfbertcaldoPie,  baxmig 
Jour  windows  in  its  circumference,  wiib  a  circular 
aperture  at  the  top/^  so  combined,  that  tbe^remmnéer  cf 
the  hemispherical  surface  of  the  domtwai  equal  ié  é 
reailinêolj^^i'mid'm  tk^, 
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.     tempk  was  a  door^  absolutely  squdrable,  cr  equdl  fa  * 

rectilineal  space.     JP'bat  geometrical  means  did  the 

^     architect  employ  in  the  construction  of  this  monumeni  ? 

Every  person,  acquainted  with  the  prmciples  of 
geometry,  knows  that  the  measure  of  a  hemispheri- 
cal surface  depends  on  that  of  the  circle,  which  is 
equal  to  the  surface  of  a  cylinder  having  the  sanie 
base  and  die  same  aldtude.  The  ingenuity  of  this 
construcrion  then  was,  ist.  To  have  cut  from  the 
dome,  by  the  apertures  above  mentioned,  spherical 
portions  of  such  a  nature,  that  the  remainder  should 
be  equal  to  a  figure  purely  rectilineal.  2d.  To  have 
described  in  the  cylindric  part,  or  circular  wall  of  tbe 

^  temple,  another  figure  which  was  squarable.  The 
method  that  might  have  been  employed,  is  as  follows  : 
Let  us  first  suppose  a  fourth  part  of  tlic  hemii** 
spherical  dome,  having  for  its  base  the  quadrant 
A  C  1Î  (fig  119).  Take  the  arc  BD,  equal  td 
one  fourth  of  the  arc  All,  asihe  I  readch  of  the 
arc  that  ought  to  separate  the  windows  ;  and  draw 
A  D  the  chord  of  the  remainder.  Now  let  S  C  E 
be  any  secdon  whatever,  through  the  axis  of  the 
dome  S  C,  and  le^  its  intersection  with  A  D  be  F  ; 
mfakc  CE,  C  F,  C  G  condnually  proportional  ; 
in  the  axis  C  S  make  the  line  C  II  equal  to  E  G, 
and  draw  H I  parallel  to  C  E,  which  will  intersect 
the  quadrant  S  E  in  1  :  then  will  I  be  one  of  the 
points  of  tlie  window  required  ;  and  the  series  of 
points  I,  determined  in  this  manner,  will  give  the 
contour  of  that  window,  the  surface  of  which  will 
be  equal  to  double  the  segment  A  E  D,  while  the 
spherical  poition  S  A  I  D  S  will  be  equal  to  double 

,.  the  rectilineal  triangle  CAD. 

^,    The  whole  surface  of  this  fourdi  part  of  the 
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dome  will  be  equal  then  to  double  this  trianple, 
plus  the  spherical  sector  S  D  H,  which  is  equal  to 
double  the  circular  seccor  C  D  li,  or  to  the  fourth 
of  the  spherical  sector  S  A  E  B  ;  if  from  this 
sector  therefore,  there  be  cut  off  the  fourth  part 
S'L  M,  by  a  plane  parallel  to  its  base,  and  distant 
from  the  vertex  S  by  the  fourth-  part  of  the  radius 
S  C,  the  remainder  of  this  hemispherical  quadrant, 
that  is  to  say  the  surface  A  I  D  li  M  L  A,  will  be 
equal  to  double  the  rectilineal  triangle  C  A  D.  If 
the  other  quadrants'  of  the  hemispherical  dome  be 
then  made  similar  to  the  present  one,  the  whole 
dome,  the  apertures  deducted,  will  be  equal  to 
eight  times  the  triangle  A  C  !)• 

In  regard  to  the  aperturs  to  be  made  in  the  cir- 
cular -wall  of  the  temple,  and  which  muft  be  equal 
to  a  rectilineal  space,  nothing  is  easier,  though  it 
be  a  part  of  a  cylindric  surface.  Let  A  B  I)  E  F 
(fig.  1 20)  represent  one  half  of  this  surface;  assume^ 
as  the  breadth  of  the  door  to  be  formed,  the  chord 
G  H,  parallel  to  the  diameter  A  D  ;  make  G  I 
and  H  K,  which  are  perpendicular  to  the  base,  of 
such  a  size,  that  the  door  may  have  that  proportion 
which  good  taste  and  the  character  of  the  work  re- 
quire ;  if  through  the  points  I,  K,  and  the  line 
AD,  a  plane  be  then  made  to  pass,  which  by  its 
intersection  with  the  cylindric  surface  will  deter- 
mine the  curve  ILK,  we  shall  have  the  cylindric 
aperture  G  B  H  K  I,  a  little  arched  at  the  top, 
which  will  be  to  the  rectangle  of  C  IJ  by  G  H,  as 
the  sine  of  the  angle  L  C  B  is  to  the  sine  of  half 
the  right  an^le*  The  problem  of  the  Greek  geo' 
metrician  therefore  is  solved. 

This  problem  might  be  varied  a  great  many  ways. 
During  my  dreary  residence,  in  1758,  at  a  post  in 
Canada»  I  amused  myself  with  these  variatioi\s>  and 
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I  resolved  the  problem  by  making  the  whole  «of- tfM 
furfece  of  the  temple  absolutely  squarable.  I  kft 
only  one  aperture  in  the  dome,  viz,  a  hole  at^cba 
d}p9  like  that  of  the  Pantheon  at.  Rome,  and  I  made 
the  four  windows  in  the  cylindric  part  of  the  tcm* 
pie»  &C.  All  this  however  will  be  easy  to  aay  out 
versed  in  geometry. 

ftEMARKS. 

I  St.  This  problem  is  nearly  the  same  as  that  pro* 
posed  by  Viviani,  in  1692^  under  the  title  of  JSnig-^ 
ma  Geometricumj  which  was  easily  solved*  by  Le^ 
nitz,  BemouilU^  and  the  Marquis  de  l'HôpitaL 
An  account  of  it  may  be  seen  in  my  History  of  tbi 
Matbematiuy  VoK  IL  Book  i.  Viviani's  solution 
is  ingenious  and  elegant  ;  but  as  the  dome^  accord'^ 
jngto  this  solution^  would  not  be  susceptible  of 
construction,  because  it  would  bear  upon  four 
points,  which  in  architecture  is  absurd,  we  hav6 
made  some  changes  in  the  enunciation,  by  adding 
the  circular  aperture  at  the  top*  By  these  means 
the  dome  will  bear  upon  parts  that  have  some  soli^ 
dity,  each  window  being  separated  from  the  ofher 
by  an  arc  which  forms  a  sixth  part  of  the  w)iole 
circumference. 

2d.  Father  Guido*Grandi  has  remarked,  that  if  a 
t)olygon,  for  example  the  triangle  ABC,  (fig*  121) 
be  inscribed  in  the  circular  base  of  a  cone,  and  if  on 
each  side  of  this  polygon  a  plane  be  raised  perpen« 
dicular  to  the  base,  the  portion  of  the  conical  sur*^ 
face,  cut  oflf  towards  the  axis,  is  equal  to  à  rectili* 
neal  space.  For  it  may  be  easily  demonstrated,  that 
this  surface  is  to  that  of  the  rectilineal  polygon 
ABC,  which  corresponds  to  it  perpendicularly  be- 
lowj  as  the  sur£Me  of  the  cone  is  to  the  circle  of  it$ 
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base;  that  is  to  say,  as  the  Inclined  side  of  the  cone 
8  D,  is  to  £  D  the  radius  of  that  base. 

The  portions  also  of  the  cone  cut  off  by  the  above 
planes,  towards  the  base,  are  evidently  in  the  same 
ratio  with  the  segments  of  the  circle  on  which  they 
rest.  In  fact,  whatever  figure  be  inscribed  in  the 
base,  if  we  conceive  a  right  cylindrlc  surface  raised 
from  the  circumference  of  the  figure,  it  will  cut  off 
from  the  conical  surface  a  portion  which  will  be  to 
it  in  the  same  ratio. 

This  Italian  geometrician,  who  was  of  the  order 
of  the  Camaldules,  thought  proper  to  give  to  this, 
conical  portion  absolutely  squarable,  the  name  of 
Velum  Camaldulenle.  In  Uke  manner,  a  Franciscan 
took  it  into  his  head  to  construct  a  sun  dial  on  a 
body  which  resembled  a  sandal,  and  to  print  a  de« 
scripiion  of  it,  under  the  title  of  Sandalion  Gnomo' 
nicum. 

PROBLEM    LXXIl. 

I 

I 

If  each  of  the  tides  of  any  irregular  polygon  whatever^ 
as  A  BCD  E  Ay  (fig.  122  pi.  14),  be  divided  into 
two  equal  parts^  as  in  a,  b,  c,  d,  e  ;  and  if  the 
points  of  division  in  the  contiguous  sides  be  joined  ;  the 
result  will  be  a  new  polygon  a  b  c  d  e  a  :  if  the 
sanie  operation  be  performed  on  this  polygon  ;  then  on 
the  otie  resulting  frotn  it  ;  and  so  on  ad  infinitum  ; 
it  is  required  to  find  the  point  where  these  divisions 
will  terminate. 

This  problem,  impossible  to  be  resolved  perhaps 
by  considerations  purely  geometrical,  is  susceptible 
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of  a  very  simple  solution,  deduced  from  another 
consideration,  and  which  shall  be  given  in  the  next 
volume. 

In  the  mean  time  our  readers  may  exercise  their 
ingenuity  upon  it,  as  we  shall  only  add,  that  it  vras 
proposed  in  1750,  by  M.  D  ■  ,  who  taid  he 
had  it  from  M.  Buflfon. 
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A  COLLECTION 

Of  various  problem ^  both  Arithmetical  and  Geometrical; 
the  solution  of  which  is  proposed  by  way  of  exercise  to 
mathematical  readers. 


Thos£  who  study  mathematics  camiot  begin  too 
early  to  exercise  their  talents  with  thç  solution  of 
the  problems  presented  by  that  science  ;  for  it  is  by 
such  exercise  that  the  inventive  faculty  is  called 
forth  and  strengthened.  We  have  therefore  thought 
it  our  duty  to  subjoin  to  this  pare 'of  the  Mame- 
matical  Recreadons,  a  selection  of  problems  proper 
for  exercising  and  amusing  young  mathemaddans. 
They  are  of  different  degrees  of  difficulty  that  they 
may  be  suited  to  the  different  capacities  of  thoic 
who  read  this  work.  Some  curious  theorems  hare 
been  inserted  among  them  ;  and,  as  the  demonstra- 
tion of  these  is  required,  they  may  senre  also  to 
•xerdse  their  ingenuity* 

(t  may  be  here  observed,  that,  as  the  most  of 
these  problems  are  hx  from  being  difficult  if  the 
resources  of  algebraic  caluladon  be  employed,  it  is 
therefore  proposed  that  the  solutions  of  them  should 
be  fotmd  by  means  of  pure  geometry  ;  as  it  is  well 
known  that  algebraic  analvsis^*  gives,  for  the  most 
part,  complex  solutions,  while  those  which  arise  from 
analysis  purely  geometrical  are  far  more  simple  and 
elegant. 
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ARITHMETICAL  AND  GEOMETRICAL  PROBIiEMS 

AND  THEOREMS. 

PROBLEM  T.  In  a  righ^angled  triaingle,  given  the 
base,  the  sum  or  difference  of  the  other  two  sides, 
and  the  area,  to  détermine  the  triangle  ? 

PROB.  II.  Given  the  base,  the  rado  of  the  other 
two  sides,  and  the  area,  to  determine  the  triangle. 

PROB.  III.  The  base,  xhe  angle  comprehended 
by  the  two  other  sides,  and  the  area  being  given,  to 
determine  the  triangle. 

PROB.  IV.  Three  lines  being  given  in  postdon, 
on  a  plane,  to  draw  another  line  through^  them^ 
which  shall  be  cat  by  them  into  two  parts,  in  a 
given  ratio. 

PROB.  V.  Four  lines  bang  given  in  position  on  a 
plane,  to  draw  another  line  through  them,  which 
shall  be  cut  into  three  parts,  in  a  given  ratio. 

PROB.  VI.  What  is  the  probability  of  throwing 
an  ace,  or  any  one  of  the  faces  of  a  die,  in  three 
throws  ;  that  is  either  at  the  first,  second  or  third 
throw  ? 

PROB.  VII.  At  the  game  of  Piquet,  A  is  first  in 
hand,  and  has  no  ace  ;  what  probability  is  there 
that  he  will  take  in  from  the  pack  either  one,  or  two, 
or  three,  or  four  aces  ?  . 

p HOB.  VIII.  What  is  the  probability  of  throwing 
one  ace,  and  no  more,  in  four  successive  throws  i 

PROB.  IX.  In  a  lottery,  where  the  number  of 
blanks  is  to  that  of  the  prizes  as  39  to  i,  as  was  the 
case  in  the  year  17*20,  how  many  tickets  must  be 
purchased  that  the  buyer  may  have  an  equal  chance 
for  one  or  more  prizes  ? 

PROB.  X.  If  a  man  has  in  his  hand  a  certain 
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hunober  of  pieces  çf  monajr,  as  for  exatQiple  12, 
how  much  may  be  betted  to  i  that  in  tossing  than: 
zU  up  at  once,  or  separately,  there  shaU  be  as  many 
heads  as  tails  ? 

FROB.  XI.  Tour  lines  being  given  of  such  a 
nature,  that  any  three  of  them  are  together  greater 
than  the  fourth,  ^o  construct  of  them  a  quadnlateral 
figure  inscriptible  in  a  circle,  or  vrhich  can  be  cir- 
cumscribed about  it  ? 

THEOREM  K  If  from  the  three  angles  of  any 
right-angled  triangle,  three  lines  be  drawn  perpen^ 
dicular  to  the  opposite  sides,  they  will  all  cut  each 
other  in  the  same  point. 

THEOK.  II.  If  lines  be  drawn  from  these  angles, 
dividing  each  of  them  into  tvi;o  equal  parts,  or  cut» 
ting  the  opposite  sides  into  two  equal  parts,  these 
three  Hnes  will  all  pass  through  the  same  point. 

PR0B.  XII.  A  trapezium  being  given»  to  divide  it 
into  two  equal  parts,  or  in  any  giVen  ratio,  by  a  lii\e 
passing  through  a  given  point,  either  in  one  of  the 
sides,  or  withm  the  trapezium,  or  without  it. 

PROB.  XIII.  In   a  given   circle   to   inscribe   an 
isosceles  triangle  of  a  given  magnitude.— It  is  evident  ' 
that  this  triangle  must  be  less  than  the  equilateral  tri* 
angle  inscribed  in  the  given  circle  ;  for  tl^e  latter  is  ' 
the  greatest  of  all  those  that  can  be  inscribed  in  it. 

PROB.  XIV.  To  circumscribe  about  a  given  circle 
an  isosceles  triangle  of  a  given  magnitude. — ^This 
triangle  must  be  greater  than  the  circumscribed 
equilateral  triangle  ;  since  the  latter  is  the  least  of 
all  t)iosç  that  can  be  circumscribed. 

PROB.  XV.  In  an  isosceles  triangle  to  describe 
three  circles,  each  of  which  shall  touch  two  sides  of 
the  triangle,  and  which  alf  three  shall  touch  each 
other. 
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PROB.  xvL  To  do  the  same  thing  in  a  icalene 
triangle.  ,  ^ 

PROB.  XTiL  What  is  the  value  of  this  walytical 

expression^  ^  a  v^  2  v/  a  itc,  in  infinitum  ? — The 
answer  is  3  ;  but  a  demonstration  is  required.    In 

like  manner  the  value  of  V^3^3V^3  &c,  in  in* 
finitum,  is  3  ;  and  so  of  any  other  number. 

pROB.  XVIII.  In  a  pyramid^  of  four  triangular 
faces,  if  the  sides  of  these  four  triangles  be  given  ; 
required  ihe  angles  formed  by  the  faces  of  this 
pyramid,  the  perpendicular  let  fall  from  any  of  die 
angles  on  the  base,  and  the  solidity  of  the  pyramid. 

PROB.  XIX.  To  cut  a  given  trapezium  into  four 
equal  parts,,  by  lines  intersecting  each  other  at  r^ht 
angles. 

PROB.  XX.  A  gentleman  has  an  irregular  t^ua-i 
drangular  piece  of^ound,  from  which  he  is  desirous, 
for  me  purpose  of  making  a  parterre,  to  cut  the 
largest  oblong  possible,  with  its  angles  touching  the 
sides  of  the  quadrilateral  :  how  is  this  to  be  done  ? 

PROB.  XXI.  Given  the  area  of  a  right-angled 
triangle^  and  the  sum  of  the  three  sides,  to  de- 
termine the  triangle. 

PROB.  XXII.  If  from  a  pack,  consisting  of  52 
cards,  1 3  of  each  suit,  5  cards  be  dealt  to  one  per* 
son  ;  what  is  the  chance  that  two  of  them  shall  be 
trumps,  or  of  any  suit  that  is  proposed. 

PROB.  x-xiii.  About  a  given  circle  to  circum- 
scribe a  triangle,  of  a  given  perimeter  ;  provided  this 
perimeter  be  greater  than  that  of  the  equilateral 
triangle  circumscribed. 

PROB.  XXIV.  In  a  triande,  not  equilateral,  t(^ 
find  a  point,  from  which,  if  three  perpendiculars  be 
drawn  to  the  three  ^des,  they  shall  be  together 
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equal  tç  a  given  line. — ^We  have  excluded  the  equi- 
lateral triangle,  because  it  may  be  easily  demon* 
Btratedy  that  from  whatever  point,  within  such  a 
triangle,  perpendiculars  are  let  fall  on  the  sides, 
their  sum  will  be  always  the  same. 

The  case  is  the  same  in  regard  to  eveiy  regular 
polygon  ;  and  even  those  that  are  irregular,  pro- 
vided the  sides  are  equal. 

PROB.  XXV.  In  a  given  circle  to  inscribe  an 
isosceles  triangle,  or  to  circumscribe  about  it  a 
triangle  of  a  given  perimeter. — ^This  problem  not 
being  always  possible,  as  may  be  easily  seen,  it  is 
required  to  assign  its  limitations. 

PROB.  XXVI.  In  a  given  circle  to  inscribe,  or  to 
circumscribe  about  it,  any  triangle  whatever,  of  a 
determinate  perimeter» 

PROB«  XXVII.  In  a  given  quadrilateral  to  inscribe 
an  ellipsis  ;  that  is  to  say,  to  describe  in  it  an 
ellipsis  which  shall  touch  its  four  sides. 

PROB.  XX VIII.  A  jeweller  has  a  valuable  plate  of 
agate,  in  the  form  of  an  irregular  trape23um^  and 
is  desirous  to  cut  from  it  the  largest  oval  possibly 
for  the  lid  of  a  snuff-box  :  in  what  manner  must  he 
proceed  ?--«It  is  evident  that  this  problem  e:2(pressed 
geometrically  is  as  follows  :  In  a  given  quadrilateral 
to  inscribe  the  largest  ellipse  possible  :  a  probleip 
which  is  certainly  not  easy.  It  is  pronçr  to.  inform 
those  who  may  be  disposed  to  try  it,  ui^it  it  requires 
a  profound  knowledge  of  analysit.  The  following 
also  might  be  proposed  : 

About  a  given  quadrilateral  to  circumscribe  the 
least  ellipsis  possible. 

PROB.  xxix.  A  point  and  a  straight  line  bdng 
l^vçn,  in  what  line  will  be  found  the  centres  ojf  ^ 
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the  circles  passmg  through  the  given  pointt  and 
touching  the  given  line. 

PROB.  XXX.  Required  the  same  thin?  in  regard 
to  all  the  circles  that  touch  a  given  cuxle  and  a 
given  straight  line.— This  straight  line  may  be  with- 
out  the  given'  circle  ;  or  it  may  touch  it,  or  inter- 
sect it. 

JPROB.  xxx|.  Any  two  circles  being  given,  in 
^hat  line  will  be  found  the  centres  of  all  tne  circles 
diat  touch  the  given  circles  ;  whether  the  touching 
circle  comprehends  them  bodi  within  it,  or  touches 
the  one  without  and  the  other  within  ? 

PROS.  XXX II.  The  base  of  a  triangle,  the  sum 
of  the  two  other  sides,  and  the  line  drawn  from  the 
Tertex  to  the  middle  of  the  base,  being  given;  to  de- 
termine the  triangle. 

PROB.  xxxiTi.  Given  the  three  lines,  drawn  frx)m 
the  angles  of  a  triangle  to  the  middle  of  each  of  the 
opposite  sides  ;  to  determine  the  triangle. 

PROB.  xxxiv.  Given  the  base  of  a  triangle,  and 
the  sum  and  the  difference  of  the  squares  of  the  sides, 
to  determine  the  triangle — ^This  problem  is  suscept- 
ible  of  a  very  simple  and  very  elegant  construcdon  ; 
for  the  vertex  of  this  triangle  is  in  the  circum^ 
ference  of  a  certain  circle,  and  is  also  in  a  certain 
strjiight  line. 

PKOB.  XXXV,  Given  the  three  lines  drawn  from 
the  angles  of  a  triangle  to  the  opposite  sides,  di- 
viding  each  of  these  angles  into  two  equal  parts  ; 
to  determine  the  triangle. 

PROB.  XXXVI.  Any  number  of  points  being 
given,  to  draw  a  straight  line  among  them  in  such 
a  manner,  that  if  a  perpendicular  be  let  fall  on  it 
from  each  of  these  points,  the  sum  of  the  perpendii. 
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culare  on  the  one  side,  shall  be  equal  to  the  sum  of 
those  on  the  other  side. 

PROB.  XX XVII.  The  same  supposition  being 
made,  it  is  required  that  the  sum  of  the  squares  of 
the  perpendiculars  drawn  on  the  one  side,  shall  be 
equaJ  to  the  sum  of  the  squares  of  those  on  the 
other  ;  or  that  the  sum  of  these  perpendiculars, 
raised  to  any  power  whatever  n,  shall  be  on  both 
sides  equal. 
V  PROB.  XXXVIII.   In  any  trapezium,   given  jthc 

four  sides  and  the  area,   to  determine  the  trape* 
zium.  , 

PROB.  XXXIX.  An  angle  being  given,  to  find  a 
point  from  which  if  two  perpendiculars  be  let  fall 
on  its  sides,  the  quadrilateral  formed  by  them  and 
the  sides  oiF  the  angle,  shall  be  equal  to  a  given 
square. 

puoB.  xt.  As  there  are  an  infinite  number  of 
points  whic  h  will  answer  the  problem,  it  is  proposed 
to  find  the  line  traced  out  by  them,  or  the  curve 
which  they  form. 

PROB.  XL  I.  To  find  fournumbers  in  arithmetî- 
cal  progression,  to'  which  if  four  given  numbers, 
such  as  z,  4,  8,  17,  be  added,  their  sums  shall  be  in 
geometrical  progression. 

PROB.  XLii.  Two  couriers,  A  and  B,  set  out 
at  the  same  time  ;  A  from  Paris  for  Orleans,  the 
distance  between  which  is  60  miles,  and  B  from 
Orleans  for  Paris  ;  and  they  travel  at  such  a  rate 
that  A  reaches  Orleans  4  hours  after  meeting  B, 
and  B  reaches  Paris  6  hours  af cer  meeting  A  :  how 
many  miles  per  hour  did  each  travel  ? 

PROB.  XL  I II  A  certain  sum,  placed  out  at 
interest,  amounted  at  the  end  of  a  year  to 
iiool.  and  at  the  end  of  eighteen  months   to 
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I120I.  \rkat  was  the  sum,  and  at  wliat  rate  of 
interest  was  it  lent  ? 

PROB.  XL  IV.  Two  bills  of  exchange,  one  of 
1 2ooI,  payable  in  6  months,  and  the  othor  of  2000I, 
payable  in  9  months,  were  discounted  at  the  same 
time,  and  at  the  same  rate  of  interest,  for  i  aol.  at 
what  rate  of  interest  were  they  discounted  ? 

PROB*  XLV*  How  many  ways  can  lOoL  be  paid 
by  guineas,  at  21  shillings,  and  pistoles  at  17 
shillings  each  ? 

PROB.  XLvx.  An  angle  and  a  point  widiin  it 
being  given,  to  draw  through  that  point  a  straight 
line  mtersecting  the  two  sides  of  the  angle,  in  such  a 
manner,  that  the  rectangle  of  their  segments  towards 
the  vertex,  shall  be  equal  to  a  given  square.— This 
given  square  must  not  be  less  than  a  certain  square, 
which  gives  rise  to  the  following  problem. . 

PROB.  XLVii.  The  same  supposition  being  made 
as  in  the  preceding  case,  required  the  position  of 
the  Kne  passing  through  the  given  point,  when  thç 
rectangle  of  the  sides  of  the  angle  cut  off  towardi 
the  vertex  is  the  lead  possible. 

PROB.  xLviii.  Three  lines  being  given  in  posi» 
tion,  to  find  a  point  from  which  thç  three  perpen* 
diculars  drawn  to  these  lines  shall  be  in  a  given 
ratio.-  p  We  shall  here  observe  that  this  problem 
is  susceptible  of  a  very  simple  and  very  elegant  sq-i 
luiion,  without  calculation. 

PROB.  XLix,  Given  two  circles  in  a  givçn  ratio, 
as  of  I  to  2,  for  example,  and  which  cut  each 
other,  but  in  such  a  manner  as  not  to  fornx  a 
squarable  lunule  ;  it  is  proposed  to  draw  through 
these  circles  a  line  parallel  to  that  which  joins  the 
points  of  intersection,  so  that  the  part  of  the  lunule 
cut  off  above  may  be  equal  to  a  rectilineal  space^ 
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pftOB.  L.  The  same  supposition  being  made,  it  ' 
is  proposed  to  cut  the  two  circular  arcs  by  a  third, 
which  shall  be  of  such  a  nature  that  the  concavo- 
convex  triangle,  formed  by  these  three  arcs,  shaU 
be  equal  to.  a  rectilineal  space,  if  possible. 

PROB.  LI.  Three  persons  have  together  lool  ( 
and  it  is  known  that  9  times  the  money  of  the  first, 
plus  15  times  that  of  the  second,  plus  20  times 
that  of  the  third,  is  equal  to  1500I.  How  much 
money  has  each  ?—  It  may  be  here  proper  to  observe, 
that  this  problem,  as  well  as  the  45th,  52d,  57th, 
and  58th,  is  susceptible  of  several  solutions  ;  and  to 
solve  them  completely  it  will  be  necessary  to  find 
all  the  diflferent  answers,  and  to  shew  that  there  can 
be  no  more  ;  for  by  repeated  trials  it  would  not  be 
difficult  to  &nd  some  of  them. 

PiiOB.  LI  I.  A  farmer  bought  100  calves,  sheep, 
and  pigs,  for  the  sum  of  j  ooL  at  the  rate  of  31. 
losh.  for  the  calves,  iL  6sh.  8d.  for  the  sheep,  and 
losh.  for  the  pigs  :  How  many  of  each  kind  did  he 
purchase  ? 

paoB.  Liii.  Three  merchants  enter  into  partner^' 
sh^,  and  agree  to  advance  each  looooL  towards  a 
certain  adventure  ;  two  of  them  paid  down  the 
money,  but  the  third  advanced  only  the  half 
of  his  share,  that  is  5000L  the  adventure  having 
failed,  they  lost  not  only  their  capital  but  50  per 
cent  more  :  What  must  each  contribute  to  make 
good  the  loss  ? 

PROB.  jLiv.    In  a  rectilineal  triangle,  given  the 
base,  the  rectangle  of  the  other  two  sides,  and  the 
included  angle,  to  determine  and  construct  the  trit> 
^Hlgle. 
..  ?s^09«  jLv,  An  »rc  of  a  fiitde  being  given,  to 
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divide  it  into  two  parts,  the  sines  of  which  shall  be 
in  a^iven  ratio* 

puoB.  LM.  if  a  person  draws  4  cards  from  a 
pack,  containing  32,  what  probability  is  there,  or 
now  much  may  be  betted  to  i,  that  among  these 
four  cards  there  will  be  one  of  each  colour. 

PROB.  hvii  It  is  required  to  divide  24  into  three 
such  parts,  that  if  the  first  be  multiplied  by  a6,  the 
aecond  by  24,  and  the  third  by  8j  the  sum  of  those 
products  may  b6  516  ? 

PRoB.  tviii.  How  many  ways  may  four  sorts  of 
wine,  the  prices  of  which  are  16,  i  o, .  8  and  6d.  per 
quart,  be  mixed,  so  as  to  make  100  quarts  in  all, 
worth  1 2d  per  quart  ? 

pa  OB  I.IX*-  To  find  a  number  of  such  a  nature, 
that  if  1 2  and  25  be  successively  added  to  it,  the 
sums  shall  be  square  numbers. 

PROB.  Lx.  To  find  three  numbers,  the  squares  of 
which  shall  be  in  arithmetical  progression. 

PROB.  LXi.  Any  number  of  pointas  bein^  given, 
to  find  another,  from  which  if  straight  lines  be  drawn 
to  all  the  rest,  the  sum  of  these  lines  shall  be  equal 
to  a  given  line, 

PROP.  LXii.  The  same  suppositioi>  being  made 
as  before,  the  sum  of  the  squares  of  the  lines  drawn 
from  the  required  point  must  be  equal  to  a  given 
square. 

It  is  very  singular  that  the  last  problem  is  sus* 
ceptible  of  a  construction  much  easier  than  the  pre- 
ceding. We  shall  here  observe,  merely  for  the  pur- 
pose of  exciting  the  curiosity  of  the  geometrical 
reader,  that  in  the  latter  the  required  point,  and  all 
those  that  solve  the  problem,  for  there  are  a  great 
many  which  do  so,  are  situated  in  the  circumference 
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of  a  certain  circle  ;  and  it  is  very  remarkable  that 
the  centre  of  this  circle  is  the  centre  of  gravity 
of  the  given  poinis,  supposing  each  of  them  to  be 
charged  with  the  same  weight,  .    ,  I 

It  may  be  observed  also,  that  if  it  were  required 
that  the  square  of  one  of  the  lines  drawn,  plus  the 
double  of  the  second,  plus  the  triple  of  die  third,  .'. 

&c,  should  make  the  same  sum,  it  would  be  ne- 
ccssary  to  suppose  the  first  point  loaded  with  a  single  ; 

weight,  the  second  with  a  double  weight,  the  third  i 

with  a  triple  one,  &c,  and  their  centre  of  gravity 
would  still  be  the  centre  of  the  required  circle. 

The  solution  of  this  problem  was  not  unknown  to 
the  ancient  geometricians.  It  was  one  of  those  of 
the  Loca  plana  of  AppoUonius  ;  and  this  may  serve 
to  give  us  a  more  favourable  idea  of  their  analysis 
than  is  generally  entertained. 
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APPENDIX. 

oOME  inaccuracies  having  been  committed  by 
Montucia»  in  the  upper  part  of  page  ti6,  whicn 
escaped  notice  when  printing,  we  shall  take  this 
opportunity  of  correcting  them. 

The  paragraph  in  the  last  line  of  page  115,  and 
the  first  line  of  page  116,  should  run  thus  :  ^*  Con« 
sequently,  no  more  than  171  to  1125»  ^^  '9  ^^ 
125,  or  about  1  to  6|,  ought  to  be  betted  on 
throwing,  at  least,  once  threes  with  four  dice." 

In  the  next  paragraph  of  page  1 1 6,  a  principle  is 
advanced,  which  requires  some  modification  or 
limitation,  viz,  that  ^'  if  an  indeterminate  doublet 
be  proposed,  it  is  evident  that  the  probability  is  six 
times  as  great  as  when  an  assigned  doublet  is  pro- 
posed ;  &c.**  For,  this  property  can  only  be  true 
with  two  dice  and  three  dice,  but  not  with  four,  or 
five  or  six.  The  probability  of  an  assigned  doublet 
with  4  dice,  is  xVtV»  ^s  determined  in  page  115; 
if  this  be  multiplied  by  6,  it  gives  -j44t  >  ^md  if  to 
this  we  add  the  probability  of  a  different  face  com- 
ing up  with  each  die,  which  is  4-  ><  t  ^  t  ^  t»  or 
T^2^-r  »  it  gives  t4  :;4  •  being  90  chances  more  than 
there  are  in  all  the  4  dice  :  which  is  impossible. 

The  probability  of  an  assigned  doublet  with  4 
dice,  viz  -r';VV?  includes  the  probability  of  some 
other  doublet  ;  for  we  may  throw  aces,  and  also 
fours,  or  any  other  doublet,  at  the  same  throw; 
which  cannot  happen  with  two,  or  three,  dice.  So 
that  the  multiplier  6  will  answer  to  the  probability 
of  an  indeterminate  doublet,  with  two  or  three  dice, 
but  not  with  more. 
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In  all  such  cases  indeed,  the  safest,  as  well  as  the 
«asiest  way,  will  be  to  find  the  chances,  or  the  proba- 
bility, of  the  contrary  or  reverse  problem,  namely, 
^f  not  throwing  doublets  ;  and  then  subtracting  it 
from  the  whole  number  of  chances,  or  certainty,  to 
give  the  chances  or  probability  for  doublets. 

Thus,  with  two  dice,  A  and  B.  For  an  assigned 
doublet,  as.  suppose  aces  :  each  die  having  six  races, 
'there  is  but  one  chance  out  of  6  that  A  shall  come 
\ip  an  ace.  and  also  one  chance  out  of  6  that  B 
9hall  come  up  an  ace  ;  there  is  therefore  only  one 
chance  out  6f  the  6  times  6  or  36,  that  they  shall  both 
l>e  aces  ;  that  is,  there  is  only  one  way,  out  of  all 
^e  36  varieties,  by  which  the  assigned  doublet, 
aces,  can  come  up,  but  ^^  for  the  contrary.  There- 
fore the  probability  of  throwing  it,  is  -i^,  and  that 
of  missing  it,  44}  ^^^  ^^^^  being  35  to  i  against 
it. — But,  for  an  indeterminate  doublet,  or  any 
4loublet,  whatever  it  may  be,  it  is  plain  that,  what- 
ever fiace  of  A  may  come  up,  we  have  only  to  find 
the  chances  for  B  missing  that  face,  to  have  the 
chances  against  the  doublet.  Now  there  being  5 
faces  on  B  ditierent  from  the  face  of  A  that  may 
have  come  up,  and  only  one  that  is  the  same  as  it, 
there  are  therefçre  5  chances  out  of  6  for  missing 
the  face  of  A  ;  consequently  the  probability  of 
missing  A's  face,  or  of  mi&sing  a  doublet,  is  4-  » 
which  being  taken  from  all  the  chances  |^,  leaves  ^ 
or  -^  for  the  chance  of  throwing  some  doublet  or 
other  :  which  is  therefore  6  times  (4-)  the  chance  of 
throwing  the  assigned  doublet.— Or  thus:  the  die 
A  may  come  up  6  diHèrent  ways  ;  and  the  die  B 
ipay  come  up  with  5  faces  all  different  from  that  of 
A,  but  with  only  one  face  the  same  as  that  of  A; 
there  are  thereipre  6  x  5  or  30  chances  for  both 
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different  faces,  and  6  x  i  or  6  chances  for  ûïe 
same  face,  or  a  doublet,  out  of  the  whole  36 
chances  on  two  dice. 

Again,  for  three  dice.  A,  B,  C.  First,  the  die  A 
may  come  up  6  different  ways,  but  the  die  B  5  ways 
all  different  from  A,  and  the  die  C  4  ways  all 
different  from  A  and  B;  therefore  6x5x4=:  120 
are  the  number  of  ways  for  all  three  different  faces, 
out  of  6  X  6  X  6  or  316,  the  whole  number  of 
ways  or  chances  with  three  dice  ;  consequently  216  ^ 
—  lao  =  96  is  che  number  of  ways  or  chances  fof 
some  or  an  indeterminate  doublet,  with  three  dice  : 
which  therefore  is  equal  to  6  times  (16)  the  number 
of  chances  or  ways  for  an  assigned  or  proposed 
doublet* 

Again  for  4  dice,  A ,  B.«  C,  D.  By  reasoning^ 
in  the  same  way,  it  appears  that  6x5x4x3 
=:  360  is  the  number  of  chances  or  ways  for  afl 
four  different  faces,  or  missing  a  doublet  out  of  the 
whole  number,  6*  or  1296,  different  varieties  of 
ivays  with  4  dice;  consequendy  1296  —  360  z:  936 
is  the  number  of  chances,  or  -,VA  the  probability, 
of  throwing  some  or  an  indeterminate  doublet  with 
4  dice  ;  and  which  is  therefore  not  so  much  as  6 
times  i-^r-rr)  the  probability  of  throwing  a  deter- 
minace  doublet  with  the  same  number  (4)  of  dice. 

Again,  with  5  dice.  Here,  in  the  same  manner, 
6x5x4  X3  y  2  iz  720,  is  the  number  of 
chances  or  ways  of  throwing  all  the  faces  of  5  dice 
different,  or  of  missing  a  doublet,  out  of  6*  :=  7776> 
the  whole  number  of  varieties  or  chances  with  five 
dice  ;  therefore  7776  —  720  iz  7056  is  the  number 
of  chances  or  ways  for  throwing  doublets  ;  conse- 
quently ^4 1  is  the  probability  of  throwing  doublets 
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with  5  dice,  and 
them* 


7  2  o 

7  7  7  6 


the  probability  of  missing 


Again,  with  6  dice>  the  number  of  chances  or 
Ways  for  all  the  six  faces  di£ferent,  is  6  x  5  x  4  x 
3x2x1=  720,  out  of  the  whole  number,  6'  iz 
466 s6y  of  chances  or  varieties  with  6  dice.  There- 
fore 466^6  —  720  n  45936  is  »  the  number  of 
chances  or  ways  for  throwing  doublets,  with  the 
«ame  dice.  Consequently  t^g|^  is  the  probability 
of  throwing  a  doublet  with  6  dice,  and  4^?.^  is  the 
probability  of  missing  all  doublets,  with  the  same 
number  of  dice. 

As  to  the  throws  with  seven  or  more  dice,  it  k 
certain  that  there  must  always  be  a  doublet,  or 
more;  .because  the  number  of  dice  exceeds  the 
ntunber  of  the  faces  on  each  die. 
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COLLECTION  OF  USEÎOJL  TABLES. 


TABLE 

Of  the  length  rf  the  foot  y  or  other  longitUiUnal  measure 
used  in  its  steady  among  the  different  nations  ^  and  in 
the  principal  cities  of  Europe. 

Having  frequently  experienced  great  embarrass- 
ment, while  engaged  in  certain  researches,  froin 
not  being  able  to  obtain  accurate  information  re- 
specting tke  measures  of  different  countries,  when- 
ever an  opportunity  occurred  we  collected .  with 
great  care  the  proportions  of  these  foreign  measures^ 
both  ancient  and  nK)dem,  as  compared  with  our 
own,  and  it  is  hoped  our  readers  will  consider 
themselves  indebted  to  us  for  the  following  table  on 
this  subject,  which  there  is  reason  to  think  is  the 
fullest  and  most  complete  ever  given.  AH  the 
different  measures  are  compared  with  the  English 
foot,  whidi  is  here  supposed  to  be  divided  into 
1 2  inches,  each  inch  into  1 2  lines,  and  each  line 
into  I  o  parts  ;  which  makes  the  foot  to  consist  of 
1 440  of  these  parts,  llie  first  column  in  the  table 
shews  the  number  of  these  parts  which  each  measure, 
contains  ;  and  the  second  the  value  of  it  in  English 
feet,  inches,  lines  and  tenths  of  a  line»^ 
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ANCIENT  FEET. 

i 
I 

pari  I  feet  in.  lin.  ptf. 

Ancient  Roman  foot   .    •     1392  on     7     ^ 

Greek  and  Ptolemaîc        .1453  i     ô     i     3 

Greek  Phyleterian       ..lôSi  1201 
Foot  of  Archimedes  or  pro- 
bably of  Sicily  and  Syra-  * 

cuse 105 1  08     9     t 

Drusian        1570  i     i     i     o 

Macedonian       •    •    •     .     1670  i     ^11     d 

Egyptian 2046  150^ 

Hebrew 1745  1     2     6     5 

The  natural  rhomims  wsti-  7  ^     a 

giumj   ,    ,    .    .    .      S  "7*  099» 

Arabian 1577  z     i     i     7 

„  .   ,    .                            Ç 1648  I     t     8     8 

MODERN    FEET. 

English 1440  I     o    o    a 

Altorf II 16'  0936 

Amsterdam 1335  on     i     5 

Ancona  and  the   ecclesi-^    «  g  «     a    6 

astical  states                    5      "^  3     4 

Antwerp       .....     1353  o  11     3    3 

-Aquileia        1624  1164 

Aries       ......     1279  o  10    7     9 

Augsburg 1399  on     7     9 

Avignon        1279  o  10     7     9 

Barcelona 1428  o  11   10     8 

Basle        1360  on     4.    o 

Bergamo 2060  i    5    2    €> 
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parts 

Berlin 1428 

Besançon      •  ,  •     •     .     •  1462 

Bologna        •'•••.  1 792 

Bourg  en  Bi^sae  and  Bugey  1483 

Bremen    .- 1375 

Brescia ai^f 

Breslaw    ••••»•  1620 

Bruges  ^ 1079 

Brussels 1 299 

Chambery  and  Savoy       •  1594 

p,.      C  Tribunal  of  mathe,  1613 

^Imgerial  foot  1513 

Cologne        .    .     .    •    .  1300 

Constantinople  )    '     '     *  jg^g 

Copenhagen       .     •     •     •  151 1 

Cracow    •...•.  1684 

Dantzic  '  • 1329 

Delft 787 

Denmark 1508 

Dijon 1483 

Dordrecht    .     .     .  *  .     •  11  to 

Ferrara 1896 

Florence    * '433 

Franche-Comté       .     .     .  1687 

Frankfort  on  the  Main     .  1343 

Genoa  (the  paim)        .     .  11 70 

Geneva 2763 

G  rcnoble  and  Dauphigny  1 6 1 1 

Haarlem        ^3S^ 

Halle  in  Saxony      .     . .    .  14:7 

Hamburgh         ....  1343 

Heidelberg  (Palatinate)     .  1303 

Inspruck        J  586 


A(e 

i   ill. 

rii)« 

pes. 

0 

11 

10 

8 

I 

0 

2 

2 

I 

2 

II 

z 

t 

0 

4 

3 

0 

II 

S 

S 

I 

6 

8 

7 

I 

I 

6 

0 

0 

8 

II 

9 

0 

10 

9 

9 

I 

I 

3 

4 

I 

I 

6 

3 

I 

0 

7 

3 

c 

10 

10 

0 

2 

2 

4 

I 

I 

I 

II 

8 

I 

0 

7 

I 

I 

a 

0 

4 

0 

II 

0 

9 

0 

6 

6 

7 

I 

0 

6 

8 

I 

0 

4 

3 

0 

9 

3 

0 

I 

3 

9 

6 

0 

II 

• 

II 

3 

I 

2 

0 

7 

0 

II 

0 

3 

0 

9 

9 

0 

I 

II 

0 

3 

I 

I 

5 

I 

0 

II 

^ 

0 

0 

II 

8 

7 

0 

1 1 

2 

3 

0 

10 

10 

0 

A 

I 

2 

6 
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I  parts 

Leghorn       .    .    •    .    •  1428 

Leipsic     •     •     .,    •     .     •  1489 

Leyden 1473 

J^^ge 1360 

Lisbon 137 1 

Lombardy,  foot  of  Luît-     ? 

prand  or  Aliprand          5  ^^^ 

Lorraine       1377 

Lubec ^343 

Lucca 2787 

Lyons  and  the  Lyonnese,  7  ^ 

Fores  and  JBaujalois        j  ^  ' 

Madrid    .     »     .     .     •     .  1318 

Maestricht 13 19 

Malta  (the  palm)    •     •     .  13 18 

Mantua  (the  brasso)    •     •  2190 

Marseilles 11 72 

Mechlin 1084 

Mentz 1423 

Milan     JDeamalfoot     .  1231 

^  Aliprand  do.  ^053 

Modena    •     •     •     •     •     .  2997 

Monaco    ..••••  mo 

Montpellier  (the  pan)       •  1 1 1 9 

Moscow 1337 

Munich    ••••••  1364 

Naples  (the  palm)  .  .  1240 
Netherlands  see  Maestricht. 

Nuremberg    ^Country  do.  I^oô 

Padua       • 2024 

Palermo 1076 

Paris  T'^' '^^^ 

im^c     .    ,    .    ,  4731 


feet  Hn. 

,  in. 

pK. 

0 

II 

10 

« 

I 

0 

4 

9 

I 

m 

0 

3 

3 

0 

II 

M 

0 

0 

II 

5 

I 

I  • 

5 

I 

3 

0 

11 

S 

7 

0 

M 

2 

3 

I 

II 

2 

7 

I 

I 

5 

I 

0 

10 

II 

8 

0 

10 

II 

9 

0 

10 

II 

8 

I- 

6 

3 

0 

0 

9 

9 

2 

0 

9 

0 

4 

0 

11 

10 

3 

0 

10 

3 

1 

I 

.5 

I 

3 

2 

0 

I 

7 

0 

9 

3 

0 

0 

9 

3 

9 

0 

II 

I 

7 

0 

II 

4 

4 

0 

10 

4 

0 

0 

II 

II 

4 

0 

10 

10 

6 

I 

5 

8 

4 

0 

8 

II 

6 

I 

0 

9 

5 

3 

3 

S 

I 

k 
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pfrtt 

Pirma 2699 

Pavia       2217 

Prague 1424 

Provence,  see  Marseilles. 

Rhinlandish  foot     .    •    •  '473 

Riga       ...,•.  1343 

Rome  (the  palm)   •    »    •  1055 

Rouen^  as  at  Paris  •    •    •  1535 
Savoy  see  Chambery. 

Seville  in  Andalusia     •     •  1428 

Sienna,  common  foot       •  17S4 

Stettin  in  Pomerania    .     .  1763 

Stockholm    .    .    ,    .    .  1545 

s--^-  ?^^^.  ;g5 

Toledo     ..•.••  13 18 

Turin  (Piedmont)   •    .    .  2414 

Trent 1729 

Valladolid 1307 

Venice 1638 

Verona 1609 

Vicenza 1636 

Vienna 1492 

Vienne  in  Dauphigny  .     .  1524 

Ulm 1 190 

Urbino 1673 

Utrecht 1067 

Warsaw 1684 

Wescl      .     .     •     •     .     •  mo 

Zurich      ....*.  1410 


feêt  lin. 

in. 

ptj* 

I 

10 

5 

2 

I 

6 

S 

7 

0 

II 

10 

4 

I 

0 

3 

3 

0 

II 

2 

3 

0 

8 

9 

5 

I 

0 

9 

5 

Q 

II 

10 

8 

I 

2 

10 

4, 

I 

2 

8 

3 

I 

0 

10 

S 

0 

II 

5 

7 

0 

II 

7 

5 

0 

10 

II 

8 

I 

8 

I 

4 

I 

2 

4 

9 

0 

lO 

10 

7 

I 

I 

7 

8 

I 

I 

4 

9 

I 

I 

7 

6 

I 

0 

5 

2 

I 

P 

8 

4 

0 

9 

II 

0 

I 

I 

II 

3 

0 

8 

10 

7 

I 

2 

0 

4 

0 

9 

3 

0 

0 

ir 

9 

0 
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TABLE 

Cfmm  aiher  measures,  both  ancient  and  modern^  com* 
pared  with  the  Engiish  standard. 

The  ancient  cubit  in  general  was  a  foot  and  a 
half.     The  Hebrews  however  had  thr^e  cubits  : 

1st.  The  common  cubit,  which  was  a  foot  and  a 
half  Hebrew  measure,  or  2617  of  those  parts  of 
which  the  English  foot  contains  144a. 

2d.  The  sacred  and  modern  cubit,  which  was 
one  Baby  ionic  foot  and  three  quarters,  or  2883  or 
2861  parts  of  thé  English  foot. 

3d.  The  great  geometric  cubit^  which  was  5 
Hdbrew  feet,  or  6  lesser  cubits. 

Grecian  feet. 

The  orgya  of  the  Greeks  was    ....       6 

The  arura 50 

Theplethron 100 

TTie  diplethron 200 

Roman  ieet. 

The  hexapeda  of  the  Ronpans  was       .     .       6 
Tlie  decempeda iq 

MEASURES  OF  PARIS. 

French  feet.    English  feet. 

Toîse  of  Paris 6  6*3959 

Metre,  or  new  measure    .     .  3-sVr  $'^854 

The  royal  perch     .     .     .     .  22  23*4515 

"The  mean  perch     .     ,     .     .  20  21*3195 

The  lesser  perch,  used  at  Paris  18  19187& 
The  acre  is  100  square  perches. 
The  are  ii  100  square  metres. 


• 
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MEASURES  OF  CAPACITY  FOR  LIQUIDS. 

The  Muid  for  liquids  (Paris  measure)  contains  8 
French  cubic  feet,  or  167447071  English  cubic 
inches. 

Six  Frendi  cubic  inches  make  a  poinçon,  or  by 
corruption  poisson,  =  7*2677  Eng,  cubic  inches. 

Eng.  cub.  închet, 

2  poissons  make  •  i  demi-setier     14*5353 

2  demi  setiers    •  •  i  chopinç         29*0707 

2  .chopines   \     •  ,  i  pinte  58-1413 

2  pintes    ,     •     •  •  I  quarte         116*2827 
4  quartes      .     ♦  .  i  grand  setier  465*1308 

§6  grand  sctiers        ♦     i  Muid       16744*7071 
Litre     •     .     a  cubical  decimetre  =:  i^tt  pinte 
A  Muid  therefore  is  equal  to  72*4871  Engiisi^ 
wine  gallons,  or  about  i^  hogshead, 

FRENCH    DRY    MEASURES. 

The  lîtron  contains  36  French  cubic  inches,  or 
43*6c6  English  cubic  inches» 

Eng.  cub.  inches. 

16  Litrons  make     .     i  Boisseau  697696 

3  Boisseaux  . 
2  Minots  •  . 
1  Mines       .     . 

1 2  Setiers      .     . 


I  Minot  2093*088 

I  Mine  4186176 

I  Setier  8372*352 

I  ParisMuid  100468-224 
Hence  the  French  Muid  for  things  dry  is  equal  tq 
46* -2   English  bushels,  or  5  quarters  6  bushels 
2-88  pecks. 

The  following  tables  of  ancient  measures,  havç 
been  addçd  from  Arbuthaot. 
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ROMAN  MEASURES  OF  LENGTH. 


Digitus  transversus 
Uhcia,  the  ounce 
Palmus  minor 
Pes,  the  foot   • 


Tàlmip#6 

Cubitus 

Gradus 

Passus 

Stadium 

Milliare 


Eog.  bcheii. 

•  072525 

.    o'967 

.     2*901 
.  11-604 

Eng.  feet. 

•  1*20875 

•  1-4505 

•  2-4175 

Paces. 
.     0*967 
1 20*875 
967*0 


SCRIPTURE  MEASUR£S  OF  LE1(GTH. 


Digit         •      . 

Palm       .     . 
Span       •     • 

Lesser  cubit 
Greater  cubit 


Inches* 
07425 

2*97 

•  •       V       •       •       0*91 

£ng.  feet. 
>      .     «     .     •     •      1*435 

17325 

Yards. 

Fathom 231 

Ezekiel's  reed  •     •     ....     .     3*465 
Arabian  pole     ..*••.     4*62 

Schaenus      • 46*2 

Stadium       .,...•,.      231  o  * 
Sabbath  day's  journey    •    •    1 155*0 


*^ 


V 

f 

é 
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miles. 

Eastern  mile i*886 

Farasang 4*158 

Day'i  journey 33*264 

« 

GRI&CIÀN  MEASURE!  OF  X.EKOTH. 

Inches. 

Dactylos ^75546 

Doron        7  ^        o 

Pochme     .5       •    •    •    •    •  3°"87 

Dichas 7*55468 

Orthodoron 8*31015 

£ng.  inches. 

Sf^thame 9*0^562 

Pous 120875 

Eng.  feet. 

Pous 1*00729 

Pygme*      .......  i'i3203 

Pyg«>n        1-25911  - 

Pcchys       1*51093 

Eng.  paces. 

Orgya        1*00729 

Stadios    ?  ^ 

Dulos     5 10072916 

Milieu        ^5  8333 

ROMAN  DRY  MEASURES. 
.  Eng.  pints. 

Hemma       .     ' *o'5o74. 

Sextarius 10148 

.  -Eng.  peck, 

Modiiis        I '0141 

•  Prom  this  measure  is  dcrired  the  Engfuh  word  pigmcy. 
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ATTIC  DRY    MEASURES. 

Eng.  pints. 

Xestcs 0'99o3 

Chenix 1*486 

Medimnus, 1*0906 

JEWISH  DRY  MEASURES,   ACCORDING  TO 

JOSEPHUS. 

£ng.  pints* 

Gachal 0*1949 

Cab    .     •     •     • 3*874 

Gomer 7*0152 

£ng.  pedu 

Seah        •    .     1-4615^ 

Eng.  bukh« 

Ephah 1*0961 

J-atcch •  .     5*4807 

Eng.  quarter. 
Coron     7  L    ^ 

Chômer  i        *'37o» 

ROMAN  MEASURES  FOR  LIQUIDS. 

Eng.  pints* 

Hemina      ; ^ '59759 

Sextarius 1*19518 

Congius 7*1712 

Eng.  galions. 

Uma f    3*58'57 

^dniphora 7*1712 


APKNDIX. 


Culeus    •    • 2*2766 


ATTIC  MEASUBEt  FOR  LIQIUD8. 

£ng.  pints. 

Cotyle 0*5742 

Xestes 1*1483 

Chous     •••..•..     6*8900 

Eng.  gall. 

Metcotes      . 1 0*3  350 

;J£WI3H  MEASURES  FOR  LIQUIDS. 

Enjr.  pmts, 

Caph o'86i2 

JLog 1-1483 

^^^        •     •     •     4-5933 

-Eng.'  gall. 

Ipn 17^25 

Seah 34450 

Bath       10  3350 

Eng.  hogs. 

Coron     ••,••,..     I  640  J 


FRENCH  MEASURES. 


The  Paris  foot  is  to  the  English  foot,as  i  to  ï'065977 
TheParis  square  ft.  is  to  the  English, as  i  to  i  •  1 3630^ 
The  Pans  cube  ft.  is  to  the  English,  as  i  to  i  •  2 1 1 277 
The  French  wine  pint  contains. 5 8*1413  English 
cubical  inches;  and  the  English  wine  pint  containi 
28*875  cubical  inches. 
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NEW  FRENCH  MEASURES. 

The  new  French  measures  were  established  by  a 
decree  of  the  narional  convention,  on  the  7th  of 
April  1795.  The  elementary  measure  on  which 
they  are  founded,  is  a  decimal  part  of  the  distance 
from  the  pole  to  the  equator  ;  that  is  to  say,  a 
decimal  part  of  a  quarter  of  the  terrestrial  meridian  : 
for  the  metrây  which  is  the  element  of  all  the  rest,  is 
the  ten  millionth  part  of  that  distance,  and  is  equal, 
in  the  old  French  measures,  to  36  inches  and 
1 1  296  lines.  A  metre,  in  length,  is  the  element  of 
all  the  lineal  measures  ;  a  square  metre  is  the  ele* 
m^t  of  all  the  superficial  measures  ;  and  a  cubic 
metre  is  the  element  of  all  the  measures  of  capacity. 

MEAStraES  OF  LENGTH. 

Eng.  inches. 

Millimetre         "^3937 

Centimetre *  393  7  8 

Decimetre        3*93785 

Metre 39'3786o 

Decametre 39378605 

Hectcmietre  •  •  .  .  3937 '86059 
Chiliometre  ....  3937860599 
Myriomctre  ....       393786  05997 

Miles  furl,  yards  htt  inch. 

A  metre  is         ^    -     —    3  3*37 

A  Decametre -    -     10     2  978 

A  Hectometre 
A  Chiliometre 
A  Myriometre 


—  —  109     I   1*86 

—  4  213     a  6*60 
6     I   158     I  6*05 
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The  distance  from  the  pole  to  the  equator,  or  fourth 
part  of  the  terrestrial  meridian,  according  to  the 
late  French  measurement,  is  32815504  English 
feet. 
Centesimal  decrree  =  ^281  cc*o4.  English  feet. 


MEASURES  OF  CAPACITY. 

£ng.  cub.  inches. 

Millilitre *o6io6 

Centilitre •61063 

Decilitre 6*  10634 

Litre       •      61*06345 

Decalitre  .  .  •  .  ^  .  610*63450 
Hectolitre  ....  *  6106*34504 
Chiliolitre  (cubic  metre)  ' .  61 063*45042 
Myriolitrc 610634*50427 

A  litre  is  2*1 14,  or  nearly  2^.English  wine  pints. 

A  Hectolitre  is  2*6434  wine  ^gallons,  or  2  gall.   ^ 
quarts.  1*14  pint. 

A  chiliolitre  is  4  hogsheads,  1 2  gallons,  i  ^36  quart  ; 
or  I  tun  12*34  gallons. 

A  Myriolitre  is  i  o  tuns,  i  hogshead,  60*4  gallons  ; 
or  nearly  io|  tuns. 

SQUARE  OR  SUPERFICIAL  MEASURES. 


Square  millimetre 
Square  centimetre 
Square  decimetre 
Centiare  (square  metre) 
Declare        .... 

Are 

Decare 


Eog.  square  feet, 

.     •01076 

.     •10768 

.    1*07685 

10*76856 

10768564 

1076*85645 

10768*56454 
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£ng.  sqtiare  feet. 

Hectare ^joy6Ss'^4SA^ 

Chiiiare 1076856-45407 

Myrîare       ....    10768564*54070 
A  Hectare  is  2*472  English  statute  acres  ;  or  2  acres 
I  rood  35  -5  poles. 

M£ASUR£S  FOR  FIRE  WOOD. 

£ng.  cubic  iee^ 

Decisterc 3*5337^4 

S terc  (cubic  metre)     .    .     •35337645 


END  OF  THE   FIRST   V0&9M£« 
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